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Abstract

We consider systems of fixed point equations, such as

F1 = a · F1

F2(x) = x · F2(F1 · x)

and their solutions in "categorical algebras", especially
trees and words.

Using equations, we define “algebraic” and “regular”
elements of categorical algebras.
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Abstract

We consider systems of fixed point equations, such as

F1 = a · F1

F2(x) = x · F2(F1 · x)

and their solutions in "categorical algebras", especially
trees and words.

Using equations, we define “algebraic” and “regular”
elements of categorical algebras.

Algebraic and regular ordinals will be discussed.
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A system of fixed point equations

is system

F1(x1, . . . , xk1
) = t1

...

Fn(x1, . . . , xkn
) = tn

where
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A system of fixed point equations

is system

F1(x1, . . . , xk1
) = t1

...

Fn(x1, . . . , xkn
) = tn

where

Σ ∪ {F1, . . . , Fn} is ranked alphabet, Fi has rank ki and
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A system of fixed point equations

is system

F1(x1, . . . , xk1
) = t1

...

Fn(x1, . . . , xkn
) = tn

where

Σ ∪ {F1, . . . , Fn} is ranked alphabet, Fi has rank ki and

ti is term built from variables x1, . . . , xki
and function

symbols in Σ ∪ {F1, . . . , Fn}. [back reg]
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Examples

F1 = a · F1.

where Σ = {·, a}; the symbol · has rank 2; F1, a have rank
0.
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Examples

F1 = a · F1.

where Σ = {·, a}; the symbol · has rank 2; F1, a have rank
0.

A solution, in trees,

F1 = .

a .

a ...
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A solution, in words, to F1 = a · F1:
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A solution, in words, to F1 = a · F1:

F1 = a · a · a · · ·
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Another example

F1 = a · F1

F2(x) = x · F2(F1 · x)
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Another example

F1 = a · F1

F2(x) = x · F2(F1 · x)

Solution, in words:

F1 = a · a · . . .

F2(x) = x · (F1 · x) · (F 2

1
· x) · (F 3

1
· x) . . .
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A solution in trees

F2(x) = ·

x ·

·

F1 x

·

·

·

F1 F1

x

...
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categoricalΣ-algebras

A small category A
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categoricalΣ-algebras

A small category A

a functor

σA : An → A, σ ∈ Σn
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categoricalΣ-algebras

A small category A

a functor

σA : An → A, σ ∈ Σn

A morphism h : A → B is functor

hn ◦ σB = σA ◦ h,

up to natural isomorphism.

Algebraic words and ordinals – p.9/50



Special case

An ordered Σ-algebra A consists of a partially ordered
set A and order preserving functions σA : An → A,
σ ∈ Σn.
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Special case

An ordered Σ-algebra A consists of a partially ordered
set A and order preserving functions σA : An → A,
σ ∈ Σn.

Any ordered Σ-algebra A is a cΣa, where there is an
arrow a → b iff a ≤ b.
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Continuous cΣa’s

are cΣa’s A

A has an initial object ⊥
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Continuous cΣa’s

are cΣa’s A

A has an initial object ⊥

A has all colimits of ω-diagrams

a0

f0

→ a1

f1

→ a2 → . . .
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Continuous cΣa’s

are cΣa’s A

A has an initial object ⊥

A has all colimits of ω-diagrams

a0

f0

→ a1

f1

→ a2 → . . .

each σA preserves colimits of ω-diagrams
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Continuous cΣa’s

are cΣa’s A

A has an initial object ⊥

A has all colimits of ω-diagrams

a0

f0

→ a1

f1

→ a2 → . . .

each σA preserves colimits of ω-diagrams

A morphism h : A → B is cΣa morphism which
preserves initial object and colimits of ω-diagrams.
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Continuous ordered algebras

An ordered algebra is continuous iff it has a least element,

sups of ω-chains, and all functions σA preserve sups of ω-

chains.
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The signatureΣ(A)

For a finite set A, Σ(A) = {·} ∪ A is the signature with

one binary symbol ·
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The signatureΣ(A)

For a finite set A, Σ(A) = {·} ∪ A is the signature with

one binary symbol ·

a constant symbol a for each a ∈ A.
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The signatureΣ(A)

For a finite set A, Σ(A) = {·} ∪ A is the signature with

one binary symbol ·

a constant symbol a for each a ∈ A.

Words (and trees) on A determine continuous
categorical Σ(A)-algebra, WA.
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Words on A = {a1, . . . , am}

A word w on A is (Lw, <w, λw) where

(Lw, <w), a countable linear order
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Words on A = {a1, . . . , am}

A word w on A is (Lw, <w, λw) where

(Lw, <w), a countable linear order

λw : Lw → A, labeling function
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Words on A = {a1, . . . , am}

A word w on A is (Lw, <w, λw) where

(Lw, <w), a countable linear order

λw : Lw → A, labeling function

a morphism h : u → w is function

h : Lu → Lw

preserving order and labels
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Words on A = {a1, . . . , am}

A word w on A is (Lw, <w, λw) where

(Lw, <w), a countable linear order

λw : Lw → A, labeling function

a morphism h : u → w is function

h : Lu → Lw

preserving order and labels

u · w, concatenation
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Words on A = {a1, . . . , am}

A word w on A is (Lw, <w, λw) where

(Lw, <w), a countable linear order

λw : Lw → A, labeling function

a morphism h : u → w is function

h : Lu → Lw

preserving order and labels

u · w, concatenation

a ∈ A, the one point word
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Closure properties of ccΣa’s

If A,B are continuous cΣa’s, so are

A× B
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Closure properties of ccΣa’s

If A,B are continuous cΣa’s, so are

A× B

[A → B], continuous functors A → B, where, e.g., if σ

has rank 2, and f, g : A → B,

σ(f, g)(a) := σB(fa, ga).
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Fixed points

If F : A → A is continuous endofunctor on ccΣa, F has
an initial fixed point: the colimit of

⊥ → F (⊥) → F 2(⊥) → . . . .
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Fixed points

If F : A → A is continuous endofunctor on ccΣa, F has
an initial fixed point: the colimit of

⊥ → F (⊥) → F 2(⊥) → . . . .

Each (right side) of a system determines endofunctor

EA : Aρ → Aρ,

where

Aρ = [Ak1 → A] × . . . × [Akn → A].
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Fixed points

If F : A → A is continuous endofunctor on ccΣa, F has
an initial fixed point: the colimit of

⊥ → F (⊥) → F 2(⊥) → . . . .

Each (right side) of a system determines endofunctor

EA : Aρ → Aρ,

where

Aρ = [Ak1 → A] × . . . × [Akn → A].

Thus EA has initial fixed point.
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Example

The system

F1 = a · F1

F2(x) = x · F2(F1 · x)

determines the endofunctor on A× [A → A]:

(u,G) 7→ (a · u, λx(x · G(u · x)))
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algebraic and regular systems

An element a in ccΣa is algebraic if there is system E

of equations with k1 = 0 and a is isomorphic to first
component of initial solution.
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algebraic and regular systems

An element a in ccΣa is algebraic if there is system E

of equations with k1 = 0 and a is isomorphic to first
component of initial solution.

A system is regular if all function variables F1, . . . , Fn

have rank 0.
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algebraic and regular systems

An element a in ccΣa is algebraic if there is system E

of equations with k1 = 0 and a is isomorphic to first
component of initial solution.

A system is regular if all function variables F1, . . . , Fn

have rank 0.

An element a in ccΣa is regular if there is regular
recursion system and a is isomorphic to first component
of initial solution.
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Examples of regular systems

x = a · x

Here F1 is written x.
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Examples of regular systems

x = a · x

Here F1 is written x.

x = x · a
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Examples of regular systems

x = a · x

Here F1 is written x.

x = x · a

x = x · a · x.
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The Regular Operations

the initial solution in words to

x = a · x

is
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The Regular Operations

the initial solution in words to

x = a · x

is

aω = aaa · · ·
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The Regular Operations

the initial solution in words to

x = a · x

is

aω = aaa · · ·

the initial solution to

x = x · a

is
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The Regular Operations

the initial solution in words to

x = a · x

is

aω = aaa · · ·

the initial solution to

x = x · a

is

aωop

= · · · aaa
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the initial solution to

x = x · a · x

is
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the initial solution to

x = x · a · x

is

written [[a]]η.

Algebraic words and ordinals – p.21/50



The shuffle operations

[[a1, . . . , am]]η is (Q, <, λ) where each rational is labeled
by some ai
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The shuffle operations

[[a1, . . . , am]]η is (Q, <, λ) where each rational is labeled
by some ai

between any two points, there are m points labeled
a1, . . . , am.
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The shuffle operations

[[a1, . . . , am]]η is (Q, <, λ) where each rational is labeled
by some ai

between any two points, there are m points labeled
a1, . . . , am.

up to isomorphism, there is one such word.
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The shuffle operations

[[a1, . . . , am]]η is (Q, <, λ) where each rational is labeled
by some ai

between any two points, there are m points labeled
a1, . . . , am.

up to isomorphism, there is one such word.

For words u1, . . . , um, [[u1, . . . , um]]η is word obtained from
[[a1, . . . , am]]η by substituting the word ui for the letter ai

in [[a1, . . . , am]]η.
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shuffle and equations

[[a]]η is initial solution to

x = x · a · x
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shuffle and equations

[[a]]η is initial solution to

x = x · a · x

[[a, b]]η is initial solution to

x = x · a · x · b · x
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regular words characterized

w is regular if

w is component of initial solution of a regular system
[definition]
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regular words characterized

w is regular if

w is component of initial solution of a regular system
[definition]

w in least collection containing single letter words
closed under

u · v, uω, uωop

, [[u1, . . . , uk]]
η
, k ≥ 1

[Heilbrunner]
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regular words characterized

w is regular if

w is component of initial solution of a regular system
[definition]

w in least collection containing single letter words
closed under

u · v, uω, uωop

, [[u1, . . . , uk]]
η
, k ≥ 1

[Heilbrunner]

w isomorphic to w(La1
, . . . , Lam

), for some regular sets
Lai

(not all ∅), where
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w = w(La1, . . . , Lam)

Suppose La ⊆ {0, 1}∗ for each letter in A.

sets La are pairwise disjoint
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w = w(La1, . . . , Lam)

Suppose La ⊆ {0, 1}∗ for each letter in A.

sets La are pairwise disjoint

w is the word

(
⋃

a

La, <ℓ, λ)
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w = w(La1, . . . , Lam)

Suppose La ⊆ {0, 1}∗ for each letter in A.

sets La are pairwise disjoint

w is the word

(
⋃

a

La, <ℓ, λ)

λ(s) = a iff s ∈ La.
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w = w(La1, . . . , Lam)

Suppose La ⊆ {0, 1}∗ for each letter in A.

sets La are pairwise disjoint

w is the word

(
⋃

a

La, <ℓ, λ)

λ(s) = a iff s ∈ La.

u <ℓ v ∈ {0, 1}∗ (lexicographic order) if
u <p v, i.e., v = uw, w 6= ǫ, (prefix order) or
u <s v, i.e., u = u10u2, v = u11v2, some u1, u2, v2 (strict
order).
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Related result

Theorem [BE 2005]

There is a natural set of axioms Ax such that for two
terms s, t built from the alphabet A and regular
operations, s = t holds in the ccΣa of words iff
Ax ⊢ s = t.
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Related result

Theorem [BE 2005]

There is a natural set of axioms Ax such that for two
terms s, t built from the alphabet A and regular
operations, s = t holds in the ccΣa of words iff
Ax ⊢ s = t.

There is a polynomial time algorithm to decide, given
terms s, t, whether

s = t

holds in words.
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Trees onA

Recall: a tree t is

partial function t : {0, 1}∗ → Σ(A) = {·} ∪ A
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Trees onA

Recall: a tree t is

partial function t : {0, 1}∗ → Σ(A) = {·} ∪ A

t(uv) ↓ =⇒ t(u) ↓
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Trees onA

Recall: a tree t is

partial function t : {0, 1}∗ → Σ(A) = {·} ∪ A

t(uv) ↓ =⇒ t(u) ↓

if t(u) ∈ A, then t(u0), t(u1) ↑
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Trees onA

Recall: a tree t is

partial function t : {0, 1}∗ → Σ(A) = {·} ∪ A

t(uv) ↓ =⇒ t(u) ↓

if t(u) ∈ A, then t(u0), t(u1) ↑

t ⊑ t′ if t(u) ↓ =⇒ t(u) = t′(u).
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Trees onA

Recall: a tree t is

partial function t : {0, 1}∗ → Σ(A) = {·} ∪ A

t(uv) ↓ =⇒ t(u) ↓

if t(u) ∈ A, then t(u0), t(u1) ↑

t ⊑ t′ if t(u) ↓ =⇒ t(u) = t′(u).

there is arrow t → t′ if t ⊑ t′.
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Examples

The domain of t = ·

a ·

b
is {ǫ, 0, 1, 10}. (ǫ - empty word). t ⊑ t′, where t′ is

·

a ·

b c.

Algebraic words and ordinals – p.28/50



Trees form (ordered) ccΣa

For Σ = Σ(A) = {·} ∪ A, if t0, t1 are trees, t = t0 · t1 is
partial function

t(ǫ) = ·

t(iu) = ti(u), i = 0, 1, u ∈ {0, 1}∗.

In pictures,
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Trees form (ordered) ccΣa

For Σ = Σ(A) = {·} ∪ A, if t0, t1 are trees, t = t0 · t1 is
partial function

t(ǫ) = ·

t(iu) = ti(u), i = 0, 1, u ∈ {0, 1}∗.

In pictures,

t0 · t1 = ·

t0 t1
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The tree a ∈ A is one-point tree

a(u) =

{

a u = ǫ

↑ otherwise.
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yield

The yield of a tree t is the word

yield(t) = (W,<ℓ, λt)
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yield

The yield of a tree t is the word

yield(t) = (W,<ℓ, λt)

W = {u : t(u) ∈ A}
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yield

The yield of a tree t is the word

yield(t) = (W,<ℓ, λt)

W = {u : t(u) ∈ A}

λt(u) = t(u)
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yield

The yield of a tree t is the word

yield(t) = (W,<ℓ, λt)

W = {u : t(u) ∈ A}

λt(u) = t(u)

yield is ccΣa morphism.
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The yield of

.

a .

a ...

is
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The yield of

.

a .

a ...

is

a · a · a · · ·
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Fact about regular trees

A tree is regular iff it has finitely many subtrees.
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Mezei-Wright type theorem

Suppose

E a system of fixed point equations with k1 = 0.
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Mezei-Wright type theorem

Suppose

E a system of fixed point equations with k1 = 0.

h : A → B is ccΣa morphism.
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Mezei-Wright type theorem

Suppose

E a system of fixed point equations with k1 = 0.

h : A → B is ccΣa morphism.

a is first component of initial solution of E in A
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Mezei-Wright type theorem

Suppose

E a system of fixed point equations with k1 = 0.

h : A → B is ccΣa morphism.

a is first component of initial solution of E in A

b is first component of initial solution of E in B.

Then:
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Mezei-Wright type theorem

Suppose

E a system of fixed point equations with k1 = 0.

h : A → B is ccΣa morphism.

a is first component of initial solution of E in A

b is first component of initial solution of E in B.

Then:

h(a) is isomorphic to b.
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Corollary

A word w in WA is algebraic (regular) iff w ∼= yield(t) for some

algebraic (regular) tree t. [Courcelle]
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Trees and leaf languages

For a tree t, define La(t) = {u ∈ {0, 1}∗ : t(u) = a}. Then
⋃

a La(t) is prefix code, and if a 6= b, La ∩ Lb = ∅.
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Trees and leaf languages

For a tree t, define La(t) = {u ∈ {0, 1}∗ : t(u) = a}. Then
⋃

a La(t) is prefix code, and if a 6= b, La ∩ Lb = ∅.

Let La, a ∈ A be a family of pairwise disjoint languages
over {0, 1} such that

⋃

a La is prefix code. Then there is
a unique tree t with La(t) = La, each a ∈ A. The domain
of t is set of prefixes of

⋃

a La.
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Algebraic trees and leaf languages

Theorem. [Courcelle, BE] There is an algebraic tree t with

La(t) = La for all a ∈ A iff each La is a deterministic cfl.
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Ordinals and words

Universal property of the lexicographic order:
For every countable linear order (L,<L) there is a
(prefix-free) subset C ⊆ {0, 1}∗ such that

(L,<L) ∼= (C,<ℓ).
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Ordinals and words

Universal property of the lexicographic order:
For every countable linear order (L,<L) there is a
(prefix-free) subset C ⊆ {0, 1}∗ such that

(L,<L) ∼= (C,<ℓ).

Example: (Q, <) ∼= (C,<ℓ), where C = (0 + 11)∗10.
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Ordinals and words

Universal property of the lexicographic order:
For every countable linear order (L,<L) there is a
(prefix-free) subset C ⊆ {0, 1}∗ such that

(L,<L) ∼= (C,<ℓ).

Example: (Q, <) ∼= (C,<ℓ), where C = (0 + 11)∗10.

Definition . A countable ordinal α is regular or algebraic
if

α = o(Lw, <ℓ)

for some regular or algebraic word w on a one-letter
alphabet.
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Regular ordinals

Which ordinals are regular?
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Elementary facts

ω = o(1∗0, <ℓ)

= {0 <s 10 <s 110 <s . . .}
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Elementary facts

ω = o(1∗0, <ℓ)

= {0 <s 10 <s 110 <s . . .}

For X,Y prefix-free subsets of {0, 1}∗, then any word in
X · Y has unique decomposition uv, with u ∈ X, v ∈ Y .
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Elementary facts

ω = o(1∗0, <ℓ)

= {0 <s 10 <s 110 <s . . .}

For X,Y prefix-free subsets of {0, 1}∗, then any word in
X · Y has unique decomposition uv, with u ∈ X, v ∈ Y .

If X,Y are prefix-free subsets of {0, 1}∗ such that
α = o(X,<ℓ) and β = o(Y,<ℓ) are ordinals, then

o(X · Y,<ℓ) = β × α.
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Elementary facts

ω = o(1∗0, <ℓ)

= {0 <s 10 <s 110 <s . . .}

For X,Y prefix-free subsets of {0, 1}∗, then any word in
X · Y has unique decomposition uv, with u ∈ X, v ∈ Y .

If X,Y are prefix-free subsets of {0, 1}∗ such that
α = o(X,<ℓ) and β = o(Y,<ℓ) are ordinals, then

o(X · Y,<ℓ) = β × α.

Thus, o((1∗0)n, <ℓ) = ωn, n ≥ 0.
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ω2 is regular

S1 → 0, 1S1

L(S1) = {0, 10, 110, . . .}
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ω2 is regular

S1 → 0, 1S1

L(S1) = {0, 10, 110, . . .}

o(L(S1), <ℓ) = ω.

Algebraic words and ordinals – p.41/50



ω2 is regular

S1 → 0, 1S1

L(S1) = {0, 10, 110, . . .}

o(L(S1), <ℓ) = ω.

S2 → 0S1, 1S2

L(S2) =
⋃

n

1n0(1∗0)
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ω2 is regular

S1 → 0, 1S1

L(S1) = {0, 10, 110, . . .}

o(L(S1), <ℓ) = ω.

S2 → 0S1, 1S2

L(S2) =
⋃

n

1n0(1∗0)

o(L(S2), <ℓ) = ω2.
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Theorem

An ordinal α is regular iff α < ωω. [Bloom-Chofrut]
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Algebraic ordinals

Which ordinals are algebraic?
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ωω is algebraic

S0 → 0, 1S0

S1 → 0, 1S1S0
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ωω is algebraic

S0 → 0, 1S0

S1 → 0, 1S1S0

L(S1) =
⋃

n

1n0(1∗0)n
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ωω is algebraic

S0 → 0, 1S0

S1 → 0, 1S1S0

L(S1) =
⋃

n

1n0(1∗0)n

o(L(S1), <ℓ) = ωω
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More

If α < ωωω

, α is algebraic.
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More

If α < ωωω

, α is algebraic.

Converse? We have only a partial answer.
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Ordinal grammars

A context-free grammar G = (N, {0, 1}, S, P ) (assumed
to be reduced) is a prefix grammar if
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Ordinal grammars

A context-free grammar G = (N, {0, 1}, S, P ) (assumed
to be reduced) is a prefix grammar if

For each nonterminal X,

L(X) := {u ∈ {0, 1}∗ : X
∗

=⇒ u}

is a prefix-code.
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Ordinal grammars

A context-free grammar G = (N, {0, 1}, S, P ) (assumed
to be reduced) is a prefix grammar if

For each nonterminal X,

L(X) := {u ∈ {0, 1}∗ : X
∗

=⇒ u}

is a prefix-code.

A prefix grammar is an ordinal grammar if L(S) is
well-ordered by <ℓ.
Thus, L(X) is well-ordered by <ℓ, for each X ∈ N .
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Theorem

An ordinal α is less than ωωω

iff there is an ordinal grammar
G with o(L(G)) = α.
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Open problems

Is there an algorithm to decide, given two CF-grammars
G,G′, whether

(L(G), <ℓ) ∼= (L(G′), <ℓ)
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Open problems

Is there an algorithm to decide, given two CF-grammars
G,G′, whether

(L(G), <ℓ) ∼= (L(G′), <ℓ)

Is every context-free ordinal less than ωωω

?
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Open problems

Is there an algorithm to decide, given two CF-grammars
G,G′, whether

(L(G), <ℓ) ∼= (L(G′), <ℓ)

Is every context-free ordinal less than ωωω

?

If L(G) is a prefix language, is there a prefix grammar
G′ with

(L(G), <ℓ) ∼= (L(G′), <ℓ)
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Some references on regular words

Bloom and Esik. "The equational theory of regular
words." Information and Computation, 197/1-2 pp.
55-89, 2005.

Courcelle. "Frontiers of infinite trees", RAIRO
Informatique théorique/Theoretical Computer Science,
12(1978), 319–337.

Courcelle. "A representation of trees by languages, I,
II", Theoretical Computer Science, 6(1978), 155-279,
7(1978), 25–55.
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More references on regular words

S. Heilbrunner. "An algorithm for the solution of
fixed-point equations for infinite words." Theoretical
Informatics and Applications, 14(1980), 131–141.

W. Thomas. "On frontiers of regular trees". Theoretical
Informatics and Applications, vol. 20, 1986, 371–381.

Bloom and Esik. “Deciding whether the frontier of a
regular tree is scattered”, Fundamenta Informatica,
55(2003), 1–21

Algebraic words and ordinals – p.50/50


	
	Abstract
	A system of fixed point equations
	Examples
	
	Another example
	A solution in trees
	categorical $Sigma $-algebras
	Special case
	Continuous c$Sigma $a's
	Continuous ordered algebras
	The signature $Sigma (A)$
	Words on $A={a_1,ldots ,a_m} $
	Closure properties of ccsa 's
	Fixed points
	Example
	algebraic and regular systems
	Examples of regular systems
	The Regular Operations
	
	The shuffle operations
	shuffle and equations
	regular words characterized
	$w=w(L_{a_1},ldots ,L_{a_m})$
	Related result
	Trees on $A$
	Examples
	Trees form (ordered)
ccsa 
	
	yield
	
	Fact about regular trees
	Mezei-Wright type theorem
	Corollary
	Trees and leaf languages
	Algebraic trees and leaf languages
	Ordinals and words
	Regular ordinals
	Elementary facts
	$omega ^2$ is regular
	Theorem
	Algebraic ordinals
	$omega ^omega $ is algebraic
	More
	Ordinal grammars
	Theorem
	Open problems
	Some references on regular words
	More references on regular words

