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Abstract

We studyretinal curvature estimationfrom multiple im-
ages that provides the fundamentalgeometry of human
retina. We usean afne camern modeldueto its simplic-
ity, linearity, androbustnessMoreover, theaf ne camea is
suitablein this reseach becausg1) NIH's retinal imaging
protocolsspecifya narrow30 eld-of-viewin ead eyeand
(2) each eld hassmalldepthvariation. A major challenge
is that there is a seriesof opticsinvolvedin the imaging
processjncluding an actualfunduscamea, a digital cam-
era, and the humancornea,all of which causesigni cant
non-lineardistortionsin the retinal images. In this work,
we developa new constainedoptimizationprocedue that
consides both the geometricshapeof humanretina and
lensdistortions. Moreover, the constrinedoptimizationis
implementedn the af ne spacebecauset is computation-
ally efcient androbustto noise Speci cally, weamendhe
af ne bundleadjustmenglgorithmbyincludinga quadmatic
surface tting error and the lensdistortion correctioninto
the costfunctionfor constainedoptimization. Theexperi-
mentson both syntheticdataandreal retinal imagesshow
the effectivenessind robustnesf the proposedalgorithm.

1. Intr oduction

Diabetesis the leading cause of blindness among
working-age Americans,and mary patientswith vision-
threateningdiabetic retinopatly (DR) remain asymptotic
until blindnesccurs. Themajority of thisblindnessanbe
preventedwith propereye examinationby ophthalmologists
or specialistavho rely on the resultsof randomizedclini-
caltrials by the Nationallnsinuateof Health(NIH), called
Early TreatmentDiabetic Retinopatly Study (ETDRS),to
guidetheir treatmentof DR patients.®. The ETDRSpro-
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tocolsrequirethe retinalimagesto be capturedrom seven
elds thatcover arequiredareaon theretina. The ETDRS
imaging standardspecifyingsesen stereoscopi@0 elds
for eacheye, is illustratedin Fig. 1(a). Thelongtermgoal
of this researchs to develop a visual 3-D retinalmodelas
shavn in Fig. 1(b), which can(1) assistophthalmologists
andspecialistsn diagnosingandevaluatingthe DR disease;
(2) facilitate clinical studies;and (3) be usedas a spatial
mapduringlasersugical procedures.

(a) (b)
Figurel. (a) The ETDRSseven elds (right/left); (b) A 3-D eye
model(http://eyephoto.ophth.wisc.edu/Photographers.html).

3-D geometricreconstructions a processto recover a
3-D sceneor objectfrom multiple images.lIt is usuallyre-
ferredto asthe structurefrom motion (SfM). The SfM pro-
cessusuallyrecoversobjects' 3-D shapescamerasposes
(positionsand orientations),and cameras'internal param-
eters (focal lengths, principle points, and skew factors).
Marny possiblecameramodelsexist. A perspectie pro-
jectionis the standarccameramodel. However, othersim-
plied projections,e.g.,afne or orthographicmodels,are
provedusefulandpracticalfor a distantcameraln this pa-
per, we areinterestedn a speci ¢ SfM issue,i.e., retinal
curvature estimation,which is concernedwith the global
geometryrecovery of humanretina. The retinal curvature
provides fundamentalgeometricknowledge of the human
retinathat could be further usedasthe baselinereference
for local depthrecovery, especiallyin the pathologicalar-
eas,or 3-D visualizationof the humanretina.



2. Related Work
2.1.3D Retina Estimation

Therearetwo mainmodalitiesusedfor 3D retinaestima-
tion, i.e., the stereoscopiéunduscameraor the laserscan-
ner For example the Heidelbeg RetinaTomographHRT)
is aconfocallaserscanningsystemdesignedor 3D estima-
tion of retinaltopograply 2. In this work, we areinterested
in retinal imagescapturedby funduscameraghatarerel-
atively cheapand more often used. Deguchi et al. [7, 8]
modeledboth the funduscameraandthe humancorneaas
a virtual optical lens. It is assumedhat a retinal surface
hasa sphericashapeandimaginga spherghroughthevir-
tual lensresultsin a quadraticsurface. Then,the parame-
tersof thevirtual lenswereestimatedteratively to recoser
funduss sphericakurface.Choeetal. [6] usedPCA-based
directional lters to extractcandidatdeaturepoints,andthe
plane-and-parallaglgorithmwasemplo/edto estimatethe
epipolargeometrybasedon which the stereopair wasrec-
tied. Then,a Parzenwindow-basedmutualinformation
wasusedto generatea densedisparitymap. Promising3-D
retinalreconstructiomesultswerereportedn [6].

In practice,we found traditional stereoreconstruction
techniqguesmay not work well for ETDRS stereoimage
pairsdueto threemajor problems.First, eachETDRSim-
agecoversa smallregion on a retina,andthe overlapsbe-
tweenseven elds arerelatively small (asshovn in Fig. 1),
leadingto sparsefeaturepoints. Secondthereis a series
of opticsinvolved in ETDRS imaging, including a fun-
dus camera,a digital camera,and the humancornea,all
of which causenon-lineardistortionsin theimages.Third,
the cunatureof aretinal surfacein each eld is relatively
small,i.e., relative low depthvariation, makingthe funda-
mentalmatrix estimationdif cult. Someof thesedif cul-
tiesarealsoacknavledgedin [6] wheresomeerroneouse-
sultswerereportedusinga traditional 8-pointalgorithmto
computethe epipolargeometry This researchs concerned
with the global geometryestimationof the humanretina,
andit is somaevhat complementaryo the one proposedn
[6] which focusesntherecorvery of relative local depth.

2.2.Af ne Camerafor Multi-view Geometry

Becausean af ne camerais assumechere, an afne
SfM problemis the focus of this work. The afne cam-
eramodelwas rst proposedy KoenderinkandVanDoorn
[13]. They have shavn thattwo distinctviews areenough
to reconstruct sceneup to anarbitraryaf ne transforma-
tion without cameracalibration. They have suggestedhe
useof a local coordinateframe (LCF). Later their algo-
rithm hasbeerre ned by Demyet.al.[9], andShapirg19].
TomasiandKanadd 22], then,proposednaf ne factoriza-

2http://iwww heidelbegengineering.com

tion methodwhich eliminatesthe useof LCF andinstead
utilizesthe entiresetof points. An af ne camerais anap-
propriatesimpli ed modelfor retinal curvatureestimation
from ETDRS images. In other applicationssuchas face
modelling, the afne camerais alsoused. Sengupteet.al.
[17] assume@naf ne cameraandsolvedthe SfM problem
basedntheaf ne epipolargeometryframevork.

2.3.Constrained SfM

If thereis someprior knowledgeaboutthe 3-D geome-
try, addinga surfacemodelor geometricakonstraintdnto
the SfM processwould yield a more geometricallymean-
ingful solution. Fuaetal. [10] addressethe SfM problem
in the context of headmodeling.Basedon the prior knowl-
edgeof thehheads shapethe standardundleadjustments
augmenteavith iterative re-weightedeastsquareandreg-
ularization,andit doesnot outputan explicit model. Shan
etal. [18] proposedh model-basedundleadjustmenglgo-
rithm for facemodelingwherea parametricsurfacemodel
controlledby a small setof parameterss involved andthe
optimizationis within themodelspace.The2-D locationof

ve featurepoints(two for eyes,two for mouthandonefor
nosetip) mustbe manuallysuppliedinto both algorithms.
Gong et al. [11] usedsequentialquadraticprogramming
(SQP)to recover 3-D quadraticsurfaceparameterby using
a quadraticsurfaceasa constraintin a metric space.Bar
toli etal. [1] melgedthe multi-coplanarityconstraintsvith
thetraditionalbundleadjustmengapproachin [11, 1], both
feature-basedndmodel-baseileasareinvokedwherethe
featuresare rstly estimatedasa rst guessfor structure
andmotion, thengeometricprimitives are estimateto cor
rect the structureso that reconstructedeaturedlie exactly
onthe geometrigorimitives. Inspiredby previouswork, we
proposeanafne SfM algorithmvia bundleconstrainecd-
justmentwhich involvesjoint optimizationof bothfeatures
andaparametrianodelaswell aslensdistortionupdatefor
optimalstructureestimation.

2.4.Registration for Corr espondenceselection

Correspondenceelectionis a critical stepfor estimating
theretinalgeometryfrom multiple imagesandit is largely
dependon the resultsof retinalimageregistration. Reti-
nal imageregistrationhasbeenwell studiedby mary re-
searchersecently e.g.,[2, 3, 20]. However, in the con-
text of ETDRSretinalimaging,threemajor challengesre
present.First, small overlapsbetweenadjacentelds lead
to inadequatéandmarkpoints(cross@ersandbifurcations)
for feature-basedethods.Secondthe contrastandinten-
sity distributionswithin animagearenot spatiallyuniform
or consistentThis candeteriorateghe performancef area-
basedtechniques. Third, high-resolutionETDRS images
containlarge homogeneourorvascular/tgturelessegions
whichresultin dif culties for bothfeature-basedndarea-



basedechniquesin this work, we adopta hybrid registra-
tion approachproposedn [5] thatintegratesboth feature-
basedandarea-basetkchniquedo registerETDRSimage
pairsandto selectcorrespondencescrossmages.Dueto

the small overlaps(lessthan30%) in most elds, it is reli-

ableto only usestereoimagepairsin elds 1/2 or 2/3 (as
showvn in Fig. 1) for curvatureestimation.

3. Af ne Structure From Motion

We proposesereral SfM optimizationalgorithmsin the
afne spaceto studyretinal cunature estimation. Specif-
ically, threeoptimizationproceduresretested,.e., afne
bundleadjustmen{ABA), constrainef ne bundleadjust-
ment (CABA), and constrainedafne bundle adjustment
with lens distortion update (CABA-LDU). The CABA-
LDU processoptimizesall of the parametersjncluding
cameras parameters3-D points, the physical shapeof a
retinal surface,andlensdistortion,simultaneouslyWe also
introducean efcient point-basedinear approachto ap-
proximatetheretinalsphericakurface.

3.1.Initial Lens Distortion Removal

Human Cornea A digital camera

A fundus camera

Figure2. The ETDRSimagingsystem(www.inoveon.com).

Thereis a seriesof opticsinvolvedin theretinalimaging
processwhichincludesthe actualfunduscamerathedigi-
tal cameraandthehumancorneaasshovnin Fig. 2. All of
theseopticscould be modeledasonevirtual lensthatcon-
tributesto certainlensdistortion, e.g., radial distortion, in
retinalimageq 7, 8]. Thelensdistortionhasto beremoved
prior to 3-D retinal surfacereconstruction. In this work,
we employ the planarpatterncalibrationmethodproposed
in [26]. The solutioncanbe solved throughminimizing an
algebraicdistancethenre ning it throughthe Levenbeg-
Marquardtalgorithmwith afollowing costfunction:

X x
kmij  m(K;Ry;k;di; M;)K?; (1)
i=1 j=1

where we have f views/imagesand n correspondences.

m(K;Rj;di;Mj) is the projectionof point M; in theith

image.R, denoted th row of rotationmatrix R andd de-
notes Rt. k arecoefcients for lensdistortion. We have
createda setof chessbhoarémagesusingthe actualfundus
camera. Thenwe usethe cameracalibrationtoolbox ° to
remove thelensdistortionin realretinalimages.However,
we believe thatonly thelensdistortionsassociateavith the
digital cameraandthefunduscameracanpartially removed
while the lensdistortionscausecby the humancorneaare
still presenin theimagesandshouldbe considerediuring
thereconstructiorprocess.

3.2.Initial Retinal Af ne Surface

In thiswork, we assumenaf ne cameranodelbecause
(1) the ETDRS imaging standardspeci esa 30 eld of
view for eacheye (narrav eld of view); (2) eachretinal
imagehassmalldepthvariation.We useaf ne factorization
[22] methodfor initial reconstructiobecausehe approach
canaccommodatenultiple imagesandutilize the useof all
featurepoints. Supposeherearef retinalimagesandn
point correspondencdsom eachimage.

W = PM ; @)

whereW denotesa2f  n matrix containinga setof 2D
correspondenced] denotesa3 n matrix containingthe
afne shapeof theretinalsurface.P denotesa2f 3 ma-
trix comprisingf funduscameramodels. With the rank
theorem,W is at mostrank three. Singularvalue decom-
position (SVD) is usedto factorizedW , therefore,P and
M arethe left andright eigervectorscorrespondingo the
threegreateseigervalues.

3.3.Afne Bundle Adjustment (ABA)

Bundleadjustments anoptimizationprocesf re ning
avisualreconstructiorto producejointly optimal structure
andviewing parameter$24, 23). It is usuallyformulated
asa nonlinearleastsquareproblem. In our case we want
to estimateandre ne afne camerad? andtheaf ne reti-
nal surlaceM simultaneously m(P;; M;) is a projection
of point M; in theith image. We try to minimize distance
betweenthe projectedpoint m(P;; M; ) andthe obsened
point m;; by optimizing the 3-D point in the afne space
andtheafne cameraslf the2D correspondencesenoise
free, this distanceshouldbe zero. If noisedistribution is
assumedo be zeromean,isotropicandGaussiarwith cer
tain variance,thenthe maximum/likelihood estimationis
equialentto the solutionto the minimum meansquareer-
ror problemde ned below,

XX
min km(Pi; M;)
PiMj =1 j=1

mj k% €))
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wherewe have v views/imagesandn correspondencedo
solve this problemmoreef ciently, we canutilize the fact
thata speci ¢ residualin oneimageis only dependentn
onecamera.This yields a sparsestructurein the matrices
involvedin the optimizationprocess.The estimatedaf ne
structurecould be correctedinto the Euclideanspacethat
is possiblegiven the minimum numberof four images.In
ETDRSretinalimaging,two steregairsfrom elds 1and2
will provide a setof four imageswherewe have thelargest
overlapsfor robust3-D reconstructiorj4].

3.4.Constrained ABA (CABA)

If point correspondenceare error free and lens distor
tions can be completelyremoved, motion parametersand
a 3-D structurecould be accuratelyobtainedthrough a
standardSfM procedure.However, point correspondences
arevery sensitve to noiseand somelensdistortionis still
presentMoreover, thestandaraptimizationprocedurei.e.
bundle adjustmentdoesnot carry ary 3-D geometrically
meaningfuldescription.n mary SfM problemssomeprior
knowledgecouldbeinvolvedto compensatéheerrorsfrom
point correspondenceandlensdistortionsby developinga
geometricallymeaningfulcostfunction. In our casewe do
have someprior knowledgeof the shapeof humanretina.

Most of the works proposedn the subjectof geomet-
ric constrainecbptimizationare donein a nal stepor in
the Euclideanspace. The exceptionsare the onesthat as-
sumeplanarityconstraintg1, 21]. Szeliskiet.al. have sug-
gestedthat prior geometricknowledge, which is incorpo-
ratedon in the early reconstructiorprocess,canimprove
the quality of the estimatedstructures. In this work, we
dealwith retinalimageswhich are capturedirom the back
of eyeballs. Becausehe humaneyeball can be approxi-
matedby a spherg 7], a sphericalconstraintcould be con-
sideredor retinalcurvatureestimation.Sincethe optimiza-
tion is implementedn the af ne spacethe sphericalcon-
straintbecomesan ellipsoid constraintinstead. Sincethe
SfM optimizationprocesss in the afne spaceijt requires
lesscomputationatompleity comparedo thatin the Eu-
clideanspacewe chooseo implementthe constrainedp-
timizationin anafne space.Therefore the ellipsoid sur
faceconstraints includedinto the original costfunctionto
improve the robustnessaindaccurag of the SfM resultsas
follows,

XX
km(Pi;M,-) mij k?+
i=1j=1 j=1

Pi;'\:rj“;ge; MjTQeMj;

4)
wherewe have v views/imagesandn correspondencef)e
isasymmetricd 4 matrixrepresentingnellipsoidsurface.
m(Pi; M;) is a projectionof a point M; from animagei.
m; represents retinalimagepoint and is a Lagrange
multiplier.

Qe isinitialized asa sphericakurfaceby usingthepoint-
basedinear methodintroducedin Section3.7. During the
iterations parameterf matrix Q. areupdatedo represent
anellipsoid surface. The Lagrangemultiplier actslike a
weightingparametein the costfunction. It canbe chosen
baseduponthe dynamicrangesof the two termsin Equa-
tion (4) wherethe rst partis the residualerrorin all 2-D
imagesandthe secondterm the surfaceapproximationer-
ror in the 3-D af ne space.In ourcasethetwo errorterms
have the similar dynamicrange,andwe initialize to bel
thatis updatedduringtheiterations.

3.5. CABA with Lens Distortion Update (CABA-
LDU)

All of the works dedicatedto the subjectof 3-D con-
strainedoptimization assumeeither lens distortion is re-
moved beforethe reconstructiorprocessr it is insignif-
icant and canbe ignored. In the caseof retinal imaging,
however, lensdistortionis too prominentto be neglected.
Although, we have removed partial lensdistortionprior to
theaf ne reconstructionywe believe thatthelensdistortions
causedy thehumancorneastill existin theimages.There-
fore, we proposea new constrainedptimizationalgorithm
which includeslensdistortion correctionin the costfunc-
tion. Accordingto [17], only two typesof lensdistortions,
radial andtangential,are signi cant in normaloptical im-
ages.Radialandtangentialdistortionsareshavn in Equa-
tions(5) and(6) respectiely.

Xr = Keal + Keal2 + Kear®;
yr Kef + Keal % + Kear3;

®)

where(x;, y) areimagecoordinatesn the metricunit, r =
¥ + ¥, andKc1, ke2, Kea arecoefcients for radial distor
tion. Theexpressiorfor tangentialdistortionis

2kc4*y+ ch(r + 2)('2)1
Kea(r + 2y2) + 2kesxy,

wherekc4, andkcs arecoefcients for tangentiadistortion.

Therefore,we amendthe ABA algorithmin two man-
ners.First, anellipsoid surfaceconstraints includedinto a
costfunctionto improve robustnessindaccuray (CABA).
Secondthe lensdistortionupdateis incorporatednto the
CABA (CABA-LDU) to furtherremore remaininglensdis-
tortions. With both the 3-D geometricconstraintand the
lens distortion integratedin the optimizationprocessthe
costfunctionof CABA-LDU becomes:

P
( ;I:]_

Xt

Vi (6)

. P. e 2
MINp, M, :Qeik ¢ i=1|:|>(m(Pi'Mi' i) Mk
+ jn:]_ MjTQeMj);

(7)

where we have v views/imagesand n correspondences.
m(Pi;M;; r; ) is aprojectionof a point M in theith



imagefollowing by theradial  , [ x; yr]andtangential
distortions  , [ x; yt] de nedin Equationg(5) and(6)
respectrely. m; representsi retinalimagepoint. Qe is a
symmetric4 4 matrixrepresentin@gnellipsoidsurface.
is a Lagrangemultiplier. Equation(7) shows thatwe asso-
ciatetwo typesof errors,boththe 2-D error (the rst term)
andthe 3-D error (the seconderm), into one optimization
processThecostfunctionalsoincorporatedothgeometri-
cally meaningfulde nition andlensdistortionupdate.The
procedureoptimizesall of the parameters;ameras param-
eters,3-D points,the physical shapeof humanretina,and
thelensdistortionparameterssimultaneously

3.6.Euclidean Reconstructionof Retinal Surface

After the afne reconstruction,we need to recover
retina’s Euclidearsurfacefrom theaf ne structureobtained
by above optimizationalgorithms. Several different solu-
tionsfor differentaf ne camergrojectionswereproposed.
Tomasi and Kanade[22] proposeda solution for ortho-
graphicprojection. Weinshalland Tomasi[25] introduced
a solution underweak-perspecte camera. Polemanand
Kanade[15] proposeda solutionfor paraperspeate pro-
jection. Quan[16], Kurataet.al. [14] attemptedo congre-
gatethosesolutionsinto oneuni ed framework for general
afne camerawithout having to calibratethe camera.We
emplg the methodproposedoy Quan([16] to recover the
Euclideansurface.

3.7.Point-BasedSurface Approximation

Estimatingthe underlyingsphericaimodelfrom a setof
3-D pointsinvolves an errorpronenonlinearoptimization
process. We introducea linear point-basedsphere tting
method. The methodis accomplishedy rst selectinga
referencepoint My = (X; Yk;Zx) from the 3-D point
cloud. Every point(j 2 f1;:::;ng) is expectto satisfythe
spheresquation.

(Xj AP+(Y; B)*+(Z C)Y’=R*% (8
where(A; B; C) andR arethe spheres centerpoint and
radiusrespectrely. By subtractingheequatiorof reference
point M on both sideof Equation(8) andrearranginghe
terms,we get

(X¢ ij) +(Y¢ sz) +(Z¢ ij) =
2k XA+ 2(Y  Y))B+2(Zx  Z))C;
j22L:5n;) 6Kk;
()]

whichis in alinearform. Spheres centerpoint (A; B; C)
canbeobtainedby solvingmultiple linearequationsThen,
radiusR canbecomputedn aleastmeansquaresenselde-
ally speakingevery pointhasto satisfythesphereequation.
An errorataparticularpointj is calculatedy thefollowing
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Figure3. (a) The setup of four syntheticcamerasPointcloudis
constructeanasphericaburfacewith spreadingingleof 90°. (b)
Fourimagesgeneratedby thefour camerashavn in (a) with zero
meanGaussiamoise(variance= 0:5).
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equation:

EXN = MTQuM;; (10)
whereQy isa4 4 sphericalmatrix by a referencepoint
k. X representanerroratpointj by usingQy. By min-
imizing the following equation the optimal spheresurface
with best tness to all pointscanbeachieved.

. Kk
Q=ag min, )
j=1

whereEj(k) is de nedin Equation(10).

4. Experimental Results

We testedthreevariationsof bundle adjustmentaf ne
bundleadjusutmen(ABA), constrained\BA (CABA), and
CABA with lensdistortionupdate(CABA-LDU), on both
synthesizediataandrealretinalimages.Thesyntheticdata
allows us to measurethe algorithm performancenumeri-
cally becausegquantitatve evaluationis impossibleto ob-
taine from real retinal images. We have generateda 3-D
partial spherepoint cloud with the spreadingangleof 90°.
Then,four virtual camerasare positionedaccordingto the
ETDRSimagingsetting,asshavn in Fig. 3(a). The four
syntheticimagescapturedby thesecamerasare shawvn in
Fig. 3(b). In the following experiments,we add various
lensdistortioncoefcients anddifferentnoisevariancego
correspondencemeasurement orderto comparediffer-
entapproachesindervariouscircumstancesFour images
arethe minimum settingsfor Euclideanreconstructiorus-
ing anaf ne camera.

Two numericalcriteriaareusedto evaluatethe effective-
nessof the 3-D retinal surfacereconstructioni.e., the sur
faceapproximatiorerrorde nedin andthespreadingngle



(i.e.,the curvature). The surfaceapproximatiorerroris de-
ned asfollows,

1 X
E=- Eg 12)
n
k=1
and
Ex = MJ QMy; (13)

where@ is de ned in Equation(11). E givesthe average
surface tness errorwith respecto the optimal spheresur
faceQ, andEy is the tness error of point M. Both of
themareusedfor performancevaluationin thefollowing.
From Fig. 4(a) illustratesthe top view of the recon-
structed3-D point clouds. We approximatehe 2-D radius
(circle'sradius)by usingfour farthestpoints,a, b, ¢, andd,
shavn in Fig. 4(a) to calculater; andr,. In the caseof
synthesizediataor aperfectspherethe nal circle'sradius
is computedoy averagingthetwo radiir = (ry + ry)=2. In
the caseof real retinalimages,radii r; andr, correspond
to the size of overlapsvertically and horizontally respec-
tively. Oncethe spheres center(A; B; C), thespheresra-
dius R, andthecircle's radiusr canbe estimatedwe can
approximatethe spreadingangle , shavn in Fig. 4(b), of
thereconstructegdurfaceasfollow

= 2arcsin(%): (14)

After the spreadinganglesalong both directions, 1, 2,
areestimatedyve canmaparetinalimageontoanapproxi-
matedpartialspherespeci edby 1, .

(@) (b)

Figure4. 3-D pointclouds:(a) Top view. (b) Sideview.

4.1.Surface Approximation on Synthetic Data

We evaluateand comparethreeoptimizationalgorithms
in termsof above two criteria on the synthesizedlata of
threedifferentconditions,i.e., synthesizedlatawith noise
only, synthesizeddatawith arti cial lens distortion only,
andsynthesizedlatawith bothnoiseandlensdistortion.

Inthe rst casgwith noiseonly), zero-meanisotropic,
Gaussiamoiseswith differentvariancesare addedto

the position of correspondenceis all images. Fig.

5(a) shaws the errorsof surfaceapproximationversus
noisevariances.Fig. 5(b) shavs errorsof spreading
anglein percentageversusnoisevariances. At each
noiselevel, thealgorithmis performedentimesto ob-

tainanaverageerror. It is shavn that CABA improves
thereconstructiomperformancendsustaingoodper

formanceevenunderstrongnoises.

Average Errors
Average Errors (%)

1
o 2 8 10 o 2

4 3 4 6
Noise variance Noise variance

(a) (b)
Figure5. Synthesizedlatawith noiseonly: (a)thesurfaceapprox-
imation (Equation(12)) versusnoisevariancesand(b) the errors
of spreadinganglesin percentag@ersusnoisevariances.

In the secondcase(with lensdistortion),we generate
thenoise-freesynthesizediatawith thelensdistortion
coefcients setto k; =[0:03; 0:08; 0:02; 0:01;
0:02] This time, we usethe point-basedapproxima-
tion de ned in Equation(13). In the rst column of
Fig. 6(a), rst row comparesrrorsbetweenthe pro-
cedurewithout optimizationversusABA. Secondow
relateserrorsbetweenABA and CABA. Thelastrow
associategrrorsbetweenCABA and CABA-LDU. It
is demonstratedhat the surfaceapproximationerrors
canbeimprovedstepby stepthroughappropriatepti-
mizationproceduresCABA-LDU yieldsthebestper
formance.

In the last case(with both noiseandlensdistortion),
we testedon CABA and CABA-LDU procedures.
Zero-mean,jsotropic, Gaussiamoiseswith different
variancesand lens distortion coefcients setto k. =
[0:03; 0:08, 0:.02 0:01; 0:02] are addedto
images. Fig. 7 shavs the errorsof surface approxi-
mationversusnoisevariances.The plot demonstrates
that CABA-LDU produceshettersurfaceapproxima-
tion accurag comparedvith CABA.

4.2.Surface Approximation on Retinal Images

We also testedthree optimizations,ABA, CABA, and
CABA-LDU on two setsof retinal retinalimageseachof
which have four images(two stereopairsfrom elds 1 and
2). Thepoint-wisesurfaceapproximatiorerror E de ned
in Equation(12) are shavn in the secondcolumn of Fig.
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Figure6. (a) Noise-freesynthesizedatawith lensdistortioncoef-
cients settoke =[0:03;  0:08; 0:02; 0:01; 0:02]. (b) The
experimentakesultson two setsof retinalimages.
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Figure 7. Synthesizeddatawith both noise and lens distortion:
theerrorsbetweernreconstructegointsandsurfaceapproximation
versusnoisevariancegor CABA andCABA-LDU.

6(b). Speci cally, the rst row of Fig. 6(b) comparerrors
betweenthe procedurewithout optimizationversusABA.
The secondrow of Fig. 6(b) relateserrorsbetweenABA
andCABA. Thelastrow of Fig. 6(b) associategrrorsbe-
tween CABA and CABA-LDU. Fig. 6 demonstrateshe
progressie improvementsfrom ABA to CABA andfrom
CABA to CABA-LDU. CABA-LDU yieldsthebestperfor
mancein termsof the surfaceapproximatiorerror.

For two image sets, the estimatedspreadinganglesin
the overlappingpart(the 3-D reconstructiorarea)areabout
24 s 26 in bothdirections.This resultis consistentvith
our assumptiorthatthe depthvariationis relatively low in
the overlappingpart. The experimentalresultof one- eld
retinal curvature estimationis visualizedin Fig. 8 where
the horizontaland vertical curvaturesare derived from the
ratio betweerthe size of the overlappingpart (900 700
andthesizeof theoriginalimageg1728 1152. This3-D
retinal model could sene as a referencesurfacebasedon
whichthelocal depthrecovery canbefurtherestimatedor
theregionsof interest.

Figure 8. Two retinal model examplesthat are obtainedby map-
ping retinalimagesonto the estimatedspheresurfacewhosecur-
vatureis derivedfrom the cunatureestimatedrom the overlap.

4.3.Mor e Discussions

Therearetwo limitationsin this work that needfurther
investication. First, sincethe optimizationis in the af ne
space the lensdistortion parametergannotbe accurately
estimated althoughthe retinal curvature estimationis im-
proved by consideringthe lensdistortion update. Second,
the sphericalkconstraints enforcedndirectly assurface t-
nessn theoptimizationprocessandthesurfaceapproxima-
tion errorin the costfunctionsof CABA and CABA-LDU
algorithmsmay not directly re ect the shortestEuclidian
distancebetweenthe 3-D pointsandthereconstructegur
face.Thatmeanghecostfunctionis partially geometrically
meaningful. Neverthelessthis researchis ableto provide
accurateandrobustestimationof retinal curvaturethatcan
befurthercombinedwith othertechniqueor moredetailed
andaccurate3-D retinalreconstructiorandvisualization.



5. Conclusions

Thispapempresentgnew constraineaptimizationalgo-
rithm for retinal curvatureestimationwherewe have con-
sideredboth the prior knovledge about3-D geometryof
humanretinaandthe virtual lensdistortionintroducedby
funduscameraandthe humancornea.Theaf ne cameras
usedfor 3-D surfacereconstruction.Speci cally, we have
de ned a new optimizationfunction for afne bundle ad-
justmentthatincorporatedoththe geometricallymeaning-
ful surfaceapproximatiorerrorandthe lensdistortionup-
date. The proposedalgorithmcanyield moreaccurateand
robustretinal curvatureestimationcomparedvith the stan-
dardaf ne bundleadjustmentThiswork s the rst stepto-
wardourlong-termgoalto build avisual3-D retinalmodel.
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