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Abstract

We studyretinal curvature estimationfrommultiple im-
ages that provides the fundamentalgeometryof human
retina. We usean af�ne camera modeldueto its simplic-
ity, linearity, androbustness.Moreover, theaf�ne camera is
suitablein this research because(1) NIH's retinal imaging
protocolsspecifya narrow30� �eld-of-view in each eyeand
(2) each �eld hassmalldepthvariation. A major challenge
is that there is a seriesof optics involvedin the imaging
process,includingan actual funduscamera, a digital cam-
era, and the humancornea,all of which causesigni�cant
non-lineardistortionsin the retinal images. In this work,
wedevelopa new constrainedoptimizationprocedure that
considers both the geometricshapeof humanretina and
lensdistortions.Moreover, theconstrainedoptimizationis
implementedin theaf�ne spacebecauseit is computation-
ally ef�cient androbustto noise. Speci�cally, weamendthe
af�ne bundleadjustmentalgorithmbyincludinga quadratic
surface�tting error and the lensdistortioncorrectioninto
thecostfunctionfor constrainedoptimization.Theexperi-
mentson bothsyntheticdataandreal retinal imagesshow
theeffectivenessandrobustnessof theproposedalgorithm.

1. Intr oduction

Diabetes is the leading cause of blindness among
working-ageAmericans,and many patientswith vision-
threateningdiabetic retinopathy (DR) remain asymptotic
until blindnessoccurs.Themajorityof thisblindnesscanbe
preventedwith propereyeexaminationby ophthalmologists
or specialistswho rely on the resultsof randomizedclini-
cal trialsby theNationalInsinuatesof Health(NIH), called
Early TreatmentDiabeticRetinopathy Study(ETDRS),to
guidetheir treatmentof DR patients.1. The ETDRSpro-
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1http://www.nei.nih.gov/neitrials/viewStudyWeb.aspx?id=53

tocolsrequiretheretinal imagesto becapturedfrom seven
�elds thatcover a requiredareaon theretina. TheETDRS
imagingstandard,specifyingsevenstereoscopic30� �elds
for eacheye, is illustratedin Fig. 1(a). Thelong termgoal
of this researchis to developa visual3-D retinalmodelas
shown in Fig. 1(b), which can(1) assistophthalmologists
andspecialistsin diagnosingandevaluatingtheDR disease;
(2) facilitate clinical studies;and (3) be usedas a spatial
mapduringlasersurgicalprocedures.

(a) (b)
Figure1. (a) The ETDRSseven �elds (right/left); (b) A 3-D eye
model(http://eyephoto.ophth.wisc.edu/Photographers.html).

3-D geometricreconstructionis a processto recover a
3-D sceneor objectfrom multiple images.It is usuallyre-
ferredto asthestructurefrom motion(SfM). TheSfM pro-
cessusuallyrecoversobjects' 3-D shapes,cameras'poses
(positionsandorientations),andcameras'internalparam-
eters (focal lengths, principle points, and skew factors).
Many possiblecameramodelsexist. A perspective pro-
jection is thestandardcameramodel. However, othersim-
pli�ed projections,e.g.,af�ne or orthographicmodels,are
provedusefulandpracticalfor a distantcamera.In this pa-
per, we are interestedin a speci�c SfM issue,i.e., retinal
curvatureestimation,which is concernedwith the global
geometryrecovery of humanretina. The retinal curvature
provides fundamentalgeometricknowledgeof the human
retina that could be further usedas the baselinereference
for local depthrecovery, especiallyin the pathologicalar-
eas,or 3-D visualizationof thehumanretina.



2. RelatedWork

2.1.3D Retina Estimation

Therearetwo mainmodalitiesusedfor 3D retinaestima-
tion, i.e., thestereoscopicfunduscameraor the laserscan-
ner. For example,theHeidelberg RetinaTomograph(HRT)
is aconfocallaserscanningsystemdesignedfor 3D estima-
tion of retinaltopography 2. In this work, we areinterested
in retinal imagescapturedby funduscamerasthat arerel-
atively cheapand more often used. Deguchi et al. [7, 8]
modeledboth the funduscameraandthehumancorneaas
a virtual optical lens. It is assumedthat a retinal surface
hasasphericalshape,andimagingaspherethroughthevir-
tual lensresultsin a quadraticsurface. Then,the parame-
tersof thevirtual lenswereestimatediteratively to recover
fundus's sphericalsurface.Choeet al. [6] usedPCA-based
directional�lters to extractcandidatefeaturepoints,andthe
plane-and-parallaxalgorithmwasemployedto estimatethe
epipolargeometrybasedon which thestereopair wasrec-
ti�ed. Then, a Parzenwindow-basedmutual information
wasusedto generateadensedisparitymap.Promising3-D
retinalreconstructionresultswerereportedin [6].

In practice,we found traditional stereoreconstruction
techniquesmay not work well for ETDRS stereoimage
pairsdueto threemajorproblems.First, eachETDRSim-
agecoversa small region on a retina,andtheoverlapsbe-
tweenseven�elds arerelatively small(asshown in Fig. 1),
leadingto sparsefeaturepoints. Second,thereis a series
of optics involved in ETDRS imaging, including a fun-
dus camera,a digital camera,and the humancornea,all
of which causenon-lineardistortionsin theimages.Third,
the curvatureof a retinal surfacein each�eld is relatively
small, i.e., relative low depthvariation,makingthe funda-
mentalmatrix estimationdif�cult. Someof thesedif�cul-
tiesarealsoacknowledgedin [6] wheresomeerroneousre-
sultswerereportedusinga traditional8-pointalgorithmto
computetheepipolargeometry. This researchis concerned
with the global geometryestimationof the humanretina,
andit is somewhat complementaryto the oneproposedin
[6] which focuseson therecoveryof relative localdepth.

2.2.Af�ne Camera for Multi­view Geometry

Becausean af�ne camerais assumedhere, an af�ne
SfM problemis the focus of this work. The af�ne cam-
eramodelwas�rst proposedby KoenderinkandVanDoorn
[13]. They have shown that two distinct views areenough
to reconstructa sceneup to anarbitraryaf�ne transforma-
tion without cameracalibration. They have suggestedthe
use of a local coordinateframe (LCF). Later their algo-
rithm hasbeenre�ned by Demyet.al.[9], andShapiro[19].
TomasiandKanade[22], then,proposedanaf�ne factoriza-

2http://www.heidelbergengineering.com

tion methodwhich eliminatesthe useof LCF and instead
utilizes theentiresetof points. An af�ne camerais anap-
propriatesimpli�ed modelfor retinal curvatureestimation
from ETDRS images. In other applicationssuchas face
modelling, the af�ne camerais alsoused. Senguptaet.al.
[17] assumedanaf�ne cameraandsolvedtheSfM problem
basedon theaf�ne epipolargeometryframework.

2.3.ConstrainedSfM

If thereis someprior knowledgeaboutthe3-D geome-
try, addinga surfacemodelor geometricalconstraintsinto
the SfM processwould yield a moregeometricallymean-
ingful solution. Fuaet al. [10] addressedtheSfM problem
in thecontext of headmodeling.Basedon theprior knowl-
edgeof thehead's shape,thestandardbundleadjustmentis
augmentedwith iterative re-weightedleastsquareandreg-
ularization,andit doesnot outputanexplicit model. Shan
etal. [18] proposedamodel-basedbundleadjustmentalgo-
rithm for facemodelingwherea parametricsurfacemodel
controlledby a small setof parametersis involvedandthe
optimizationis within themodelspace.The2-D locationof
� ve featurepoints(two for eyes,two for mouthandonefor
nosetip) mustbe manuallysuppliedinto both algorithms.
Gong et al. [11] usedsequentialquadraticprogramming
(SQP)to recover3-D quadraticsurfaceparametersby using
a quadraticsurfaceasa constraintin a metric space.Bar-
toli et al. [1] mergedthemulti-coplanarityconstraintswith
thetraditionalbundleadjustmentapproach.In [11, 1], both
feature-basedandmodel-basedideasareinvokedwherethe
featuresare �rstly estimatedas a �rst guessfor structure
andmotion, thengeometricprimitivesareestimateto cor-
rect the structureso that reconstructedfeatureslie exactly
on thegeometricprimitives.Inspiredby previouswork, we
proposeanaf�ne SfM algorithmvia bundleconstrainedad-
justmentwhich involvesjoint optimizationof bothfeatures
andaparametricmodelaswell aslensdistortionupdatefor
optimalstructureestimation.

2.4.Registration for Corr espondenceSelection

Correspondenceselectionis acritical stepfor estimating
theretinalgeometryfrom multiple images,andit is largely
dependson the resultsof retinal imageregistration. Reti-
nal imageregistrationhasbeenwell studiedby many re-
searchersrecently, e.g., [2, 3, 20]. However, in the con-
text of ETDRSretinal imaging,threemajorchallengesare
present.First, small overlapsbetweenadjacent�elds lead
to inadequatelandmarkpoints(crossoversandbifurcations)
for feature-basedmethods.Second,thecontrastandinten-
sity distributionswithin animagearenot spatiallyuniform
or consistent.This candeterioratetheperformanceof area-
basedtechniques.Third, high-resolutionETDRS images
containlargehomogeneousnonvascular/texturelessregions
which resultin dif�culties for bothfeature-basedandarea-



basedtechniques.In this work, we adopta hybrid registra-
tion approachproposedin [5] that integratesboth feature-
basedandarea-basedtechniquesto registerETDRSimage
pairsandto selectcorrespondencesacrossimages.Due to
thesmalloverlaps(lessthan30%) in most�elds, it is reli-
ableto only usestereoimagepairs in �elds 1/2 or 2/3 (as
shown in Fig. 1) for curvatureestimation.

3. Af�ne Structur eFrom Motion

We proposeseveralSfM optimizationalgorithmsin the
af�ne spaceto studyretinal curvatureestimation. Specif-
ically, threeoptimizationproceduresaretested,i.e., af�ne
bundleadjustment(ABA), constrainedaf�ne bundleadjust-
ment (CABA), and constrainedaf�ne bundle adjustment
with lens distortion update (CABA-LDU). The CABA-
LDU processoptimizesall of the parameters,including
camera's parameters,3-D points, the physical shapeof a
retinalsurface,andlensdistortion,simultaneously. Wealso
introducean ef�cient point-basedlinear approachto ap-
proximatetheretinalsphericalsurface.

3.1.Initial LensDistortion Removal

 


A fundus camera
 A digital camera
Human Cornea


Figure2. TheETDRSimagingsystem(www.inoveon.com).

Thereis aseriesof opticsinvolvedin theretinalimaging
process,which includestheactualfunduscamera,thedigi-
tal camera,andthehumancornea,asshown in Fig.2. All of
theseopticscouldbemodeledasonevirtual lensthatcon-
tributesto certainlensdistortion,e.g.,radial distortion, in
retinalimages[7, 8]. Thelensdistortionhasto beremoved
prior to 3-D retinal surfacereconstruction. In this work,
we employ theplanarpatterncalibrationmethodproposed
in [26]. Thesolutioncanbesolvedthroughminimizing an
algebraicdistancethen re�ning it throughthe Levenberg-
Marquardtalgorithmwith a following costfunction:

fX

i =1

nX

j =1

kmij � �m(K ; R l ; k; di ; M j )k2; (1)

where we have f views/imagesand n correspondences.
�m(K ; R i ; di ; M j ) is the projectionof point M j in the i th

image.Rl denotesl � th row of rotationmatrixR andd de-
notes� R t. k arecoef�cients for lensdistortion. We have
createda setof chessboardimagesusingtheactualfundus
camera.Thenwe usethe cameracalibrationtoolbox 3 to
remove thelensdistortionin real retinal images.However,
webelieve thatonly thelensdistortionsassociatedwith the
digital cameraandthefunduscameracanpartially removed
while the lensdistortionscausedby the humancorneaare
still presentin theimagesandshouldbeconsideredduring
thereconstructionprocess.

3.2.Initial Retinal Af�ne Surface

In thiswork, weassumeanaf�ne cameramodelbecause
(1) the ETDRS imaging standardspeci�es a 30� �eld of
view for eacheye (narrow �eld of view); (2) eachretinal
imagehassmalldepthvariation.Weuseaf�ne factorization
[22] methodfor initial reconstructionbecausetheapproach
canaccommodatemultiple imagesandutilize theuseof all
featurepoints. Supposethereare f retinal imagesand n
point correspondencesfrom eachimage.

W = PM ; (2)

whereW denotesa 2f � n matrix containinga setof 2D
correspondences.M denotesa 3 � n matrix containingthe
af�ne shapeof theretinalsurface.P denotesa 2f � 3 ma-
trix comprisingf funduscameramodels. With the rank
theorem,W is at mostrank three. Singularvaluedecom-
position(SVD) is usedto factorizedW , therefore,P and
M arethe left andright eigenvectorscorrespondingto the
threegreatesteigenvalues.

3.3.Af�ne Bundle Adjustment (ABA)

Bundleadjustmentis anoptimizationprocessof re�ning
a visual reconstructionto producejointly optimalstructure
andviewing parameters[24, 23]. It is usually formulated
asa nonlinearleastsquareproblem. In our case,we want
to estimateandre�ne af�ne cameras�P andtheaf�ne reti-
nal surface �M simultaneously. �m( �Pi ; �M j ) is a projection
of point �M j in the i th image.We try to minimizedistance
betweenthe projectedpoint �m( �Pi ; �M j ) and the observed
point m ij by optimizing the 3-D point in the af�ne space
andtheaf�ne cameras.If the2D correspondencesarenoise
free, this distanceshouldbe zero. If noisedistribution is
assumedto bezeromean,isotropicandGaussianwith cer-
tain variance,then the maximumlikelihood estimationis
equivalentto thesolutionto theminimummeansquareer-
ror problemde�ned below,

min
�P i ; �M j

vX

i =1

nX

j =1

k �m( �Pi ; �M j ) � mij k2; (3)

3http://www.vision.caltech.edu/bouguetj/calibdoc/



wherewe have v views/imagesandn correspondences.To
solve this problemmoreef�ciently , we canutilize the fact
that a speci�c residualin oneimageis only dependenton
onecamera.This yields a sparsestructurein the matrices
involved in the optimizationprocess.The estimatedaf�ne
structurecould be correctedinto the Euclideanspacethat
is possiblegiven the minimum numberof four images.In
ETDRSretinalimaging,two stereopairsfrom �elds 1 and2
will provide a setof four imageswherewe have thelargest
overlapsfor robust3-D reconstruction[4].

3.4.ConstrainedABA (CABA)

If point correspondencesareerror free and lensdistor-
tions can be completelyremoved, motion parametersand
a 3-D structurecould be accuratelyobtainedthrough a
standardSfM procedure.However, point correspondences
arevery sensitive to noiseandsomelensdistortionis still
present.Moreover, thestandardoptimizationprocedure,i.e.
bundle adjustment,doesnot carry any 3-D geometrically
meaningfuldescription.In many SfM problems,someprior
knowledgecouldbeinvolvedto compensatetheerrorsfrom
point correspondencesandlensdistortionsby developinga
geometricallymeaningfulcostfunction. In our case,we do
have someprior knowledgeof theshapeof humanretina.

Most of the works proposedin the subjectof geomet-
ric constrainedoptimizationaredonein a �nal stepor in
the Euclideanspace.The exceptionsarethe onesthat as-
sumeplanarityconstraints[1, 21]. Szeliskiet.al. have sug-
gestedthat prior geometricknowledge,which is incorpo-
ratedon in the early reconstructionprocess,can improve
the quality of the estimatedstructures. In this work, we
dealwith retinal imageswhich arecapturedfrom theback
of eyeballs. Becausethe humaneyeball can be approxi-
matedby a sphere[7], a sphericalconstraintcouldbecon-
sideredfor retinalcurvatureestimation.Sincetheoptimiza-
tion is implementedin the af�ne space,the sphericalcon-
straint becomesan ellipsoid constraintinstead. Sincethe
SfM optimizationprocessis in theaf�ne space,it requires
lesscomputationalcomplexity comparedto that in theEu-
clideanspace,we chooseto implementtheconstrainedop-
timization in an af�ne space.Therefore,the ellipsoid sur-
faceconstraintis includedinto theoriginal costfunctionto
improve the robustnessandaccuracy of theSfM resultsas
follows,

min
�P i ; �M j ;Q e ;�

vX

i =1

nX

j =1

k �m( �Pi ; �M j ) � mij k2 + �
nX

j =1

�M T
j Qe �M j ;

(4)
wherewe have v views/imagesandn correspondences.Qe

isasymmetric4� 4matrixrepresentinganellipsoidsurface.
�m( �Pi ; �M j ) is a projectionof a point �M j from an imagei .
mij representsa retinal imagepoint and � is a Lagrange
multiplier.

Qe is initializedasasphericalsurfaceby usingthepoint-
basedlinearmethodintroducedin Section3.7. During the
iterations,parametersin matrixQe areupdatedto represent
anellipsoidsurface. TheLagrangemultiplier � actslike a
weightingparameterin thecostfunction. It canbechosen
baseduponthe dynamicrangesof the two termsin Equa-
tion (4) wherethe �rst part is the residualerror in all 2-D
imagesandthe secondterm the surfaceapproximationer-
ror in the3-D af�ne space.In our case,thetwo errorterms
have thesimilar dynamicrange,andwe initialize � to be1
thatis updatedduringtheiterations.

3.5. CABA with Lens Distortion Update (CABA­
LDU)

All of the works dedicatedto the subjectof 3-D con-
strainedoptimization assumeeither lens distortion is re-
moved beforethe reconstructionprocess,or it is insignif-
icant and can be ignored. In the caseof retinal imaging,
however, lensdistortion is too prominentto be neglected.
Although,we have removed partial lensdistortionprior to
theaf�ne reconstruction,webelievethatthelensdistortions
causedby thehumancorneastill exist in theimages.There-
fore,we proposea new constrainedoptimizationalgorithm
which includeslensdistortioncorrectionin the cost func-
tion. Accordingto [12], only two typesof lensdistortions,
radial andtangential,aresigni�cant in normaloptical im-
ages.Radialandtangentialdistortionsareshown in Equa-
tions(5) and(6) respectively.

� x r = kc1r + kc2r 2 + kc3r 3;
� yr = kc1r + kc2r 2 + kc3r 3;

(5)

where(~x; ~y) areimagecoordinatesin themetricunit, r =
~x2 + ~y2, andkc1, kc2, kc3 arecoef�cients for radialdistor-
tion. Theexpressionfor tangentialdistortionis

� x t = 2kc4 ~x ~y + kc5(r + 2~x2);
� yt = kc4(r + 2~y2) + 2kc5 ~x ~y;

(6)

wherekc4, andkc5 arecoef�cients for tangentialdistortion.
Therefore,we amendthe ABA algorithm in two man-

ners.First,anellipsoidsurfaceconstraintis includedinto a
costfunctionto improve robustnessandaccuracy (CABA).
Second,the lensdistortionupdateis incorporatedinto the
CABA (CABA-LDU) to furtherremoveremaininglensdis-
tortions. With both the 3-D geometricconstraintand the
lens distortion integratedin the optimizationprocess,the
costfunctionof CABA-LDU becomes:

min �P i ; �M j ;Q e ;�;k c
(
P v

i =1

P n
j =1 k �m( �Pi ; �M j ; � r ; � t ) � mij k2

+ �
P n

j =1
�M T

j Qe �M j );
(7)

where we have v views/imagesand n correspondences.
�m( �Pi ; �M j ; � r ; � t ) is a projectionof a point �M j in the i th



imagefollowing by theradial� r , [� xr ; � yr ] andtangential
distortions� t , [� xt ; � yt ] de�ned in Equations(5) and(6)
respectively. m ij representsa retinal imagepoint. Qe is a
symmetric4 � 4 matrix representinganellipsoidsurface.�
is a Lagrangemultiplier. Equation(7) shows thatwe asso-
ciatetwo typesof errors,boththe2-D error(the�rst term)
andthe3-D error (thesecondterm), into oneoptimization
process.Thecostfunctionalsoincorporatesbothgeometri-
cally meaningfulde�nition andlensdistortionupdate.The
procedureoptimizesall of theparameters,camera's param-
eters,3-D points,the physical shapeof humanretina,and
thelensdistortionparameters,simultaneously.

3.6.EuclideanReconstructionof Retinal Surface

After the af�ne reconstruction,we need to recover
retina'sEuclideansurfacefrom theaf�ne structureobtained
by above optimizationalgorithms. Several differentsolu-
tionsfor differentaf�ne cameraprojectionswereproposed.
Tomasi and Kanade[22] proposeda solution for ortho-
graphicprojection. WeinshallandTomasi[25] introduced
a solution underweak-perspective camera. Polemanand
Kanade[15] proposeda solution for paraperspective pro-
jection. Quan[16], Kurataet.al. [14] attemptedto congre-
gatethosesolutionsinto oneuni�ed framework for general
af�ne camerawithout having to calibratethe camera.We
employ the methodproposedby Quan[16] to recover the
Euclideansurface.

3.7.Point­BasedSurfaceApproximation

Estimatingtheunderlyingsphericalmodelfrom a setof
3-D points involvesan error-pronenonlinearoptimization
process. We introducea linear point-basedsphere�tting
method. The methodis accomplishedby �rst selectinga
referencepoint M k = (X k ; Yk ; Zk ) from the 3-D point
cloud. Every point (j 2 f 1; :::; ng) is expectto satisfythe
sphereequation.

(X j � A)2 + (Yj � B )2 + (Z j � C)2 = R2; (8)

where(A; B ; C) and R are the sphere's centerpoint and
radiusrespectively. By subtractingtheequationof reference
point M k on bothsideof Equation(8) andrearrangingthe
terms,weget

(X 2
k � X 2

j ) + (Y 2
k � Y 2

j ) + (Z 2
k � Z 2

j ) =
2(X k � X j )A + 2(Yk � Yj )B + 2(Zk � Z j )C;

j 2 1; :::; n; j 6= k;
(9)

which is in a linear form. Sphere's centerpoint (A; B ; C)
canbeobtainedby solvingmultiple linearequations.Then,
radiusR canbecomputedin aleastmeansquaresense.Ide-
ally speaking,everypointhasto satisfythesphereequation.
An errorataparticularpointj is calculatedby thefollowing
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(a) (b)
Figure3. (a) Thesetup of four syntheticcameras.Pointcloud is
constructedonasphericalsurfacewith spreadingangleof 90o . (b)
Four imagesgeneratedby thefour camerasshown in (a)with zero
meanGaussiannoise(variance= 0:5).

equation:
E (k )

j = M T
j Qk M j ; (10)

whereQk is a 4 � 4 sphericalmatrix by a referencepoint
k. E (k )

j representsanerroratpoint j by usingQk . By min-
imizing the following equation,theoptimalspheresurface
with best�tness to all pointscanbeachieved.

Q̂ = arg min
k2 1;::: ;n

nX

j =1

E (k )
j ; (11)

whereE (k )
j is de�ned in Equation(10).

4. Experimental Results

We testedthreevariationsof bundleadjustment,af�ne
bundleadjusutment(ABA), constrainedABA (CABA), and
CABA with lensdistortionupdate(CABA-LDU), on both
synthesizeddataandrealretinalimages.Thesyntheticdata
allows us to measurethe algorithm performancenumeri-
cally becausequantitative evaluationis impossibleto ob-
taine from real retinal images. We have generateda 3-D
partial spherepoint cloudwith thespreadingangleof 90o.
Then,four virtual camerasarepositionedaccordingto the
ETDRSimagingsetting,asshown in Fig. 3(a). The four
syntheticimagescapturedby thesecamerasareshown in
Fig. 3(b). In the following experiments,we add various
lensdistortioncoef�cients anddifferentnoisevariancesto
correspondencemeasurementsin order to comparediffer-
ent approachesundervariouscircumstances.Four images
arethe minimum settingsfor Euclideanreconstructionus-
ing anaf�ne camera.

Two numericalcriteriaareusedto evaluatetheeffective-
nessof the3-D retinal surfacereconstruction,i.e., thesur-
faceapproximationerrorde�ned in andthespreadingangle



(i.e., thecurvature).Thesurfaceapproximationerror is de-
�ned asfollows,

�E =
1
n

nX

k=1

Ek ; (12)

and
Ek = M T

k Q̂M k ; (13)

whereQ̂ is de�ned in Equation(11). �E givesthe average
surface�tness errorwith respectto theoptimalspheresur-
faceQ̂, andEk is the �tness error of point M k . Both of
themareusedfor performanceevaluationin thefollowing.

From Fig. 4(a) illustratesthe top view of the recon-
structed3-D point clouds. We approximatethe2-D radius
(circle's radius)by usingfour farthestpoints,a, b, c, andd,
shown in Fig. 4(a) to calculater 1 andr 2. In the caseof
synthesizeddataor aperfectsphere,the�nal circle's radius
is computedby averagingthetwo radii r = (r 1 + r 2)=2. In
the caseof real retinal images,radii r 1 andr 2 correspond
to the sizeof overlapsvertically andhorizontally, respec-
tively. Oncethesphere's center(A; B ; C), thesphere's ra-
dius R, andthe circle's radiusr canbe estimated,we can
approximatethe spreadingangle� , shown in Fig. 4(b), of
thereconstructedsurfaceasfollow

� = 2arcsin(
r
R

): (14)

After the spreadinganglesalong both directions,� 1, � 2,
areestimated,we canmapa retinal imageontoanapproxi-
matedpartialspherespeci�edby � 1, � 2.
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(a) (b)

Figure4. 3-D point clouds:(a)Topview. (b) Sideview.

4.1.SurfaceApproximation on SyntheticData

We evaluateandcomparethreeoptimizationalgorithms
in termsof above two criteria on the synthesizeddataof
threedifferentconditions,i.e., synthesizeddatawith noise
only, synthesizeddatawith arti�cial lens distortion only,
andsynthesizeddatawith bothnoiseandlensdistortion.

� In the�rst case(with noiseonly),zero-mean,isotropic,
Gaussiannoiseswith differentvariancesareaddedto

the position of correspondencesin all images. Fig.
5(a) shows theerrorsof surfaceapproximationversus
noisevariances.Fig. 5(b) shows errorsof spreading
anglein percentageversusnoisevariances. At each
noiselevel, thealgorithmis performedtentimesto ob-
tainanaverageerror. It is shown thatCABA improves
thereconstructionperformanceandsustainsgoodper-
formanceevenunderstrongnoises.
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Figure5.Synthesizeddatawith noiseonly: (a) thesurfaceapprox-
imation(Equation(12)) versusnoisevariances,and(b) theerrors
of spreadinganglesin percentageversusnoisevariances.

� In thesecondcase(with lensdistortion),we generate
thenoise-freesynthesizeddatawith thelensdistortion
coef�cients setto kc = [0:03; � 0:08; 0:02; 0:01; �
0:02]. This time, we usethe point-basedapproxima-
tion de�ned in Equation(13). In the �rst columnof
Fig. 6(a), �rst row compareserrorsbetweenthe pro-
cedurewithout optimizationversusABA. Secondrow
relateserrorsbetweenABA andCABA. The last row
associateserrorsbetweenCABA andCABA-LDU. It
is demonstratedthat the surfaceapproximationerrors
canbeimprovedstepby stepthroughappropriateopti-
mizationprocedures.CABA-LDU yieldsthebestper-
formance.

� In the last case(with both noiseand lensdistortion),
we tested on CABA and CABA-LDU procedures.
Zero-mean,isotropic, Gaussiannoiseswith different
variancesand lens distortion coef�cients set to kc =
[0:03; � 0:08; 0:02; 0:01; � 0:02] are addedto
images. Fig. 7 shows the errorsof surfaceapproxi-
mationversusnoisevariances.Theplot demonstrates
that CABA-LDU producesbettersurfaceapproxima-
tion accuracy comparedwith CABA.

4.2.SurfaceApproximation on Retinal Images

We also testedthreeoptimizations,ABA, CABA, and
CABA-LDU on two setsof retinal retinal imageseachof
which have four images(two stereopairsfrom �elds 1 and
2). Thepoint-wisesurfaceapproximationerrorEk de�ned
in Equation(12) are shown in the secondcolumn of Fig.
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Figure6. (a)Noise-freesynthesizeddatawith lensdistortioncoef-
�cients setto kc = [0:03; � 0:08; 0:02; 0:01; � 0:02]. (b) The
experimentalresultson two setsof retinalimages.
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Figure 7. Synthesizeddatawith both noiseand lens distortion:
theerrorsbetweenreconstructedpointsandsurfaceapproximation
versusnoisevariancesfor CABA andCABA-LDU.

6(b). Speci�cally, the�rst row of Fig. 6(b) compareserrors
betweenthe procedurewithout optimizationversusABA.
The secondrow of Fig. 6(b) relateserrorsbetweenABA
andCABA. The last row of Fig. 6(b) associateserrorsbe-
tweenCABA and CABA-LDU. Fig. 6 demonstratesthe
progressive improvementsfrom ABA to CABA and from
CABA to CABA-LDU. CABA-LDU yieldsthebestperfor-
mancein termsof thesurfaceapproximationerror.

For two imagesets,the estimatedspreadinganglesin
theoverlappingpart(the3-D reconstructionarea)areabout
24� s 26� in bothdirections.This resultis consistentwith
our assumptionthat thedepthvariationis relatively low in
the overlappingpart. The experimentalresultof one-�eld
retinal curvatureestimationis visualizedin Fig. 8 where
the horizontalandvertical curvaturesarederived from the
ratio betweenthesizeof theoverlappingpart (900� 700)
andthesizeof theoriginal images(1728� 1152). This3-D
retinal modelcould serve asa referencesurfacebasedon
which thelocal depthrecovery canbefurtherestimatedfor
theregionsof interest.

Figure8. Two retinal modelexamplesthat areobtainedby map-
ping retinal imagesonto theestimatedspheresurfacewhosecur-
vatureis derivedfrom thecurvatureestimatedfrom theoverlap.

4.3.Mor eDiscussions

Therearetwo limitations in this work that needfurther
investigation. First, sincethe optimizationis in the af�ne
space,the lensdistortionparameterscannotbe accurately
estimated,althoughthe retinal curvatureestimationis im-
proved by consideringthe lensdistortionupdate.Second,
thesphericalconstraintis enforcedindirectly assurface�t-
nessin theoptimizationprocess,andthesurfaceapproxima-
tion error in thecostfunctionsof CABA andCABA-LDU
algorithmsmay not directly re�ect the shortestEuclidian
distancebetweenthe3-D pointsandthereconstructedsur-
face.Thatmeansthecostfunctionispartially geometrically
meaningful. Nevertheless,this researchis ableto provide
accurateandrobustestimationof retinalcurvaturethatcan
befurthercombinedwith othertechniquesfor moredetailed
andaccurate3-D retinalreconstructionandvisualization.



5. Conclusions

Thispaperpresentsanew constrainedoptimizationalgo-
rithm for retinal curvatureestimationwherewe have con-
sideredboth the prior knowledgeabout3-D geometryof
humanretinaandthe virtual lensdistortion introducedby
funduscameraandthehumancornea.Theaf�ne camerais
usedfor 3-D surfacereconstruction.Speci�cally, we have
de�ned a new optimizationfunction for af�ne bundlead-
justmentthatincorporatesboththegeometricallymeaning-
ful surfaceapproximationerror andthe lensdistortionup-
date.Theproposedalgorithmcanyield moreaccurateand
robustretinalcurvatureestimationcomparedwith thestan-
dardaf�ne bundleadjustment.Thiswork is the�rst stepto-
wardour long-termgoalto build avisual3-D retinalmodel.

References

[1] A. Bartoli and P. Sturm. Constrainedstructureand mo-
tion from multiple uncalibratedviews of a piecewiseplanar
scene.Int'l J. of ComputerVision, 52(1):45–64,April 2003.
2, 4

[2] A. Can,C. V. Stewart,B. Roysam,andH. L. Tanenbaum.A
feature-based,robust, hierarchicalalgorithmfor registering
pairs of imagesof the curved humanretina. IEEE Trans.
Pattern Anal. Machine Intell., 24(3):347–364,March 2002.
2

[3] A. Can,C. V. Stewart, B. Roysam,andH. L. Tanenbaum.
A feature-basedtechniquefor joint, linear estimationof
higher-order image-to-mosaictransformations:Mosaicing
thecurvedhumanretina.IEEETrans.PatternAnal.Machine
Intell., 24(3):412–419,March2002. 2

[4] T. ChanwimaluangandG. Fan. Af�ne camerafor 3D retinal
surfacereconstruction.In Proc.InternationalSymposiumon
VisualComputing(LNCS,Vol. 4292), Nov. 2006. 4

[5] T. Chanwimaluang,G. Fan,andS. Fransen.Hybrid retinal
imageregistration. IEEE Trans.InformationTechnology in
Biomedicine, 10(1):129–142,January2006. 3

[6] T. Choe,I. Cohen,andG.Medioni.3-D shapereconstruction
of retinal fundus. In IEEE Conferenceon ComputerVision
andPatternRecognitionCVPR, volume2,pages2277–2284,
June2006. 2

[7] K. Deguchi, D. Kawamata,K. Mizutani, H. Hontani, and
K. Wakabayashi.3dfundusshapereconstructionanddisplay
from stereofundusimages.IEICE Trans.Inf. & Syst., E83-
D(7):1408–1414,July2000. 2, 3, 4

[8] K. Deguchi, J. Noami, andH. Hontani. 3d funduspattern
reconstructionanddisplay from multiple images. In IEEE
Int'l conferenceonPatternRecognition, volume4,pages94–
97,September2000. 2, 3

[9] S. Demey, A. Zisserman,andP. Beardsley. Af�ne andpro-
jective structurefrom motion. Proc.British MachineVision
Conference(BMVC), pages49–58,1992. 2

[10] P. Fua.Regularizedbundle-adjustmentto modelheadsfrom
imagesequenceswithout calibrationdata. Int'l J. of Com-
puterVision, 38(2),July2000. 2

[11] R. GongandG. Xu. Quadraticsurfacereconstructionfrom
multiple views usingsqp. Integrated Image and Graphics
Technologies, pages197–217,2004. 2

[12] J. Heikkila and O. Silven. A four-stepcameracalibration
procedurewith implicit imagecorrection. In IEEE Proc.
Computer Vision and Pattern Recognition, pages1106–
1112,June1997. 4

[13] J. J. KoenderinkandA. J. V. Doorn. Af�ne structurefrom
motion. Journal of Optical Societyof America, 8(2):377–
385,February1991. 2

[14] T. Kurata,J.Fujiki, andK. Sakaue.Af�ne epipolargeometry
via factorizationmethod. In Proc. of 14th Int'l Conference
on Pattern Recognition, volume1, pages862–866,August
1998. 5

[15] C. J. PolemanandT. Kanade.A paraperspective factoriza-
tion methodfor shapeandmotionrecovery. IEEETrans.Pat-
tern and Machine Intelligent, 19(3):206–218,March 1997.
5

[16] L. Quan. Self-calibrationof anaf�ne camerafrom multiple
views. InternationalJournal of ComputerVision, 19(1):93–
110,1996. 5

[17] K. SenguptaandC. C. Ko. Scanningfacemodelswith desk-
topcameras.IEEETrans.IndustrialElectronics, 48(5):904–
912,October2001. 2

[18] Y. Shan,Z. Liu, andZ. Zhang. Model-basedbundleadjust-
mentwith applicationto facemodeling.In IEEE Int'l Conf.
on ComputerVision ICCV, volume2, pages644–651,July
2001. 2

[19] L. S. Shapiro. Af�ne Analysisof Image Sequences. PhD
thesis,SharpLaboratoriesof Europe,Oxford, Oxford, UK,
1995. 2

[20] C.V. Stewart,C.L. Tsai,andB. Roysam.Thedual-bootstrap
iterative closestpoint algorithm with applicationto retinal
imageregistration. IEEE Trans.Med. Imag., 22(11):1379–
1394,November2003. 2

[21] R. Szeliski and P. H. S. Torr. Geometricallyconstrained
structurefrom motion:Pointsonplanes.In Workshopon3D
Structure fromMulitple Imagesof Large-scaleEnvironment
(SMILE), June1998. 4

[22] C. TomasiandT. Kanade. Shapeandmotion from image
streamsunderorthography: A factorizationmethod. Intl.
Journalof ComputerVision, 9(2):137–154,November1992.
2, 3, 5

[23] P. TresadernandI. Reid. Uncalibratedandunsynchronized
humanmotion capture:a stereofactorizationapproach.In
IEEE Conferenceon ComputerVision andPatternRecogni-
tion CVPR, volume1, pages128–134,June2004. 3

[24] B. Triggs, P. McLauchlan,R. Hartley, and A. Fitzgibbon.
Bundleadjustment:A modernsynthesis.VisionAlgorithms:
TheoryAndPractice, Springer-Verlag, 2000. 3

[25] D. WeinshallandC.Tomasi.Linearandincrementalacquisi-
tion of invariantshapemodelsfrom imagesequences.IEEE
Trans.patternAnal. Machine Intell. PAMI, 17(5):512–517,
May 1995. 5

[26] Z. Zhang. Flexible cameracalibrationby viewing a plane
from unknown orientations. In IEEE Int'l Conferenceon
ComputerVision, volume 1, pages666–673, September
1999. 3


