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Abstract

For two–image structure from motion, we present a simple,exactexpression for a least–squares image–
reprojection error forfinite motion that depends only on the motion. Optimal estimates of the structure
and motion can be computed by minimizing this expression just over the motion parameters. Also, we
present a solution to the triangulation problem: an exact,explicit expression for the optimal structure
estimate given the motion. We identify a new ambiguity in recovering the structure for known motion.
We study the exact error’s properties experimentally and demonstrate that it often has several local
minima for forward or backward motion estimates. Our experiments also show that the “reflected”
local minimum of Oliensis and Soatto et al. occurs for large translational motions. Our exact results
assume that the camera is calibrated and use a least–squares image–reprojection error that applies most
naturally to a spherical imaging surface. We approximately extend our approach to the standard least–
squares error in the image plane and uncalibrated cameras. We present an improved version of the
Sampson error which gives better results experimentally.

Keywords: structure from motion, two–image structure from motion, least–squares error, triangulation,
ambiguity, spherical retina, coplanarity, Sampson error, local minima.



1 Introduction

This paper revisits one of the oldest and most fundamental problems in structure from motion (SFM):

estimating the 3D structure of a scene and the camera motion from 2 images. The problem goes back

more than 20 years [12][8] and has great practical importance. Most current SFM algorithms use a

2–image technique in their initial stages, and, despite the fact that 2 images contain less information

than a larger number, recent research has shown that one can often estimate structure and motion from

2 images with surprising accuracy and robustness [28][18][17][23][22].

All algorithms for 2–image SFM use the same basic strategy. They first compute an initial estimate

of the camera motion, either by a linear method [12][9] or, more recently, using RANSAC and the “7–

point” algorithm [7][24]. In a second, “polishing” stage, they improve the initial estimate by minimizing

an error function with respect to the unknown motion and/or structure. This paper focuses on the second

stage.

The only current polishing technique that is optimally accurate, bundle adjustment (e.g., [25][6]),

minimizes an error function overall unknowns, the structure as well as the motion. Since it minimizes

over a large number of variables, it is relatively slow and its behavior is opaque: one cannot easily

predict whether it will find the best estimate at the lowest error or confirm that it has done so after it

has converged. Another standard technique minimizes an approximation to the reprojection error that

depends just on the five motion unknowns. The most popular approximation we call theweighted–

coplanarityor WCerror (e.g., [27][28]); [4] has recently dubbed it theSampson error. Minimizing the

WCerror is faster than bundle adjustment, but it gives poor accuracy in some situations.

In this paper, we propose an approach to 2–image SFM which resolves the dilemma between

speed/reliability and accuracy. We start from a slight modification of the standard least–squares image–

reprojection error: the image–reprojection error that we use applies most naturally to a camera with a

spherical imaging surface. (We point out that this error has advantages over the standard image–plane

least–squares error even for a standard camera with a planar imaging surface.) Our change in error

greatly simplifies the SFM problem. By exploiting it, we present in Section 2 a simple,exactexpression

for the least–squares error forfinitemotion that depends only on the five motion parameters. Minimizing

this expression is as fast as minimizing theWCerror and as optimal as bundle adjustment. Because the

minimization is over a small number of parameters, it is relatively transparent: there is a good chance

of understanding whether it will succeed in finding the best estimate and of ensuring that it does [15].
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As a corollary, Section 3 presents a solution to the stereo triangulation problem: a simple, exact,

explicit expression for the optimal estimate of the 3D structure given the motion. It is important to

ensure that the structure estimate is optimal, since this estimate depends extremely sensitively on the

noise. Also, we describe a new ambiguity in recovering the structure for known motion.

Our expression for the structure is optimal for our spherical–image least–squares error. For the

standard image–plane error, [5] gave an implicit solution for the optimal structure estimate in terms

of the root of a 6th degree polynomial. Recently, for a new version of the image–plane error, Nister

computed the corresponding optimal estimate in terms of the root of a 4th degree polynomial [13].

In Section 4, we use our exact theoretical results to study the least–squares error for finite motion

experimentally. The results of such a study can be used to improve algorithms [17] or to understand

the intrinsic difficulty confronted by any algorithm in searching for the optimal estimate [15]. Due to

the simplicity of our expressions, we can easily compute the error over a range of motion estimates.

We show that it typically has several local minima for forward (or backward) motion estimates. Some

of these pose the real danger that an algorithm may mistakenly converge to them. Also, our experi-

ments show that the error’s “reflected” local minimum at sideways estimates, which was analyzed in

[17][20][1][21], occurs even for large translations.

Our exact results assume that the camera is calibrated. In Section 5, we describe an approximate

extension of our approach to 2 uncalibrated cameras (the projective case). Also, we approximately

extend our approach from the spherical–image error to the standard least–squares error in the image

plane. Our ambiguity in estimating the structure also occurs for the image–plane error for some motions

and, as we discuss, it helps to explain the failures of theWC(Sampson) approximation. In the Appendix,

we derive an improved version of the WC error and show that it gives a better approximation to the

least–squares image–plane error.

Though this paper focuses on the least–squares error, our results can be applied also for robust

estimation.

Our exact expression for the least–squares error that depends only on the motion appeared in [19].

1.1 Definitions and Preliminaries

We use MATLAB notation: we represent a column vector by listing entries separated by ’;’ and a row

vector by separating entries by a comma or space. A colon indicates a range of indices. Also, for a set

of quantitiesVa, we use{V } to denote the column vector with entriesVa. Let1N be theN×N identity
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matrix.

Unless otherwise stated, we assume the camera is calibrated and, without loss of generality, we take

the focal length to be 1. We assume there are2 images andNp points tracked over the images. Let the

column vectorpim ≡ (xim; yim) denote themth point in theith image, wherem = {1, 2, ..Np} and

i = {0, 1}. DefinePm ≡ (
Xm; Ym; Zm

)
to be themth 3D point in the coordinate system of the

zeroth image.Zm is thedepthof this point. Let̂x =(1; 0; 0), ŷ ≡ (0; 1; 0), andẑ ≡ (0; 0; 1).

Let T ≡ (Tx; Ty; Tz) be the translation from image0 to image1, and letT̂ ≡ T/ |T| be the trans-

lation direction. LetR be the rotation between images0 and1. We define the motion of a 3D pointP

underR andT by P −→ R(P−T). LetF (R,T) ∈ <3×3 represent the essential matrix [4]:F acting

on a 3D vectorV givesFV = R(T×V).

If V is a vector, let̂V denote the unit vectorV/ |V|. LetV denote the 2D image point corresponding

to the 3D pointV, with V ≡ (Vx;Vy) /Vz. For 2D vectorsv, v′ we use the notationv × v′ to mean

vxv′y − vyv
′
x. Define the 3D point̄v corresponding tov by v̄ ≡ [

v; 1
]
. Let R ∗ v denote the image

point obtained after a rotation of the image pointv, with R ∗ v ≡ (Rv̄). Let e ≡ T denote the epipole,

the image ofT in image0.

Given a matrixM , let [[M ]]2 be the2× 2 submatrix ofM consisting of entries from the first2 rows

and columns.

For finite motion, the standard least–squares image–reprojection error in the image plane is

ELS (R,T, {P}) ≡
Np∑

m=1

(∣∣Pm − p0m

∣∣2 +
∣∣∣R (Pm −T)− p1m

∣∣∣
2
)

, (1)

where thepim are the measured image points and our notation indicates thatELS depends on all the

Pm as well as onR, T. We define theoptimal least–squares estimatesof R, T, and thePm as the

“values” that give the least errorELS . (We put “values” in quotes since the least–squares estimates of

thePm can occur at infinity or at the points(0; 0; 0) or T, where the errorELS is not defined.)
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2 An Exact Expression for the Least–Squares Error

2.1 Introduction

Our goal is to derive an effective least–squares error function that depends just onR, T. One can do

this by minimizingELS over thePm. Define

E (R,T) ≡ inf
P1...PNp

ELS , (2)

whereinf represents the infimum or greatest lower bound.1 We also refer toE (R,T) as the “least–

squares error.” Due to the standard scale ambiguity in SFM, one can writeE as the functionE
(
R, T̂

)
,

whereT̂ is the estimate of the translation direction, or asE (R, e), wheree is the epipole estimate. In

principle, sinceE
(
R, T̂

)
has the same minimum asELS at the same values forR, T̂, one can solve

for the optimal estimates ofR andT̂ by minimizingE
(
R, T̂

)
.

Unfortunately,E
(
R, T̂

)
has a complex dependence on its arguments [26] and is not useful for

minimization. Thus, researchers have proposed algorithms that minimize approximations toE
(
R, T̂

)
.

The most popular approximation [28], which we call theWCapproximation, is

EWC

(
R, T̂

)
≡

Np∑

m=1

(
p̄T

1mF p̄0m

)2

|ẑ×F p̄0m|2 + |ẑ×F T p̄1m|2
. (3)

[28] showed that theWCapproximation becomes exact whenT̂ is sidewaysandR is around thez axis,

that is,T · ẑ =0 andRẑ = ẑ. However, for roughly forward estimates ofT̂, it is known thatEWC gives

a poor approximation toE.

One can think ofEWC as a first–order approximation toE
(
R, T̂

)
. The Appendix rederivesEWC

from this point of view and also presents a new, second–order approximation toE
(
R, T̂

)
which does

better thanEWC experimentally.

1We must use the infimum rather than the minimum since, as mentioned above, the infimum ofELS may occur at an
“infinite value” of Pm, or atPm equal to one of the camera positions. For simplicity, we sometimes gloss over this distinction
below. Onecantake the minimum overR or the translation direction̂T, since these variables live in a compact space.
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2.2 The Directional Error

As noted in Section 1, our approach starts from a least–squares error that differs from the standard one in

(1). Define the length–3unit vectorsp̂0m ≡ p0m/ |p0m| andp̂1m ≡ p1m/ |p1m|. Rather than defining

the least–squares error in theimage plane, as in (1), we consider thedirectional least–squares error2

EθLS (R,T, {P}) ≡
Np∑

m=1

(∣∣∣∣
Pm

|Pm| × p̂0m

∣∣∣∣
2

+
∣∣∣∣

R (Pm −T)
|R (Pm −T)| × p̂1m

∣∣∣∣
2
)

=
Np∑

m=1

(
sin2 θ0m + sin2 θ1m

)
,

(4)

whereθim is the angle between the expected and observed ray directions for themth point andith image.

This gives the natural form of the least–squares error on a spherical imaging surface (e.g., [10]), and

researchers have tended to use it for omnidirectional cameras or cameras with wide field of view (FOV).

We stress that the directional error is useful even for standard cameras with planar imaging surfaces.

Because this error is rotationally invariant, it embodies abetternoise model for physical lenses and the

3D world than the standard error does (see [14] for discussion). With this new starting point, we can

minimize the error over the structure exactly, and the result, unlike theWCerror, represents a physically

meaningful error function, with no artifacts stemming from approximations.

2.3 Minimizing EθLS with respect to the structure

This section computes an explicit expression for the result of minimizingEθLS over the structure. Define

the measurement errors

δθ0m ≡ (Pm/ |Pm|)×p̂0m, δθ1m ≡ (R (Pm −T) / |R (Pm −T)|)×p̂1m, ∆θm ≡ (δθ0m; δθ1m) ,

(5)

where∆θm ∈ <6. We write the directional error in terms of these quantities as

EθLS (R,T, {P}) ≡
Np∑

m=1

|∆θm|2 ,

2Instead of (4), one could also useE′
θLS ≡ PNp

m=1 wm

�
sin2 θ0m + sin2 θ1m

�
, with a different weightingwm for each

3D point, without changing any of the subsequent analysis.
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where our notation indicates thatEθLS depends on all thePm. Let Eθm

(
R, T̂

)
≡ infPm |∆θm|2 and

define1

Eθ

(
R, T̂

)
≡ inf

P1...PNp

EθLS =
Np∑

m=1

inf
Pm

|∆θm|2 =
Np∑

m=1

Eθm

(
R, T̂

)
,

whereEθ

(
R, T̂

)
is the analog ofE

(
R, T̂

)
for the image–plane error. We will solve explicitly for

Eθm

(
R, T̂

)
.

From the rotational invariance ofδθ1m, one can rewrite it asδθ1m =
((

Pm − T̂
)

/
∣∣∣Pm − T̂

∣∣∣
)
×

R−1p̂1m. Define theunrotated pointin image1 by p̂U
1m ≡ R−1p̂1m. Then

δθ1m =
((

Pm − T̂
)

/
∣∣∣Pm − T̂

∣∣∣
)
× p̂U

1m.

With δθ1m written this way, the quantitiesδθ1m, δθ0m, and∆θm have the same functional dependence on

Pm regardless of whether the rotation is zero or nonzero:the rotation has no effect on the minimization

over Pm. The only change for nonzero rotation is that one represents image1 by the unrotated data

p̂U
1m rather than the original datâp1m. This simplification is our main reason for using the directional

error.

We minimize|∆θm|2 overPm in two steps. First, we fix an epipolar plane passing through the two

camera positions (Figure 1a), and we minimize over allPm (except̃0 andT̂) on this plane. Second, we

minimize the result of the first minimization over all choices of the epipolar plane. The combination of

the two steps clearly gives the same result as minimizing over allPm. We follow the standard practice

of neglecting the constraint that the depths are positive.

The rationale for our two–step approach is the same as in [5]. If one first restricts the minimization

overPm to an epipolar plane, one can replace this minimization by simpler,independentminimizations

over theimagesof Pm in the two cameras, where the images and corresponding rays must also lie in

the epipolar plane. This is because, no matter what independent choices we make for the two image

rays, they must intersect since they are coplanar, and thus they correspond to a valid choice forPm. The

image rays that give the minimum are the rays in the epipolar plane that lie closest to the image datap̂0m

andp̂1m, and in general they are given by projecting the image data perpendicularly into the epipolar

plane (Figure 1b). With these minimizing values, the quantity|∆θm|2 becomes a simple function of the
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epipolar plane, and the second step that minimizes over the choice of this plane is straightforward. We

give detailed derivation below and in the Appendix, which explains how to deal with exceptional cases.

(a)

â

P

Camera 0
Camera 1

n
�

b

Epipolar 
plane

(b)

n

Epipolar plane

â

P

Camera 0
Camera 1

p0

|â p0 |2 sin2

cos2 90
�

|p0 n|2

Figure 1: (a): The minimization overP is divided in two steps. Step 1: choose an epipolar plane passing
through the camera positions, characterized by its normaln̂, and minimize over allP on this plane. This
is equivalent to minimizingindependentlyover all imageŝa andb̂ of P within the epipolar plane. Step
2: minimize the result over all choices of the plane. (b): The optimal estimate ofâ, the image ofP in
image 0, after fixing the epipolar plane. It corresponds to the result of minimizing over allP on this
plane. The optimal estimate ofâ generally equals the perpendicular projection of the measured image
ray into the epipolar plane, and it givesδ2

0 = |â× p̂0|2 = |n̂ · p̂0|2.

Minimizing over Pm. Fix an epipolar plane with normal̂nm. Since the plane passes through the

camera positions, we havênm · T̂ =0. Define the unit vectors

âm≡Pm/ |Pm| , b̂m≡
(
Pm − T̂

)
/

∣∣∣Pm − T̂
∣∣∣ . (6)

These are the ray directions toPm in images0 and1, and one can think of them as the images ofPm.

SincePm · n̂m = T̂ · n̂m = 0, clearly âm · n̂m = 0 andb̂m · n̂m = 0. Both âm andb̂m lie on the

unit circle in the epipolar plane. We refer to this as theepipolar circle: it is the equivalent on a spherical
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imaging surface of the epipolar line in the standard image plane. One can write the error contribution

from themth point in terms of̂am andb̂m as

|∆θm|2 = |âm × p̂0m|2 +
∣∣∣b̂m × p̂U

1m

∣∣∣
2
. (7)

Note that the error|∆θm|2 does not change its value if one takesâm −→ −âm or b̂m −→ −b̂m.

Claim 1: One can replace the minimization of|∆θm|2 over allPm on the epipolar plane byinde-

pendentminimizations3 over all âm andb̂m on the epipolar circle:

inf
Pm

|∆θm|2
∣∣∣∣
Pm·n̂m=0

= min
â
|â× p̂0m|2

∣∣∣∣
â·n̂=0,|â|=1

+ min
b̂

∣∣∣b̂× p̂U
1m

∣∣∣
2
∣∣∣∣
b̂·n̂=0,|b̂|=1

. (8)

Proof: see Appendix.

The minimizations over̂am andb̂m in (8) are trivial (Figure 1b) and give

inf
Pm

|∆θm|2
∣∣∣∣
Pm·n̂m=0

= |n̂m · p̂0m|2 +
∣∣n̂m · p̂U

1m

∣∣2 , (9)

which we write as

inf
Pm

|∆θm|2
∣∣∣∣
Pm·n̂m=0

= n̂T
mSθmn̂m, Sθm ≡ p̂0mp̂T

0m + p̂U
1mp̂UT

1m . (10)

Note that (9) and (10) remain true in the exceptional casesp̂0m ‖ n̂m or p̂U
1m ‖ n̂m, where the image

data has zero projection on the epipolar plane.

From the previous arguments, we have

Eθm ≡ inf
n̂

n̂T Sθmn̂
∣∣∣∣
n̂⊥T̂,|n̂|=1

. (11)

Sincen̂ · T̂ = 0, one only needs to know howSθm acts on the 2D space perpendicular toT̂. In effect,

Sθm becomes a2 × 2 matrix. The least eigenvalue of this matrix givesEθm, and the corresponding

eigenvector gives the optimal estimate ofn̂. The eigenvalues of a2 × 2 matrix are trivial to compute,

and the result is:

Eθm = Aθm/2−
√

A2
θm/4−Bθm, (12)

Aθm ≡ p̂T
0m

(
1− T̂T̂

T
)
p̂0m + p̂T

1mR
(
1− T̂T̂

T
)

R−1p̂1m, Bθm ≡
(
T̂ · p̂0m ×R−1p̂1m

)2
.

3One take the minimum over̂a or b̂ since these live in compact spaces; the infimum is unnecessary.
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One can also write theAθm andBθm in terms of the essential matrixF (see Section 1.1 for its definition):

Aθm = p̂T
0mF T F p̂0m + p̂T

1mFF T p̂1m andBθm ≡ (
p̂T

1mF p̂0m

)2
. We define

Eθ,ex

(
R, T̂

)
≡

Np∑

m=1

(
Aθm/2−

√
A2

θm/4−Bθm

)
= Eθ

(
R, T̂

)
. (13)

One can also apply this result for robust estimation. For instance, one could apply (12) within

RANSAC [3], or modify (12) to get a robust error function that flattens for larger values of the error.

3 Optimal Structure Estimate

By minimizing |∆θm|2 overPm, we are implicitly computing the optimal estimate of the structure given

the motion. In this section, we give an exact,explicitexpression for the optimal structure estimate for our

directional error. Our expression just requires computing square roots. The previous result of [5] for the

image–plane error required solving a6th–degree polynomial. In addition, we identify a configuration of

the estimated epipolee and image observationsp0m, pU
1m that produces a one–parameter ambiguity in

recovering the structure. This ambiguity also occurs for the standard image–plane least–squares error,

though only for some motions. For convenience, we drop the subscriptm in this section and, without

loss of generality (due to the scale ambiguity of SFM), we take|T|=1.

Our discussion is complicated by the need to consider special cases. Section 3.1 begins with the

special and trivial case when at least one of the image raysp̂U
1 and p̂0 is parallel toT. Section 3.2

describes the typical case when neitherp̂U
1 nor p̂0 is parallel toT.

3.1 Image rays parallel toT

1): If both p̂U
1 andp̂0 are parallel toT, we clearly haveP =λT, whereλ is an undetermined constant.

2): Next, assume that̂p0 is parallel toT but p̂U
1 is not parallel toT. Let p̂U

1 = T + v, where,

by assumption,v is nonzero and not parallel toT. Consider a point on the ray passing thoughT

(the position of the second camera) in the directionp̂U
1 , which we write asPε=(T+εv) / (1− ε),

whereε > 0 is a small constant. The errorδθ1 for image 1 is zero for all points on this ray, since

Pε−T =ε (T + v) / (1− ε) = εp̂U
1 / (1− ε), which implies that

|δθ1 (Pε)|2 =
∣∣((Pε−T) / |Pε−T|)× p̂U

1

∣∣2 = 0.
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By choosingε small enough, we can makePε and Pε/ |Pε| arbitrarily close toT and thus make

|δθ0 (Pε)|2, the error in image 0, arbitrarily small. The total error|∆θ (Pε)|2 ≡ |δθ0 (Pε)|2+|δθ1 (Pε)|2

goes to zero in the limitε −→ 0. We take our estimate of the structure as

lim
ε−→0

(T+εv) / (1− ε) = T,

since this corresponds to zero error.

By symmetry, the case when̂pU
1 is parallel toT but p̂0 is not parallel toT reduces to the case just

considered. The same arguments show thatP = (0; 0; 0).

3.2 Image rays nonparallel toT

We assume neither̂p0 nor p̂U
1 is parallel toT. We compute the optimal estimate ofP in three stages.

First, we compute the optimal estimate of the epipolar plane. Second, we use this estimate to compute

the optimal estimates within the epipolar plane of the two images ofP, namely,â and b̂. Last, we

compute the optimal structure estimate by standard triangulation, by computing the intersection of the

two image rays. Without loss of generality, we adopt a coordinate system whereT = ẑ, andp̂0,x > 0

andp̂0,y = 0, see Figure 2.

Camera 0

T z

y

x

p0

n

Figure 2: The coordinate system used in Section 3.2, withT̂ = ẑ, p̂0 = (p0x; 0; p0z), and n̂ =
(nx; ny; 0).

We must again consider several special cases, one of which gives an ambiguity in estimating the
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epipolar plane and the structure. We first compute the optimal structure estimate for the generic, non–

ambiguous case and then return in Section 3.2.1 to the special ambiguous case.

Determining the optimal epipolar plane. As in Section 2.3, we represent the epipolar plane by its

surface normal̂n. Sincen̂ ·T = 0, the unit normal̂n lies in thexy plane in our coordinate system, and

we represent it as a length–2 vector in this plane, see Figure 2. Let[[Sθ]]2 be the2× 2 submatrix ofSθ

consisting of thex andy entries ofSθ, where we definedSθ in (10). Sincep̂0,y = 0 in our coordinate

system, we have

[[Sθ]]2 =

(
p̂2
0,x +

(
p̂U
1,x

)2
p̂U
1,xp̂U

1,y

p̂U
1,xp̂U

1,y

(
p̂U
1,y

)2

)
. (14)

As discussed following (11), the eigenvector of[[Sθ]]2 corresponding to the least eigenvalue gives the

optimal estimate of̂n. If [[Sθ]]2 has a unique least eigenvalue, the estimate ofn̂ is uniquely determined

(up to sign), but if[[Sθ]]2 has two eigenvalues of equal size,n̂ can lie inanydirection in thex–y plane.

Optimal estimate of the epipolar plane: generic case. If [[Sθ]]2 has a unique least eigenvalue, it is

straightforward to show that the unique optimal estimate ofn̂ (up to sign) is

n̂ =κ−1

(
p̂2
0,x +

(
p̂U
1,x

)2 − (
p̂U
1,y

)2 −G

2p̂U
1,xp̂U

1,y

)
, (15)

where

G ≡
√(

p̂2
0,x +

(
p̂U
1,x

)2
−

(
p̂U
1,y

)2
)2

+ 4
(
p̂U
1,x

)2 (
p̂U
1,y

)2
(16)

=

√(
p̂2
0,x −

(
p̂U
1,x

)2
−

(
p̂U
1,y

)2
)2

+ 4 (p̂0,x)2
(
p̂U
1,x

)2
,

andκ is a normalizing factor that enforces|n̂| = 1. Explicitly, we have

κ2 = 2G
(
G−

(
p̂2
0,x +

(
p̂U
1,x

)2 − (
p̂U
1,y

)2
))

. (17)

Though the expression for̂n in (15) is not defined forκ = 0, we show in the Appendix

Claim 2. Assume the matrix[[Sθ]]2 has a unique least eigenvalue, sôn is uniquely determined (up

to sign). Then Equation (15) gives the correct results atκ = 0 after taking the appropriate limits.
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Optimal estimates ofâ, b̂ (generic case). Given the unique optimal estimate ofn̂ in (15), we com-

pute the optimal estimates of the images ofP, namelyâ ≡ P/ |P| and b̂ ≡ (P−T) / |P−T|. As

discussed at the beginning of Section 2.3, see also Figure 1b, the optimal estimates ofâ andb̂ generally

equal the projections of the image data into the epipolar plane. By definition, they are the values that

minimize the error|∆|2 in (5) and (7). If neither̂p0 nor p̂U
1 is parallel ton̂, one can easily show from

(7) that the minima occur at the projections

â = ± p̂0 − n̂ (n̂ · p̂0)
|p̂0 − n̂ (n̂ · p̂0)|

, b̂ = ± p̂U
1 − n̂

(
n̂ · p̂U

1

)
∣∣p̂U

1 − n̂
(
n̂ · p̂U

1

)∣∣ . (18)

In fact, we show in the Appendix:

Claim 3. Assume the matrix[[Sθ]]2 has a unique least eigenvalue, sôn is uniquely determined (up

to sign). Then, (18) always holds.

The optimal estimate ofP̂ (generic case). Given the optimal estimates for̂a, b̂ in (18), we compute

the optimal estimate ofP by standard triangulation:

P =λ0







0
0

p̂0,z


 +

p̂0,x

2G




p̂2
0,x +

(
p̂U
1,x

)2 − (
p̂U
1,y

)2 + G

2p̂U
1,xp̂U

1,y

0





 , (19)

whereG andλ0 are given in (16) and (35), (34). Recall that this form assumes|T| = 1. Our detailed

derivation in the Appendix shows that the result (19) also holds in the limitp̂U
1y −→ 0.

Coordinate–free expression forP. One can rewrite (19) in a covariant form, independent of our

coordinate system, by replacinĝz−→ T̂,

x̂−→
(
p̂0 − T̂

(
T̂ · p̂0

))
/

∣∣∣p̂0 − T̂
(
T̂ · p̂0

)∣∣∣ , ŷ−→
(
T̂× p̂0

)
/

∣∣∣T̂× p̂0

∣∣∣ ,

which gives, for instance,̂p0,z −→ T̂ · p̂0 andp̂0,x −→
√

1−
(
T̂ · p̂0

)2
and

p̂U
1,x −→

(
T̂× p̂0

)
·
(
T̂× p̂

U
1

)
/

√
1−

(
T̂ · p̂0

)2
.

12



3.2.1 The ambiguous case: non–uniquên

We now analyze the case when̂n is not unique. As discussed following (14), this occurs when the

matrix [[Sθ]]2 has two equal eigenvalues. The eigenvalues of[[Sθ]]2 are the solutions to the characteristic

equation

0 = det ([[Sθ]]2 − x12) = x2 − xTrace ([[Sθ]]2) + det ([[Sθ]]2) ,

where12 is the2× 2 identity matrix. If [[Sθ]]2 has two eigenvalues of the same sizeε, we have

x2 − xTrace ([[Sθ]]2) + det ([[Sθ]]2) = (x− ε)2 ,

which impliesdet ([[Sθ]]2) = ε2, Trace ([[Sθ]]2) = 2ε, and

4 det ([[Sθ]]2) = (Trace ([[Sθ]]2))
2 . (20)

When (20) does not hold, thên–estimate is unique (up to sign). When the condition (20) holds,[[Sθ]]2

has equal eigenvalues andn̂ is ambiguous.

We rewrite the condition (20) in terms of the image measurements. From the expression for[[Sθ]]2

in (14),

Trace ([[Sθ]]2) = p̂2
0,x +

(
p̂U
1,x

)2
+

(
p̂U
1,y

)2
, det ([[Sθ]]2) = p̂2

0,x

(
p̂U
1,y

)2
.

After we substitute these expressions and take the square root, the condition (20) becomes

2
∣∣p̂0,xp̂U

1,y

∣∣ = p̂2
0,x +

(
p̂U
1,x

)2
+

(
p̂U
1,y

)2
,

which implies0 =
(
p̂U
1,x

)2 +
(∣∣p̂U

1,y

∣∣− |p̂0,x|
)2

. Thus,n̂ is uniquely determined (up to sign) unless

p̂U
1,x = 0=

∣∣p̂U
1,y

∣∣− |p̂0,x| , (21)

which is the form of the condition (20) that we use below. See Figure 3. One can also write the ambiguity

condition (21) in a form that doesn’t depend on the coordinate system asT̂× p̂0 = ±T̂×
(
T̂× p̂

U
1

)
.

.

The optimal structure estimate (ambiguous case). When the ambiguity condition (21) holds, one

can choosên in any direction in thex–y plane. The estimates of̂a, b̂ in (18) remain valid unlesŝp2
0,x =

13
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p0e
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y

Figure 3: The ambiguous configuration for triangulation. In (b), the epipole and image points have been
projected into the image plane for camera 0 using the coordinate system of Figure 2b and Section 3.2.
The projections form a right isosceles triangle.

(
p̂U
1,y

)2 = 1. Neglecting temporarily this exceptional case, the standard triangulation computation gives

(see the Appendix for details)

P =p̂−1
0,z (nx/ (nys1s2 + nx))

(
n2

yp̂0,x;−nxnyp̂0,x; p̂0,z

)
, (22)

wheren̂ =(nx; ny; 0) and the factorss1 ≡ p̂0,x/p̂U
1,y ands2 ≡ p̂U

1,z/p̂0,z equal1 or−1. Sincen2
x+n2

y =

1, there is a one–parameter ambiguity in determiningP.

As one varies the normal̂n, the estimateP in (22) traces out a curve known as atwisted cubic[4].

One can write this curve in a more transparent form in our coordinate system as

X =
(

p̂0,x

p̂0,z

)
Z (Z − 1)2

2Z2 − 2Z + 1
, (23)

Y = s1s2

(
p̂0,x

p̂0,z

)
Z2 (Z − 1)

2Z2 − 2Z + 1
.

14



Last, we consider the exceptional case whenp̂U
1,x = 0 andp̂2

0,x =
(
p̂U
1,y

)2 = 1. One can describe

this configuration more simply by noting that the unit raysp̂0, p̂U
1 , andT̂ form an orthogonal system,

with p̂0 = x̂, p̂U
1 = ±ŷ, andT̂ = ẑ in our coordinate system. As the Appendix shows, the optimal

estimate ofP can lie anywhere on the twisted cubic of (23) or, in addition, anywhere on the lines

(X; 0; 1) or (0; Y ; 1) . One can describe these additional lines without reference to a coordinate system

as, respectively,

T ·P = 1, p̂U
1 ·P = 0 (24)

and

T ·P = 1, p̂0·P = 0. (25)

3.3 Summary

• If neither p̂U
1 nor p̂0 is parallel toT and the ambiguity condition (21) does not hold,P is given

by (19). This is the case normally encountered (the generic case).

• If both p̂0 andp̂U
1 are parallel toT, we haveP =λT, whereλ is an undetermined constant. There

is a one–parameter ambiguity in determiningP.

• If p̂0 ‖ T but p̂U
1 is not parallel toT, we haveP = T. If p̂U

1 is parallel toT but p̂0 is not parallel
to T, we haveP =(0; 0; 0).

• When neither̂pU
1 nor p̂0 is parallel toT and the ambiguity condition (21) holds, butp̂2

0,x =
(
p̂U
1,y

)2 6= 1, (22) or (23) givesP. There is a one–parameter ambiguity in determiningP.

• When neither̂pU
1 nor p̂0 is parallel toT and the ambiguity condition (21) holds and̂p2

0,x =
(
p̂U
1,y

)2 = 1, either (22), (24), or (25) givesP. The structureP may occur on any one of three
one–dimensional sets.

In coordinate–free notation, the ambiguity condition (21) holds whenT̂× p̂0 = ±T̂×
(
T̂× p̂

U
1

)
.

Geometrically, it holds when the projections of the raysp̂0, T̂, andp̂U
1 into an image plane perpendicular

to T̂ form a right isosceles triangle. See Figure 3. The coordinate–free conditions giving the last case,

for whichP may occur on any one of three one–dimensional sets, areT̂× p̂0 = ±T̂×
(
T̂× p̂

U
1

)
and

T̂ · p̂0 = T̂ · p̂U
1 = 0.

Discussion. When does the ambiguous configuration matter in practice? Consider the image plane

perpendicular toT, which givese = (0; 0) for the epipole estimate (as in Figure 3b). Let the 2D points

15



p0, p1, andpU
1 represent the projections of the measurementsp̂0, p̂1, andp̂U

1 = R−1p̂1 in this plane.

Letetrue be the projection of the true translationTtrue into the image plane, and let the 2D pointsp0true,

p1true, andpU
1true be the projections of the true raysp̂0true, p̂U

1true, andp̂U
1true = R−1

truep̂1true. Since the

noise is invariably small, we havep0 ≈ p0true andp1 ≈ p1true. From the coplanarity of̂p0true, p̂U
1true,

andTtrue, it follows thatetrue, p0true, andpU
1true lie on the same epipolar line.

Suppose that the motion estimates are near their true values, withT ≈ Ttrue andR ≈ Rtrue. Then

we havep0 ≈ p0true (small noise),pU
1 ≈ pU

1true (small noise andR ≈ Rtrue), ande ≈ etrue, and the

collinearity ofp0true, pU
1true, andetrue implies that the measured pointsp0 andpU

1 are collinear with

e =(0; 0) up to small corrections. However, if the pointsp0 andpU
1 lie in the ambiguous configuration,

they have equal magnitude and areperpendicular. One can resolve this contradiction only if the distance

from e to the measured points is of order the noise, with

|p0true − p0|2 +
∣∣pU

1true − pU
1

∣∣2 ≈ O
(
|p0 − e|2 +

∣∣pU
1 − e

∣∣2
)

.

See Figure 4a. Thus, forT ≈ Ttrue andR ≈ Rtrue, one encounters the ambiguous configuration only

whenT, Ttrue lie close to the measurementsp̂0 andp̂U
1 .

However, for motion estimates very different from the true values, the unrotated pointpU
1 = R−1 ∗

p1 can be far fromp0 andpU
1true = R−1

true ∗p1true, and one can get ambiguous configurations withe far

from p0 andpU
1 , see Figure 4b. This matters since, as we discuss next, the existence of the ambiguity is

associated with a breakdown in theWCapproximation to the least–squares error.

Least–squares approximations and the triangulation ambiguity. Consider theWC–like approxi-

mation to the directional errorEθm

(
R, T̂

)
given by

EWCθm

(
R, T̂

)
≡ Bm

Am
=

(
T̂ · p̂0m × p̂U

1m

)2

p̂T
0m

(
1− T̂T̂

T
)
p̂0m + p̂UT

1m

(
1− T̂T̂

T
)
p̂U

1m

.

By arguments similar to those of [17], one can show thatEWCθm gives an excellent approximation to

the exact errorEθm

(
R, T̂

)
except when the parameterρm ≡ 4Bm/A2

m approaches its upper limit of

1. Moreover, one can show thatρm −→ 1 only when the pointŝp0m andp̂U
1m approach the ambiguous
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Figure 4: (a): For points in an ambiguous configuration, and fore ≈ etrue andR ≈ Rtrue, the distance
from e to the points is of the same order as the distance from the measured points to the true ones and,
thus, is of the same order as the noise. (b): Whene differs frometrue, or R from Rtrue, e can be far
from the measured points.

configuration [17]. Thus, the existence of the triangulation ambiguity is associated with the failure of

theWC–like approximationEWCθm.

A similar result holds for theoriginal WCapproximation. If the rotation is around thez axis, there

is a triangulation ambiguity for theimage–planeerror just as for the directional error. It is easy to show

that the optimal structure estimate is ambiguous whenever the image points lie in the right–isosceles

configuration

(p0 − e) ⊥ (
pU

1 − e
)
,

|p0 − e| =
∣∣pU

1 − e
∣∣ ,

for any finitee. For the same situation, with the rotation around thez–axis, [17] showed that theWC

error gives a poor approximation only near the right–isosceles configuration.4 Thus, the ambiguity that

we have found connects to the failure of theWCapproximation.

For rotations out of the image plane, withRẑ 6= ẑ, the optimal structure estimate for the image–

plane error is ambiguous only for some motions, see the Appendix. We have not investigated the good-

ness of theWCapproximation for out–of–plane rotations, but the fact that theWC–like approximation

4Forz–rotations, the “intermediate” error analyzed in [17] is equivalent to theWCerror.
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EWCθm fails near right–isosceles configurations suggests that theWC approximation may also have

troubles near these configurations even when there is no actual ambiguity.

4 Experiments: the Least–Squares Error

We verified our result forEθ,ex

(
R, T̂

)
in (13) experimentally. For several real and synthetic sequences,

we minimized the directional least–squares errorEθLS (R,T, {P}) over all thePm using a generalized

optimization routine from MATLAB. The result was always approximately equal toEθ,ex

(
R, T̂

)
and

always larger thanEθ,ex

(
R, T̂

)
. Presumably, the discrepancies between the minimization results and

Eθ,ex were due to our halting the minimization routine before it had fully converged. One advantage

of having an explicit formEθ,ex for the error is that we don’t have to worry about what criterion to use

for halting the minimization over the structure (determining the stopping criterion for a minimization

routine can be a difficult problem).

Compared to a standard bundle–adjustment minimization of the image–plane least–squares error

over the structure and motion (e.g., [25]), minimizingEθ,ex

(
R, T̂

)
over R, T̂ was about 100 times

faster. Since bundle adjustment searches for the minimum of a much higher–dimensional and more

complicated function than our approach does, it is more likely to get lost in the complexities of this

function and either converge more slowly or converge to a false local minimum.

We used our exact form forEθ,ex

(
R, T̂

)
to study the least–squares error experimentally. Since

we previously analyzed the error for sideways translations in [17], we focus here on forward/backward

motion. That is, we study the error for epipole estimates that lie in or near the image region of tracked

points. Note that the true translation can be in any direction. The error we study is theexacterror

for large motions. What makes this feasible is that we avoid a costly minimization over the structure

but still compute the exact error. Though we focus on the directional error, we expect our qualitative

conclusions to apply to the least–squares error in the image plane.

We demonstrate that the error for forward/backward motions is often complex and can have several

local minima. [1] recently verified this experimentally for infinitesimal motion, confirming our sugges-

tion in [17], and we show it here for large motions. Below, for simplicity, we use “forward” to include

“backward.”

We report results for noiseless synthetic sequences generated using the measured ground–truth struc-
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ture from two real motion sequences: the UMASS PUMA sequence [11] and the UMASS/Martin–

Marietta Rocket–Field sequence [2]. The depths vary from 13–32 for the PUMA structure and from

17–67 for the Rocket–Field structure. We used several translations ranging in magnitude up to7.2 for

the PUMA structure and up to4.2 for the Rocket–Field structure. For simplicity, we took thetrue ro-

tation to be zero; the directional error isinvariant to the true rotation. In Figures 5–7, we represent the

translation direction by the epipolee ≡ (Tx;Ty) /Tz. The figures show

Eθ (e) ≡ min
R

Eθ,ex (R, e) .

Figures 5–6 show results for the PUMA structure, and Figure 7 shows results for the Rocket–

Field structure. For the PUMA structure withT =(2; 3; 1), the three false local minima have errors of

2.0× 10−3, 2.2× 10−3, and3.2× 10−3, while the error has a total range of
[
1.1× 10−3, 15.7× 10−3

]

ase varies throughout the image region−0.3 ≤ ex, ey ≤ 0.3. The local minimum with an error of

2.2 × 10−3 has the largest domain of attraction, with a radius of about0.07—that is, steepest–descent

paths on the error surface always converge to this local minimum if they start from ane that is within

0.07 of thee giving the local minimum. The number0.07 corresponds to about20 pixels in the original

image. This false minimum has a large enough domain of attraction and a low enough error to be

dangerous for algorithms.

In Figure 6, for the PUMA structure andT = (−1; 1; 3), the extreme–closeup plot of the error

shows that the pictured false minimum has a domain of attraction with radius of about0.04 or 11 pixels.

In Figure 7, the extreme–closeup plot forT = (1; 0.5; 2.5) shows a false minimum whose domain of

attraction has a radius of about0.01, corresponding to about 7 pixels. This local minimum has an error

of 8× 10−4, compared to the error’s total range of[2× 10−4, 19× 10−4] for e varying over the image

region (−0.32 < ex < 0.32,−0.15 < ey < 0.2).

To summarize, for the Rocket structure we found 2 false minima forT =(3; 0; 3) and 2 forT =(1; 0.5; 2.5).

For the PUMA structure, we found 3, 1, and 2 false minima for, respectively,T =(2; 3; 1), T =(−1;−1; 3),

andT =(4; 0; 6).

Note that the error is most complex for forward–motion estimates. For sideways–motion estimates,

the error is relatively smooth, and [15][17] have shown that one can understand its behavior analytically.

The error surfaces depicted in Figures 5 and 6 confirm that the “reflected” or “rubbery” local minimum

[1][17] occurs for sideways motions, and that it occurs when the true translation is large. The “reflected”

minima are far from the FOV on the other side of the image center frometrue, lying roughly on the line
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Figure 5:Contour and surface plots of the errorEθ as a function of the epipolee, for the structure derived from
the PUMA sequence andT = (2; 3; 1). The surface plot shows the error in low resolution over a large region of
e, while thecontour plot shows a high–resolution closeup of the image region. The arrows indicate the gradient
direction. The error has3 false local minima marked by ‘+’. Depths are shown at the positions of the tracked
points in the zeroth image. Two of the local minima are atex ≈ 0.1, and the third is near the point with depth 29
at the far right.

joining the image center andetrue.

5 The Image–Plane Error and Uncalibrated Cameras

This section extends our approach to approximate the least–squares error in theimage plane. We also

give an approximation to the least–squares error for uncalibrated cameras (the projective case).

The exact image–plane errorELS (R,T, {P}) was defined in (1). We approximate it by

ELS,approx (R,T, {P}) ≡
Np∑

m−1

(∣∣Pm − p0m

∣∣2 +
∣∣∣(Pm −T)− pU

1m

∣∣∣
2
)

, (26)

where, by analogy with the discussion in Section 2.3, we definepU
1m ≡ R−1 ∗ p1m. One can compute

the infimum ofELS,approx over thePm exactly [17]:

Eap

(
R, T̂

)
≡ inf
{P}

ELS,approx (R,T, {P}) =
Np∑

m=1

(
αm/2−

√
α2

m/4− βm

)
, (27)

αm ≡ |p0m − e|2 +
∣∣pU

1m − e
∣∣2 , βm ≡ ∣∣(p0m − e)× (

pU
1m − e

)∣∣2 .

The functionEap

(
R, T̂

)
gives our initial approximation to the image–plane errorE

(
R, T̂

)
defined

in (2). All quantities in (27) are in the image plane.

20



.

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

29

3131

32

16
14

17
14

20

17

20

20

25

25

28

22

31 30

31
32

14

15

14
13

2219

22

20

22

2122

21

Error for Puma Sequence with T=[−1 1 3]’

Depths are shown at position of tracked points in first image. 
Local minima are marked by +

−5

0

5

−5

0

5
0

0.005

0.01

0.015

0.02

0.025

0.03

x

Error for Puma with T=[−1 1 3]

y

(-1,1,3) closeup (-1,1,3)

−0.2 −0.19 −0.18 −0.17 −0.16 −0.15 −0.14 −0.13 −0.12 −0.11 −0.1
−0.3

−0.29

−0.28

−0.27

−0.26

−0.25

−0.24

−0.23

−0.22

−0.21

14

17

14

15

14

13

Closeup of Error for Puma with T=[−1 1 3]’

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

84

46

54

81

43

96

74

30

9673

70

89

100 100

87

55

40

44

63

48

83

84

34

36

85

41

66
48

62

30

Error for Puma with T=[4 0 6]’

Depths shown at initial positions of tracked points.Local minima marked by +

(-1,1,3) extreme closeup (4,0,6)
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for T = (−1, 1, 3)T and2 for T = (4, 0, 6)T . As in Figure 5, the false minima are marked by ‘+’ and depths are
shown at the positions of the tracked points in the zeroth image.

If the rotationR is around thez–axis, withRẑ = ẑ, then

∣∣∣R (P−T)− p1m

∣∣∣ = | [[R]]2 (P−T)− p1m | =
∣∣∣(P−T)− [[R]]−1

2 p1m

∣∣∣ =
∣∣(P−T)−R−1 ∗ p1m

∣∣ .

(28)

This implies that our approximationELS,approx exactly equals the true errorELS , andEap

(
R, T̂

)

exactly equalsE
(
R, T̂

)
, for anydirection of the translation. In contrast, theWCerror becomes exact

only whenR is az–rotationandT · ẑ =0.

The fact thatEap becomes exact forz–rotations implies that it, unlike theWC error, gives a good

approximation to the true error for forward motion estimates. For a forward estimate withT ∼ ẑ, the
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Figure 7:Contour and surface plots of the errorEθ as a function ofe, with the structure derived from the Rocket–
Field sequence. The errorEθ has2 forward local minima forT = (3, 0, 3)T and2 for T = (1, 0.5, 2.5)T . As in
Figure 5, the local minima are marked by ‘+’ and depths are shown at the positions of the tracked points in the
zeroth image.

corresponding best rotation estimate cannot differ much from az–rotation, since otherwise it would re-

move the image points from the camera’s field of view. SinceEap is exact forz–rotations, we expect it to

give a good approximation for rotations close toz–rotations. Thus, it should give a good approximation

for forward translation estimates (and the best corresponding rotation estimates).

We now describe a modification ofEap that gives a good approximation over a larger region of

rotations around thez–rotations. Instead of unrotating image 1 by the full rotationR, via our definition

of pU
1 , we unrotate by part of the rotation. One can write any rotationR asR = Rz1RxRz0, where the

Rzi are “in–plane” rotations around thez axis andRx is an “out–of–plane” rotation about thex axis.
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Only the out–of–plane rotationRx causes problems for our approximation. We have the exact equality

∣∣Pm − p0m

∣∣2 +
∣∣∣R (Pm −T)− p1m

∣∣∣
2

=
∣∣∣R−1/2

x P∗
m −Rz0p0m

∣∣∣
2
+

∣∣∣R1/2
x (P∗

m −T∗)−R−1
z1 p1m

∣∣∣
2
,

whereP∗
m ≡ R

1/2
x Rz0Pm andT∗ ≡ R

1/2
x Rz0T. This gives

E
(
R, T̂

)
=

Np∑

m=1

inf
P∗m

(∣∣∣R−1/2
x P∗

m −Rz0p0m

∣∣∣
2
+

∣∣∣R1/2
x (P∗

m −T∗)−R−1
z1 p1m

∣∣∣
2
)

.

We approximate this by

Np∑

m=1

inf
P∗m

(∣∣∣P∗
m −R1/2

x ∗Rz0p0m

∣∣∣
2
+

∣∣∣(P∗
m −T∗)−R−1/2

x ∗R−1
z1 p1m

∣∣∣
2
)

,

which gives a better approximation thanEap sinceR
1/2
x is half as large as the original out–of–planeRx.

To do even better, we instead use

Np∑

m=1

inf
P∗m

(∣∣∣C0m

(
P∗

m −R1/2
x ∗Rz0p0m

)∣∣∣
2
+

∣∣∣C1m

(
(P∗

m −T∗)−R−1/2
x ∗R−1

z1 p1m

)∣∣∣
2
)

, (29)

where theCim ∈ <2×2 are matrices that correct for the effects of the unrotation byR
1/2
x or R

−1/2
x up to

second order in the noise. In general, one can no longer compute (29) exactly. Our final approximation

Emod(R, T̂) is given by approximating (29) up to second order in the noise. This approximation is

still exact if R is purely az–rotation, and it gives a better approximation to the exact result for small

out–of–plane rotations.

We experimentally compared our new approximation to theWCapproximation for forward/backward

motion on four real image pairs. We computed the errors on the gridex = −0.5 : 0.1 : 0.5, ey = −0.5

: 0.1 : 0.5. The image pairs came from the PUMA, Rocket–field and Castle sequences (available from

CMU), and one of our indoor sequences. We computed the angular discrepancies between the length–

121 vector of the exact least–squares errors and the corresponding vectors for our approximation and

theWCerror. Respectively, our approximation andWCgave discrepancies of0.007◦ (ours) vs.0.025◦

(WC), 0.38◦ (ours) vs. 0.285◦ (WC), 0.0037◦ (ours) vs. 0.0238◦ (WC), and0.02◦ (ours) vs. 0.57◦

(WC), respectively for the four pairs. We found similar results on synthetic image pairs, whether the

true motion was sideways or forward. For instance, for an image pair generated using the Rocket–field

23



structure, we found errors of0.02◦ (ours) and0.79◦ (WC) for sideways motion, and0.012◦ (ours) and

0.072◦ (WC) for forward motion.

For the projective case, one can write the least–squares image–plane error in a form similar to (1) as

Eproj (H,E, {P}) ≡
Np∑

m=1

(∣∣Pm − p0m

∣∣2 +
∣∣∣H (Pm −E)− p1m

∣∣∣
2
)

,

whereH ∈ <3×3 is a homography andE ∈ <3 is the epipole in homogeneous coordinates. Redefining

pU
1m ≡ H−1p̄1m, one can approximateEproj by (26) as before, and the infimum of (26) over the

Pm gives a form similar to (27). These approximations becomeexactwheneverH corresponds to a

z–rotation plus a shift in the image center and a change in the focal length—i.e., they are exact for a

4–parameter subgroup of the full homography group.5 The homographyH has only 5 free parameters

[16][4]. Thus, as in the calibrated case, there is just a single parameter of the inter–image transformation

that makes our result approximate rather than exact. This suggests that one could modify the analog of

(27) along the lines of (29) to give a good approximation forH not too far from the4–parameter

subgroup mentioned above.

One could also use the directional least–squares error for the projective case, with

Eprojθ (H,E, {P}) ≡
Np∑

m=1

(∣∣∣∣
Pm

|Pm| × p̂0m

∣∣∣∣
2

+
∣∣∣∣

H (Pm −E)
|H (Pm −E)| × p̂1m

∣∣∣∣
2
)

.

One can approximateinf{P}Eprojθ (H,E, {P}) as before by (12) withR −→ H andT −→ E, and

the approximation is exact whenH is a rotation. Using the QR decomposition, one can write any

homography asH = RU , whereR is a rotation andU is upper triangular. (12) is exact forH with U

equal to the identity and gives a good approximation forH with U close to the identity.

6 Conclusion

We presented a new algorithm for 2–image structure from motion that gives fast and optimal reconstruc-

tions from point features. We showed that the directional least–squares image–reprojection error can be

written exactly as a simple function of the motion alone. We used this result to study the directional

error experimentally and demonstrated that local minima occur frequently for forward or backward mo-

tion estimates (i.e., with the estimated epipole close to the field of view). Our results also confirm that

5For the focal length change one must modify the approximations by multiplying
�
pU

1m − e
�

by a scale.

24



the “reflected” local minimum at sideways estimates (see [17][1]) occurs when the true translation has

large magnitude.

We derived an exact explicit expression for the optimal estimate of the structure given the motion and

pointed out a new ambiguity in recovering the structure for known motion. Our expression is optimal for

the directional image–reprojection error. The ambiguity also occurs for the image–plane least–squares

error, though only for special motions. The ambiguity connects to the failure of theWC (Sampson)

approximation, the standard first–order approximation to the least–squares error in the image plane. In

the Appendix, we derive an improved form of theWCerror that gives better results experimentally.

7 Appendix

7.1 Optimal Structure Estimate

For brevity, we drop the subscriptm in this section.

Proof of Claim 1. From (6), any choice ofP on the epipolar plane (excluding̃0 or T̂) gives a

unique pair of̂a and b̂ on the epipolar circle. If one could show that any choice of the pairâ and b̂

corresponds to a uniqueP, the claim would follow immediately, since the set of allâ andb̂ would be

equivalent to the set of allP (excluding0̃ or T̂). Unfortunately, the equivalence does not hold exactly.

What onecanshow is that, for all choices of̂a andb̂ apart from a set of measure zero, one can find aP

that reproduces these choices via (6)up to sign,i.e., up to multiplications by−1. This will be enough

to prove the claim, since, as noted in Section 2.3, the quantity|∆θ|2 does not depend on factors of−1

in â andb̂.

For the moment, we exclude the exceptional casesâ = ±T̂ or b̂ = ±T̂ or b̂ = ±â. These are one–

dimensional sets which have measure zero in the space of all pairsâ andb̂. Choose any other values for

â andb̂ on the epipolar circle. To reproduce the chosenâ up to a sign factor, we takeP = λâ where

λ is a constant. We have|P| = |λ|. By choosing positive values forλ, it is clear from the definition of

b̂ that one can reproduce any value ofb̂ on the arc of the unit circle between̂a and−T̂. By choosing

negative values, one can reproduce any value ofb̂ on the arc between−â and−T̂. Together, these two

arcs covers the whole half–circle from−â to â, apart from the exceptional points−T̂, â, and−â. This

means that one can reproduce anyb̂, except (possibly) for±T̂ or±â, up to a factor of−1. Modulo the

exceptional cases, there exists aP that reproduces botĥa andb̂ up to sign.
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We now show that the infimum overP gives the same result as the infimum overâ andb̂. We have

inf
P
|∆θ|2

∣∣∣∣
P·n̂=0

= inf
P

(
|â (P)× p̂0|2 +

∣∣∣b̂ (P)× p̂U
1

∣∣∣
2
)∣∣∣∣

P·n̂=0

.

Clearly, taking the infimum over allP is equivalent to taking the infimum over the constrained set

of all pairsâ andb̂ which come from someP.

Since|∆θ|2 does not depend on sign factors inâ or b̂, one can extend the latter infimum to one over

all pairsâ andb̂ which differ at most by factors of−1 from theâ andb̂ that come from someP. The

extended infimum still gives the same result as the infimum overP. As we showed above, this extended

set consists of all pairŝa andb̂ except for the measure–zero set whereâ = ±T̂ or b̂ = ±T̂ or b̂ = ±â.

Since|∆θ|2 is continuous in̂a andb̂, its infimum over all̂a andb̂ excludingthe exceptional values

â = ±T̂ andb̂ = ±T̂ andb̂ = ±â is the same as its minimum over allâ andb̂ includingthese values.

(Consider a sequence of nonexceptional values forâ, b̂ such that the sequence converges to one of the

exceptional pairs, e.g.,̂a = T̂ andb̂ 6= T̂. The continuity of|∆θ|2 in â, b̂ implies that the limit of the

sequence equals the value of|â× p̂0|2 +
∣∣∣b̂× p̂U

1

∣∣∣
2

at the exceptional pair.) The extended infimum still

gives the same result as the infimum overP, which demonstrates the claim.

Proof of Claim 2. First, we show thatκ = 0 only whenp̂U
1,x = 0 or p̂U

1,y = 0, and then we show that

(15) converges to the correct values forn̂ in the limits p̂U
1,x −→ 0 or p̂U

1,y −→ 0. (We do not consider

p̂U
1,x = p̂U

1,y = 0, since this is the casêpU
1 ‖ T dealt with in Section 3.1.)

Since|p̂0,x| > 0, the second line of (16) implies thatG = 0 only whenp̂U
1,x = 0 and p̂2

0,x =
(
p̂U
1,y

)2
,

which are exactly the conditions (21) that maken̂ non–unique. Since we are assuming thatn̂ is unique

and, thus, that (21) does not hold, we can takeG > 0. FromG > 0 and the expressions forG andκ

in (16) and (17), we haveκ = 0 only when4
(
p̂U
1,x

)2 (
p̂U
1,y

)2 = 0. This implies that, as claimed,κ = 0

only whenp̂U
1,x = 0 or p̂U

1,y = 0.

First, we consider the casêpU
1,y = 0 andp̂U

1,x 6= 0. For smallp̂U
1,y, (15) gives

n̂ ≈ 1

2
∣∣∣p̂U

1,xp̂U
1,y

∣∣∣

( −2(p̂U
1,y)

2(p̂U
1,x)2/

(
p̂2
0,x + (p̂U

1,x)2
)

2p̂U
1,xp̂U

1,y

)

to lowest order, which implies that̂n −→ (0; 1) (up to sign) aŝpU
1,y −→ 0. One can confirm directly
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from the expression for[[Sθ]]2 in (14) that its least eigenvector6 equals(0; 1) (up to sign) at̂pU
1,y = 0.

Similarly, for smallp̂U
1,x, (15) gives

n̂ ≈ 1
κ

[
p̂2
0,x −

(
p̂U
1,y

)2 −
∣∣∣p̂2

0,x −
(
p̂U
1,y

)2
∣∣∣ + O

(
(p̂U

1,x)2
)

2p̂U
1,xp̂U

1,y

]

to lowest order. If̂p2
0,x >

(
p̂U
1,y

)2
, this implies that̂n −→ (0;±1) asp̂U

1,x −→ 0, while, if p̂2
0,x <

(
p̂U
1,y

)2
,

it implies thatn̂ −→ (±1; 0) as p̂U
1,x −→ 0. Again, one can confirm directly from the expression for

[[Sθ]]2 in (14) that the least eigenvector of[[Sθ]]2 does have this behavior.

Proof of Claim 3. We show that̂p0 andp̂U
1 are never parallel tôn as long aŝn is uniquely deter-

mined, i.e., the ambiguity condition (21) does not hold. First, supposep̂U
1,x 6= 0 andp̂U

1,y 6= 0. Then our

expression for̂n in (15) implies that|ny| > 0, and it follows that̂p0 is not parallel tôn. If p̂
U

1 were

parallel ton̂, (15) would imply

p̂2
0,x +

(
p̂U
1,x

)2 − (
p̂U
1,y

)2 −G = 2
(
p̂U
1,x

)2
,

which one can rewrite as

p̂2
0,x −

(
p̂U
1,x

)2 − (
p̂U
1,y

)2
=

√(
p̂2
0,x −

(
p̂U
1,x

)2
−

(
p̂U
1,y

)2
)2

+ 4 (p̂0,x)2
(
p̂U
1,x

)2
. (30)

This holds only ifp̂U
1,x = 0, counter to our assumption, sôp

U

1 is not parallel tôn.

Second, ifp̂U
1,y = 0 and p̂U

1,x 6= 0, we haven̂ = (0;±1), and it is clear that neither̂p0 nor p̂U
1 is

parallel ton̂ .

Third, supposêpU
1,x = 0 andp̂U

1,y 6= 0. If p̂2
0,x >

(
p̂U
1,y

)2
, thenn̂ = (0;±1) andp̂0 is not parallel to

n̂. Also, p̂U
1 is not parallel tôn, since if it were we would have

(
p̂U
1,y

)2 = 1, counter to our assumption

that p̂2
0,x >

(
p̂U
1,y

)2
. (Recall that̂p0 is a unit vector.) Ifp̂2

0,x <
(
p̂U
1,y

)2
, similar arguments show that

neitherp̂0 nor p̂U
1 is parallel ton̂. As claimed,̂p0 andp̂U

1 are never parallel tôn when the condition

(21) does not hold. This implies (18).

6The “least eigenvector” is the one with the least eigenvalue.
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Computing the structure by triangulation: the derivation of (19) for the generic case. From the

definitions of̂a andb̂, the structure satisfiesP = λ0â andP = T + λ1b̂ for some constantsλ0 andλ1.

Substituting the optimal estimates forâ andb̂ from (18) and equating the two expressions forP, we get

P =λ0 (p0 − n̂ (n̂ · p0)) = T + λ1

(
p̂U

1 − n̂
(
n̂ · pU

1

))
. (31)

This equation expresses the usual triangulation constraint thatP occurs at the intersection of the rays

from the2 images. Note thatP may occur at infinity. We can include this case by allowingλ0 andλ1

to become infinite, as we discuss below.

Equation (31) is equivalent to the two equations

λ0T̂· (n̂× p̂0) = λ1T̂·
(
n̂× p̂U

1

)
, (32)

λ0T̂ · p̂0 = 1 + λ1T̂ · p̂U
1 ,

which we derive by projecting (31) in the directionsT̂× n̂ andT̂. The “1” in the second line follows

from our assumption that|T| = 1. We rewrite (32) in our coordinate system as

λ0 (−nyp̂0,x) = λ1

(
nxp̂U

1,y − nyp̂
U
1,x

)
, λ0p̂0,z = 1 + λ1p̂

U
1,z,

which has the solutions

λ0 =
(
nxp̂U

1,y − nyp̂
U
1,x

)
/D, λ1 = −nyp̂0,x/D, (33)

D ≡ p̂0,z

(
nxp̂U

1,y − nyp̂
U
1,x

)
+ nyp̂0,xp̂U

1,z.

The denominatorD in (33) becomes zero exactly when the raysp̂U
1 −n̂

(
n̂ · pU

1

)
andp0−n̂ (n̂ · p0)

are parallel and “intersect” at an infiniteP, corresponding to infinite values forλ0 andλ1. Thus, (33)

gives the correct limit for this situation.

Substituting our expression for̂n from (15) into the solutions forλ0 andλ1 gives

λ0 =
(
p̂2
0,x −

(
p̂U
1,x

)2 − (
p̂U
1,y

)2 −G
)

p̂U
1,y/

(
D′p̂U

1,y

)
, λ1 = − (

2p̂U
1,xp̂U

1,y

)
p̂0,x/

(
D′p̂U

1,y

)
,

D′ ≡ 2p̂U
1,xp̂U

1,z p̂0,x + p̂0,z

(
p̂2
0,x −

(
p̂U
1,x

)2 − (
p̂U
1,y

)2 −G
)

, (34)

where the normalizing factorκ in (15) cancels since the equations (33) are homogeneous inn̂. If

p̂U
1,y 6= 0, one can rewrite the solutions as

λ0 =
(
p̂2
0,x −

(
p̂U
1,x

)2 − (
p̂U
1,y

)2 −G
)

/D′, λ1 = −2p̂U
1,xp̂0,x/D′. (35)
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Since (15) correctly giveŝn =(0;±1) in the limit p̂U
1y −→ 0, it is not surprising that the solutions (35)

are also correct in this limit. For̂pU
1y −→ 0, the equations (35) become

λ0 = −p̂U
1,x/

(
p̂0,xp̂U

1,z − p̂0,z p̂
U
1,x

)
, λ1 = −p̂0,x/

(
p̂0,xp̂U

1,z − p̂0,z p̂
U
1,x

)
.

One can verify directly that substitutinĝn =(0; 1) into (33) (and dividing through bŷpU
1,x 6= 0) yields

these equations.

This gives all the ingredients needed to compute the structureP. From (31), we haveP =λ0 (p̂0 − n̂ (n̂ · p̂0)).

Writing p̂0 andn̂ in our coordinate system using all 3 coordinates, we get (19) after some algebra.

Triangulation in the ambiguous case: deriving (22). We assume the ambiguous conditionp̂U
1,x = 0

= p̂2
0,x −

(
p̂U
1,y

)2
andp̂2

0,x 6= 1. Sincen̂ is ambiguous, we rewrite (33) as

λ0 = nxp̂U
1,y/

(
nxp̂0,z p̂

U
1,y + nyp̂0,xp̂U

1,z

)
= p̂−1

0,znx/ (nys1s2 + nx) ,

λ1 = −nyp̂0,x/
(
nyp̂0,xp̂U

1,z + nxp̂U
1,yp̂0,z

)
,

wheres1 ≡ p̂0,x/p̂U
1,y ands2 ≡ p̂U

1,z/p̂0,z are sign factors. ThenP = λ0 (p̂0 − n̂ (n̂ · p̂0)) gives (22).

The exceptional casêpU
1,x = 0 and p̂2

0,x =
(
p̂U
1,y

)2 = 1. If n̂ is not parallel top̂0 or p̂U
1 , (18)

remains valid and we get (22) as before. Supposen̂ ‖ p̂0. As before,b̂ = ± (
p̂U

1 − n̂n̂ · p̂U
1

)
=

±p̂U
1 = ±ŷ, while one can choosêa in any direction in they–z plane perpendicular tôp0 = x̂.

SolvingP =λ0â = T + λ1b̂ as before for the intersection of the rays, we findλ0 = â−1
z and

P =(0; ây/âz; 1) . (36)

Similarly, if n̂ ‖ p̂U
1 , we find

P =
(
b̂x/b̂z; 0; 1

)
(37)

The âz −→ 0 limit of (36) and thêbz −→ 0 limit of (37) are also valid solutions.

7.2 Ambiguous triangulation for the image–plane error

We analyze when the optimal structure estimate becomes ambiguous for the least–squares error in the

image plane. We take the motion as known. Consider a single 3D pointPm and its imagesp0m, p1m.
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For the image–plane error defined in (1), the optimal estimate ofPm is given by

arg min
P

(
|P− p0m|2 +

∣∣∣R (P−T)− p1m

∣∣∣
2
)

. (38)

Let F be the essential matrix. One can replace the minimization in (38) by a constrained minimization

min
v0,v1

(
|v0 − p0m|2 + |v1 − p1m|2

)∣∣∣
v̄1·F v̄0=0

(39)

over image pointsv0 andv1 satisfying the coplanarity constraintv̄1 ·F v̄0 = 0 [4][5]. The values ofv0

andv1 minimizing (39) determine the optimal estimate ofPm, and the estimate forPm is ambiguous if

the minimizing valuesv0 andv1 are. Thus, we analyze when the minimizingv0 andv1 are ambiguous.

Definee1 ≡ R ∗ e to be the epipole in image1. We temporarily assume that neithere nor e1 is

at infinity. To simplify the problem, we shift the images so thate ande1 are at the origins of image

0 and image1, respectively, and we rotate the images around their centers to placep0m on thex–axis

andp1m on they–axis. One can do this because the image–plane distances in (39) are invariant to

rotations and translations in the image plane. After the transform, one can write the minimization (39)

in exactly the same form in terms of the transformed images and using a transformed essential matrix

F ∗ [4][5]. Let U0, U1 ∈ <2×2 be rotations in the image plane, and lets0, s1 ∈ <2 be image–plane

translations. Consider the minimization (39) for the transformed image pointsp∗0m ≡ U0 (p0m − s0)

andp∗1m ≡ U1 (p1m − s0) as constrained by the transformed matrixF ∗:

min
v∗0 ,v∗1

(
|v∗0 − p∗0m|2 + |v∗1 − p∗1m|2

)∣∣∣
v̄∗1 ·F ∗v̄∗0=0

. (40)

If F ∗ is given by

F ∗ =
(

U1 (0; 0)
sT
1 1

)
F

(
U−1

0 s0

(0, 0) 1

)
, (41)

one can show that the minimization in (40) is equivalent to the original [4].

The epipoles satisfyF ē = 0 andēT
1 F = 0 [4]. After the transform of the images, since the trans-

formed epipolese∗ ande∗1 are now at the image origins, we have

F ∗ (0; 0; 1) = (0, 0, 1)F ∗ = 0.

This implies that the transformed essential matrixF ∗ has the simple form

F ∗ =




F ∗
1,1 F ∗

1,2 0
F ∗

2,1 F ∗
2,2 0

0 0 0


 .
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We transformed the images to putF ∗ in this form.

We now follow the same strategy as for the directional error and in [5]. We first fix the epipolar

plane and minimize (40) over all pointsv∗0 andv∗1 on this plane. Then, we minimize over the choice of

the epipolar plane.

Fixing the epipolarplane is equivalent to fixing an epipolarline in image0 that passes through

e∗ = (0; 0) [4]. Minimizing over allv∗0 on the epipolar plane is equivalent to minimizing over allv∗0 on

this line, which we refer asL0. We parameterize our choice ofL0 by its normal

n̂0 =
(

cos θ; sin θ
)
.

We can write any point on this line asv∗0 = λ (− sin θ; cos θ), whereλ ∈ <1. For any suchv∗0, the trans-

formed coplanarity constraint requires the corresponding pointv∗1 to satisfy
(
v∗T1 , 1

)
F ∗ (− sin θ; cos θ; 1),

which we can rewrite as

v∗1 ·
( −F ∗

1,1 sin θ + F ∗
1,2 cos θ

−F ∗
2,1 sin θ + F ∗

2,2 cos θ

)
= 0

using the special form ofF ∗. Thus,v∗1 must lie on an epipolar line in image1 that passes throughe∗1 =

(0; 0). We refer to this line asL1. Its normal̂n1 is proportional to
( −F ∗

1,1 sin θ + F ∗
1,2 cos θ; −F ∗

2,1 sin θ + F ∗
2,2 cos θ

)
.

By construction, any two pointsv∗0 onL0 andv∗1 onL1 satisfy the coplanarity constraint forF ∗. Thus,

one can minimize over allP on the epipolar plane by minimizing separately andindependentlyover all

v∗0 onL0 andv∗1 onL1.7

It is easy to see that the result of this minimization is|n̂0 · p∗0m|2 + |n̂1 · p∗1m|2, the sum of the

squared distances from the image points to the respective epipolar lines. We write this explicitly as

p∗20x cos2 θ + p∗21y

(−F ∗
2,1 sin θ + F ∗

2,2 cos θ
)2

(
−F ∗

1,1 sin θ + F ∗
1,2 cos θ

)2
+

(
−F ∗

2,1 sin θ + F ∗
2,2 cos θ

)2 , (42)

using the facts thatp∗0m is on thex axis andp∗1m on they axis. If there is an ambiguity similar to that

for the directional error, any choice of the epipolar plane must give the same least–squares error. This

means that (42) must be constant as a function ofθ. We analyze when this happens.

If we rewrite (42) as a fraction, the numerator is fourth–order insin θ andcos θ while the denomi-

nator is only quadratic. (42) can be a constant only if the fourth–order dependence cancels. Since the

7As usual, we neglect the positive depth constraint.
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fourth–order contribution isp∗20x cos2 θ times the denominator in (42), it is easy to see that this requires

the denominator to be constant. This happens only if

F ∗2
1,1 + F ∗2

2,1 − F ∗2
1,2 − F ∗2

2,2 = 0,

F ∗
2,2F

∗
2,1 + F ∗

1,1F
∗
1,2 = 0,

which imply F ∗
2,2 = sF ∗

1,1 andF ∗
1,2 = −sF ∗

2,1, wheres = ±1. After substituting these values, (42)

becomes

p∗20x cos2 θ +
p∗21y

F ∗2
1,1 + F ∗2

2,1

(−F ∗
2,1 sin θ + gF ∗

1,1 cos θ
)2

,

and it is easy to see this is constant only whenF ∗
1,1 = 0 andp∗20x = p∗21y. Thus, the ambiguity occurs only

for

F ∗ =




0 −sF ∗
2,1 0

F ∗
2,1 0 0
0 0 0


 (43)

andp2
0x = p2

1y.

We now analyze what motions permit the original essential matrixF to be transformed to the form

(43). From the definition of the epipolee, we haveT ∼ ē, and one can writeF = Rē×, whereē× is

the skew–symmetric matrix that acts on a vectorV asē×V = ē×V. If one shifts the images by thesi

to put the epipoles at the origins of the images, it is easy to show thatF transforms (up to a scale factor)

to
[

A (0; 0)
(0, 0) 0

]
, A ≡

[
R1,2 −R1,3ey, −R1,1 + R1,3ex

R2,2 −R2,3ey, −R2,1 + R2,3ex

]
.

After the full transforms in (41), we have

[[F ∗]]2 = U1AU−1
0 . (44)

The expression for[[F ∗]]2 in (43) is an image–plane rotation up to scale (plus a reflection ifs = −1).

Since theUi are rotations, (43) implies that, up to scale, the original matrixA must also be an image–

plane rotation (or a rotation plus a reflection, ifs = −1). This implies

R1,2 −R1,3ey = s (−R2,1 + R2,3ex)

R2,2 −R2,3ey = s (R1,1 −R1,3ex) .
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Solving this givese =s [R3,1;R3,2] / (1 + sR3,3) or T ∼ (
ẑ±R−1ẑ

)
, where we have used the fact

thatR is a rotation. Such a motion makes the matrixA a rotation or rotation–plus–reflection up to scale.

Thus, forT ∼ (
ẑ±R−1ẑ

)
, the optimal structure estimate for the image–plane error can have a one–

parameter ambiguity similar to that for the directional error. The ambiguity actually occurs if the image

pointsp0m, p1m satisfy |p0m − e| = |p1m − e1|, corresponding to|p∗0m| = |p∗1m|, and if the angle

between the vectors(p1m − e1) andΠs (p0m − e) equalstan−1 (A21/A11), whereΠ1 is the identity

andΠ−1 is a reflection around thex axis. (When the condition on the angle is satisfied, the rotationsU0

andU1 makeF ∗ of the form (43).)

One can easily show that there is no ambiguity whene or e1 is at infinity.

Our analysis says nothing aboutdiscreteambiguities, which occur when 2 or 3 roots of the 6th

degree polynomial in [5] give equal least–squares errors and equally good structure estimates.

7.3 Improving the WC Approximation to the Image–Plane Error

In this section, we derive theWCerror and extend it to a second–order approximation of the true error.

As for the directional error, we define the measurement errorsδ0m ≡ Pm − p0m, δ1m ≡

R (Pm −T)− p1m. Also, we define∆m ≡ (δ0m; δ1m) ∈ <4 andEm (R,T) ≡ infPm |∆m|2,

E (R,T) ≡ inf
P1...PNp

ELS = inf
P1...PNp

Np∑

m=1

|∆m|2 =
Np∑

m=1

inf
Pm

|∆m|2 =
Np∑

m=1

Em (R,T) .

As in (39), we replace the infimization over thePm by a constrained minimization and write

Em = min
v0,v1

(
|v0 − p0m|2 + |v1 − p1m|2

)∣∣∣
v̄1·F v̄0=0

= inf
�0m,�1m

(
|δ0m|2 + |δ1m|2

)∣∣∣∣
(�1m+p1m)·F(�0m+p0m)=0

,

(45)

where nowδ1m ≡ v1−p1m andδ0m ≡ v0−p0m. We rewrite the coplanarity constraint
(
δ1m + p1m

) ·

F
(
δ0m + p0m

)
in terms of∆m as

0 = Cm + Lm ·∆m + ∆T
mQ∆m, (46)

where the scalarCm ≡ p1m · (Fp0m) is the deviation from coplanarity for theobservedpointsp0m and

p1m, the linear coefficient isLm ≡ ([
F Tp1m

]
2
; [Fp0m]2

) ∈ <4, and the quadratic coefficient is

Q ≡ 1
2

[
0 [[F ]]T2

[[F ]]2 0

]
∈ <4×4.
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Following [29], we minimizeEm by finding the stationary points with respect to∆m andλm of

|∆m|2 + λm

(
Cm + Lm ·∆m + ∆T

mQ∆m

)
, (47)

where we impose the coplanarity constraint (46) via the Lagrangian parameterλm. Differentiating (47)

with respect to∆m gives

∆m = − (1 + λmQ)−1 λmLm/2, (48)

which implies

Em = λ2
mLT

m (1 + λmQ)−2 Lm/4. (49)

Differentiating (47) with respect toλm gives the constraint (46). Substituting the expression (48) for

∆m into the constraint equation, we get

0 = Cm − LT
m (1 + λmQ)−1 λmLm/2 + λ2

mLT
m (1 + λmQ)−1 Q (1 + λmQ)−1 Lm/4. (50)

This equation determinesλm, and one can substitute the result into (48) and (49) to compute the final

forms of∆m andEm.

At this stage, we introduce approximations. SinceCm ≈ O (η) ¿ 1, whereO (η) represents the

size of the noise, we expand the above expressions in powers ofCm. To lowest order inCm, one can

solve the constraint equation (50) by taking

λm = 2Cm/ |Lm|2 +O
(
C2

m

)
. (51)

One can verify that substituting this expression forλm into (50) makes the right side of orderO
(
C2

m

)
.

We write the zeroth–order solution forλm asλ
(0)
m ≡ 2Cm/ |Lm|2. Substitutingλ(0)

m into (49) yields

Em ≈
(
λ(0)

m

)2
|Lm|2 /4 = C2

m/ |Lm|2 ≡ E(0)
m

to lowest order.E(0)
m is our desired first–order approximation and is the standardWCerror used, e.g., in

[29].

We obtain the second–order correctionλ
(1)
m by solving the constraint (50) to the next order. Since

(51) impliesλm ≈ O (Cm), we expand the constraint (50) up toO
(
λ2

m

)
as

0 ≈ Cm − λm |Lm|2 /2 + λ2
mLT

mQLm/2 + λ2
mLT

mQLm/4. (52)
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Substitutingλm −→ 2Cm/ |Lm|2 + λ
(1)
m + O(C3

m) into (52) gives

0 = −λ(1)
m

(
|Lm|2 /2 + O (Cm)

)
+ (3/4)

(
λ(0)

m

)2
LT

mQLm + O(C3
m),

which implies that we can take

λ(1)
m =

(
2/ |Lm|2

)
(3/4)

(
2Cm/ |Lm|2

)2
LT

mQLm = 6C2
mLT

mQLm/ |Lm|6

up toO
(
C3

m

)
corrections. In turn, this implies that, up toO

(
C4

m

)
corrections,Em − E

(0)
m ≈

2λ(0)
m λ(1)

m |Lm|2 /4− 2
(
λ(0)

m

)3
LT

mQLm/4 = 2C3
mLT

mQLm/ |Lm|6 ≡ E(1)
m .

Our second–order approximation to the image–plane least–squares error is

Eimp ≡ E(0)
m + E(1)

m .

The first–orderWCerror approximates the true error up to a relative factor ofE
(1)
m /E

(0)
m ≈ O

(
CLT QL/ |L|4

)

≈ O
(
ηLT QL/ |L|4

)
≈ O (η), whereη represents the size of the noise. Our second–order approxima-

tion Eimp approximates the true error up to a relative factor ofO
(
η2

)
.

We verified experimentally that the improved approximationEimp almost always does better than

EWC . For the real–image experiments in Section 5, for example, the two approximations gave discrep-

ancies from the exact error of0.023◦ (improved) vs.0.025◦ (WC), 0.225◦ (improved) vs.0.285◦ (WC),

0.0204◦ (improved) vs.0.0238◦ (WC), and0.33◦ (improved) vs.0.57◦ (WC). Recall that these results

are for forward/backward motion estimates, for which theWC approximation does relatively badly.

For the same image pairs in the sideways–motion region, the discrepancies were0.002◦ (improved) vs.

0.005◦ (WC), 0.003◦ (improved) vs.0.075◦ (WC),
(
3.0× 10−4

)◦
(improved) vs.

(
4.0× 10−4

)◦
(WC),

and
(
3.9× 10−6

)◦
(improved) vs.

(
4.9× 10−4

)◦
(WC). These discrepancies represent the results of

comparing the approximations to the exact error over a gridex = −5 : 1 : 5, ey = −5 : 1 : 5.
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