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Abstract

For two—image structure from motion, we present a simglactexpression for a least-squares image—
reprojection error fofinite motion that depends only on the motion. Optimal estimates of the structure
and motion can be computed by minimizing this expression just over the motion parameters. Also, we
present a solution to the triangulation problem: an exaqlicit expression for the optimal structure
estimate given the motion. We identify a new ambiguity in recovering the structure for known motion.
We study the exact error's properties experimentally and demonstrate that it often has several local
minima for forward or backward motion estimates. Our experiments also show that the “reflected”
local minimum of Oliensis and Soatto et al. occurs for large translational motions. Our exact results
assume that the camera is calibrated and use a least—squares image—reprojection error that applies most
naturally to a spherical imaging surface. We approximately extend our approach to the standard least—
squares error in the image plane and uncalibrated cameras. We present an improved version of the
Sampson error which gives better results experimentally.

Keywords: structure from motion, two—image structure from motion, least—squares error, triangulation,
ambiguity, spherical retina, coplanarity, Sampson error, local minima.



1 Introduction

This paper revisits one of the oldest and most fundamental problems in structure from motion (SFM):
estimating the 3D structure of a scene and the camera motion from 2 images. The problem goes back
more than 20 years [12][8] and has great practical importance. Most current SFM algorithms use a
2—-image technique in their initial stages, and, despite the fact that 2 images contain less information
than a larger number, recent research has shown that one can often estimate structure and motion from
2 images with surprising accuracy and robustness [28][18][17][23][22].

All algorithms for 2—image SFM use the same basic strategy. They first compute an initial estimate
of the camera motion, either by a linear method [12][9] or, more recently, using RANSAC and the “7—
point” algorithm [7][24]. In a second, “polishing” stage, they improve the initial estimate by minimizing
an error function with respect to the unknown motion and/or structure. This paper focuses on the second
stage.

The only current polishing technique that is optimally accurate, bundle adjustment (e.g., [25][6]),
minimizes an error function ovexll unknowns, the structure as well as the motion. Since it minimizes
over a large number of variables, it is relatively slow and its behavior is opaque: one cannot easily
predict whether it will find the best estimate at the lowest error or confirm that it has done so after it
has converged. Another standard technique minimizes an approximation to the reprojection error that
depends just on the five motion unknowns. The most popular approximation we calkibleted—
coplanarityor WCerror (e.g., [27][28]); [4] has recently dubbed it tBampson errarMinimizing the
WCerror is faster than bundle adjustment, but it gives poor accuracy in some situations.

In this paper, we propose an approach to 2—-image SFM which resolves the dilemma between
speed/reliability and accuracy. We start from a slight modification of the standard least—squares image—
reprojection error: the image—reprojection error that we use applies most naturally to a camera with a
spherical imaging surface. (We point out that this error has advantages over the standard image—plane
least—squares error even for a standard camera with a planar imaging surface.) Our change in error
greatly simplifies the SFM problem. By exploiting it, we present in Section 2 a simpdetexpression
for the least—squares error fiimite motion that depends only on the five motion parameters. Minimizing
this expression is as fast as minimizing IME error and as optimal as bundle adjustment. Because the
minimization is over a small number of parameters, it is relatively transparent: there is a good chance

of understanding whether it will succeed in finding the best estimate and of ensuring that it does [15].



As a corollary, Section 3 presents a solution to the stereo triangulation problem: a simple, exact,
explicit expression for the optimal estimate of the 3D structure given the motion. It is important to
ensure that the structure estimate is optimal, since this estimate depends extremely sensitively on the
noise. Also, we describe a new ambiguity in recovering the structure for known motion.

Our expression for the structure is optimal for our spherical-image least—squares error. For the
standard image—plane error, [5] gave an implicit solution for the optimal structure estimate in terms
of the root of a 6th degree polynomial. Recently, for a new version of the image—plane error, Nister
computed the corresponding optimal estimate in terms of the root of a 4th degree polynomial [13].

In Section 4, we use our exact theoretical results to study the least—squares error for finite motion
experimentally. The results of such a study can be used to improve algorithms [17] or to understand
the intrinsic difficulty confronted by any algorithm in searching for the optimal estimate [15]. Due to
the simplicity of our expressions, we can easily compute the error over a range of motion estimates.
We show that it typically has several local minima for forward (or backward) motion estimates. Some
of these pose the real danger that an algorithm may mistakenly converge to them. Also, our experi-
ments show that the error’s “reflected” local minimum at sideways estimates, which was analyzed in
[17][20][1][21], occurs even for large translations.

Our exact results assume that the camera is calibrated. In Section 5, we describe an approximate
extension of our approach to 2 uncalibrated cameras (the projective case). Also, we approximately
extend our approach from the spherical-image error to the standard least—squares error in the image
plane. Our ambiguity in estimating the structure also occurs for the image—plane error for some motions
and, as we discuss, it helps to explain the failures o¥¥@&Sampson) approximation. In the Appendix,
we derive an improved version of the WC error and show that it gives a better approximation to the
least—squares image—plane error.

Though this paper focuses on the least—squares error, our results can be applied also for robust
estimation.

Our exact expression for the least—squares error that depends only on the motion appeared in [19].

1.1 Definitions and Preliminaries

We use MATLAB notation: we represent a column vector by listing entries separated by ’;’ and a row
vector by separating entries by a comma or space. A colon indicates a range of indices. Also, for a set

of quantitiesV,, we use{V'} to denote the column vector with entrigs. Let1y be theN x N identity



matrix.

Unless otherwise stated, we assume the camera is calibrated and, without loss of generality, we take
the focal length to be 1. We assume thereZzimages andV, points tracked over the images. Let the
column vectom;,, = (Zim; ¥im) denote thenth point in theith image, wheren = {1,2,..N,} and
i = {0,1}. DefineP,, = ( X;m; Ym; Zm ) to be themth 3D point in the coordinate system of the
zeroth imageZ,, is thedepthof this point. Letk = (1;0;0), y =(0;1;0), andz = (0;0; 1).

Let T = (Ty; T,; T.) be the translation from imagdeto imagel, and letT = T/ |T| be the trans-
lation direction. LetR be the rotation between imagesand1. We define the motion of a 3D poiiit
underR andT by P — R(P —T). Let F (R, T) € R3*3 represent the essential matrix [4]:acting
on a 3D vectolV givesF'V = R(T x V).

If V is a vector, leV denote the unitvectdv / |V|. LetV denote the 2D image point corresponding

to the 3D pointV, with V. = (V,;; V) /V.. For 2D vectorsv, v/ we use the notationr x v’ to mean

vmv; — vyv},. Define the 3D poin¥ corresponding tv by v = [ v; 1 ] Let R x v denote the image

point obtained after a rotation of the image pomwith R« v = (Rv). Lete = T denote the epipole,
the image ofT in image0.

Given a matrix)M, let[[M]], be the2 x 2 submatrix ofM/ consisting of entries from the fir8trows
and columns.

For finite motion, the standard least—squares image—-reprojection error in the image plane is

N, )
Bis (R, (P = Y ([P o+ [R (P =)~ i) @

m=1
where thep;,, are the measured image points and our notation indicategthatlepends on all the
P,, as well as onR, T. We define theoptimal least—squares estimates R, T, and theP,,, as the
“values” that give the least errdt;s. (We put “values” in quotes since the least—squares estimates of

the P,,, can occur at infinity or at the poin{§; 0; 0) or T, where the erro¥;s is not defined.)



2 An Exact Expression for the Least—Squares Error

2.1 Introduction

Our goal is to derive an effective least—squares error function that depends jEstlanOne can do

this by minimizingFE' s over theP,,. Define

E(RT)= inf Eps. @

whereinf represents the infimum or greatest lower bolindle also refer taf (R, T) as the “least—

squares error.” Due to the standard scale ambiguity in SFM, one canAvaisgthe functiorn® (R, ’i‘) ,

whereT is the estimate of the translation direction, orla6R, e), wheree is the epipole estimate. In

principle, sincek (R, T) has the same minimum a8 at the same values fdt, T, one can solve
for the optimal estimates d¢ and'T by minimizing £ (R, T)
Unfortunately, E (R, ’i‘) has a complex dependence on its arguments [26] and is not useful for

minimization. Thus, researchers have proposed algorithms that minimize approximatlbéﬁt(f[‘).

The most popular approximation [28], which we call iM€ approximation, is

ali (I_)TmFI_)Om) 2

A= 2X Fpom|® + |2X FTp1m|”

Ewo (R, T) = 3)

[28] showed that th&VC approximation becomes exact whéris sidewaysand R is around the: axis,
thatis,T - 2 =0 and Rz = 2. However, for roughly forward estimates®f it is known thatEyc gives

a poor approximation td.

One can think ofyw ¢ as a first—order approximation 0 (R, ’i‘) The Appendix rederivegwc

from this point of view and also presents a new, second—order approximatEnéBq ’i‘) which does

better thanEwc experimentally.

We must use the infimum rather than the minimum since, as mentioned above, the infinftiyg ofiay occur at an
“infinite value” of P,,,, or atP,,, equal to one of the camera positions. For simplicity, we sometimes gloss over this distinction

below. Onecantake the minimum oveR or the translation directiofi’, since these variables live in a compact space.



2.2 The Directional Error

As noted in Section 1, our approach starts from a least—squares error that differs from the standard one in
(1). Define the length—8nit vectorspo,, = Pom/ |Pom| @NdP1m = Pim/ [Pim|- Rather than defining

the least—squares error in timeage planeas in (1), we consider thdirectionalleast-squares error

2+'R(Pm— ) « By
|R (P, — T)| "

2 Np
) = Z (sin2 Oom + sin? Hlm) ,

m=1

Np
Pn .
Eys (RT.(P) =Y (MP < b
m=1 m

(4)
whered,,,, is the angle between the expected and observed ray directions fathhpoint andith image.
This gives the natural form of the least—squares error on a spherical imaging surface (e.g., [10]), and
researchers have tended to use it for omnidirectional cameras or cameras with wide field of view (FOV).
We stress that the directional error is useful even for standard cameras with planar imaging surfaces.
Because this error is rotationally invariant, it embodiésternoise model for physical lenses and the
3D world than the standard error does (see [14] for discussion). With this new starting point, we can
minimize the error over the structure exactly, and the result, unlikét@error, represents a physically

meaningful error function, with no artifacts stemming from approximations.

2.3 Minimizing Ejy1s with respect to the structure

This section computes an explicit expression for the result of minimizing over the structure. Define

the measurement errors

Spom = (Pm/ |Pm‘)xf)0ma Op1m = (R (Pm - T) / ‘R (Pm - T)Dxﬁlma Ay = (6007715 691771) s
)]

whereAy,, € 1°. We write the directional error in terms of these quantities as

Np
Bors (R, T,{P}) = > |Agn[*,
m=1

2Instead of (4), one could also u#,; s = ZZ‘;I W, (sin2 Oom + sin? le), with a different weightingu,,, for each
3D point, without changing any of the subsequent analysis.



where our notation indicates thay; s depends on all th®,,,. Let Ey,, (R, ’i‘) = infp,, |A9m|2 and

definé
NP NP
E(R,T)E inf Epg =S inf|Ag,|? = Em<R,’i‘),
b p il Fors n;glm! om| ; b

where Fjy (R, ’i‘) is the analog of (R, ’i‘> for the image—plane error. We will solve explicitly for
Egm (R, T)
From the rotational invariance 6§1,,, one can rewrite it a8gy,, = ((Pm — ’i‘) / ‘Pm — TD X

R™1'p1,,,. Define theunrotated poinin imagel by pY’ = R~'py,,. Then

So1m = ((Pm _ T) / ’Pm _ TD x pY .

With 641, written this way, the quantitie® .., dgom, andAy,,, have the same functional dependence on
P,, regardless of whether the rotation is zero or nonz#éirerotation has no effect on the minimization
over P,,,. The only change for nonzero rotation is that one represents imagethe unrotated data
py . rather than the original dag,,,. This simplification is our main reason for using the directional
error.

We minimize|A9m|2 overP,, in two steps. First, we fix an epipolar plane passing through the two

camera positions (Figure 1a), and we minimize ovePa|l (exceptd andT) on this plane. Second, we
minimize the result of the first minimization over all choices of the epipolar plane. The combination of
the two steps clearly gives the same result as minimizing ovéde,all\We follow the standard practice
of neglecting the constraint that the depths are positive.

The rationale for our two—step approach is the same as in [5]. If one first restricts the minimization
overP,, to an epipolar plane, one can replace this minimization by simpldependenininimizations
over theimagesof P,,, in the two cameras, where the images and corresponding rays must also lie in
the epipolar plane. This is because, no matter what independent choices we make for the two image
rays, they must intersect since they are coplanar, and thus they correspond to a valid ci®jceThe
image rays that give the minimum are the rays in the epipolar plane that lie closest to the imgigg,data

andpi,,, and in general they are given by projecting the image data perpendicularly into the epipolar

plane (Figure 1b). With these minimizing values, the quanty,, |> becomes a simple function of the



(@)

epipolar plane, and the second step that minimizes over the choice of this plane is straightforward. We

give detailed derivation below and in the Appendix, which explains how to deal with exceptional cases.

4 o\

Al

i a

Al
= Cameral
Epi p0| ar Camera0

‘ plane
D ax Pol* = sin?0
cos?(90° - 0) = |p, « AI?

(b)

Figure 1: (a): The minimization ové? is divided in two steps. Step 1: choose an epipolar plane passing
through the camera positions, characterized by its nofiyahd minimize over alP on this plane. This

is equivalent to minimizingndependentlypver all images andb of P within the epipolar plane. Step

2: minimize the result over all choices of the plane. (b): The optimal estimaietbé image ofP in
image O, after fixing the epipolar plane. It corresponds to the result of minimizing ovBr @il this
plane. The optimal estimate afgenerally equals the perpendicular projection of the measured image

ray into the epipolar plane, and it givés = |a x pg|> = | - pol>.

Minimizing over P,,. Fix an epipolar plane with normdl,,. Since the plane passes through the

camera positions, we havg, - T =0. Define the unit vectors
am=P./ [Pp|, D= (Pm—T>/‘Pm—T‘. 6)

These are the ray directions By, in imagesd and1, and one can think of them as the image®gf.
SinceP,, - fi,, = T - fi,, = 0, clearlya,, - fi,, = 0 andb,, - fi,, = 0. Botha,, andb,, lie on the

unit circle in the epipolar plane. We refer to this asépgoolar circle it is the equivalent on a spherical
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imaging surface of the epipolar line in the standard image plane. One can write the error contribution
from themth point in terms o#,,, andlf)m as
2 _ 4 L2 p U |
Bl = 8  Bom|> + B x Y| (7)

Note that the errorAgm\2 does not change its value if one takkgs — —a,, orb,, — —b,,.
Claim 1: One can replace the minimization m9m|2 over allP,, on the epipolar plane binde-

pendentminimizations over all 4,,, andb,,, on the epipolar circle

. 2
inf | Ay |2 — min|a x Pon|* + min |b x f)[l]m‘ . (8)
Pm Py A =0 a a-n=0,]a|=1 b b-n=0,|b|=1
Proof: see Appendix.
The minimizations ove,,, andb,,, in (8) are trivial (Figure 1b) and give
. 2 ~ ~ 2 N ~ 2
inf |Agy,| = |fy, - Poml|” + ’nm : plljm ) 9)
Pm P'm'ﬁ'm:O
which we write as
. 2 ~ ~ A ~ ~ ~
i)nf ’A9m| = ng'sbmnmv S@m = pOmpgm + p[{mp[{E- (10)
m P i =0

Note that (9) and (10) remain true in the exceptional cgiggs || i, or pY,, || i, where the image
data has zero projection on the epipolar plane.

From the previous arguments, we have

Ep,, = inf 2! Sy, i1 . (11)

Sincen - T = 0, one only needs to know ho#iy,,, acts on the 2D space perpendiculafitoln effect,
Som becomes @ x 2 matrix. The least eigenvalue of this matrix givEs,,, and the corresponding
eigenvector gives the optimal estimaterof The eigenvalues of 4 x 2 matrix are trivial to compute,

and the result is:

Eym = Agm/Q—\/Agm/Zl—Bme (12)

. < AT . ~a T\ 1. < 1 2
Agm = By (1= T ) Do + BT, R (1= TT") BBy Bow = (T Do X B 'P1m) -

30ne take the minimum ovéx or b since these live in compact spaces; the infimum is unnecessary.



One can also write they,,, andBy,,, in terms of the essential matriX (see Section 1.1 for its definition):

~ ~ ~ ~ -~ ~ 2 .
Agm = Doy FT FPom + D1y FF D1y @and By, = (1, Fom)” . We define

Np

Epex (R, T) =3 (Agm /2 — /A2 /4 Bgm> — B, (R, T> . (13)

m=1

One can also apply this result for robust estimation. For instance, one could apply (12) within

RANSAC [3], or modify (12) to get a robust error function that flattens for larger values of the error.

3 Optimal Structure Estimate

By minimizing| A, |* overP,,, we are implicitly computing the optimal estimate of the structure given
the motion. In this section, we give an exaetplicitexpression for the optimal structure estimate for our
directional error. Our expression just requires computing square roots. The previous result of [5] for the
image—plane error required solvingth—degree polynomial. In addition, we identify a configuration of
the estimated epipole and image observations,, pY,, that produces a one—parameter ambiguity in
recovering the structure. This ambiguity also occurs for the standard image—plane least—squares error,
though only for some motions. For convenience, we drop the subseriptthis section and, without
loss of generality (due to the scale ambiguity of SFM), we take=1.

Our discussion is complicated by the need to consider special cases. Section 3.1 begins with the

special and trivial case when at least one of the image payand py is parallel toT. Section 3.2

describes the typical case when neitp&rnor py is parallel toT.

3.1 Image rays parallel toT

1): If both pY andp, are parallel tdT, we clearly havéP =\T, where) is an undetermined constant.
2): Next, assume thagb, is parallel toT but pY is not parallel toT. Let p{ = T + v, where,
by assumptiony is nonzero and not parallel t&. Consider a point on the ray passing though
(the position of the second camera) in the directigh which we write asP.= (T+ev) /(1 — ¢),
wheree > 0 is a small constant. The errép; for image 1 is zero for all points on this ray, since

P.—T=c(T+v)/(1-¢)=ep¥/(1-¢), which implies that

1601 (P.)|? = |(P.—T) /|P.—T)) x pV|* = 0.



By choosinge small enough, we can maKke. and P./|P.| arbitrarily close toT and thus make
1600 (P.)|?, the error inimage 0, arbitrarily small. The total erfay (P.)> = |60 (P2)[*+|6s1 (P2)|?

goes to zero in the lim# — 0. We take our estimate of the structure as

lim (T+ev)/(1—¢)=T,

e—0

since this corresponds to zero error.
By symmetry, the case whep{ is parallel toT but py is not parallel toT' reduces to the case just

considered. The same arguments showkhat (0; 0; 0).

3.2 Image rays nonparallel toT

We assume neithgsy nor pY’ is parallel toT. We compute the optimal estimate Bfin three stages.

First, we compute the optimal estimate of the epipolar pl&seond, we use this estimate to compute

the optimal estimates within the epipolar plane of the two imageR,afiamely,a andb. Last, we
compute the optimal structure estimate by standard triangulation, by computing the intersection of the
two image rays. Without loss of generality, we adopt a coordinate system #@heré, andpy, > 0

andpy,, = 0, see Figure 2.

—>
Il
N>

Camera0

Figure 2: The coordinate system used in Section 3.2, @ith= 2, py = (pox; 0; poz), andn =
(ng;ny; 0).

We must again consider several special cases, one of which gives an ambiguity in estimating the
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epipolar plane and the structure. We first compute the optimal structure estimate for the generic, non—

ambiguous case and then return in Section 3.2.1 to the special ambiguous case.

Determining the optimal epipolar plane. As in Section 2.3, we represent the epipolar plane by its
surface normaii. Sincen - T = 0, the unit normah lies in thexzy plane in our coordinate system, and
we represent it as a lengthvector in this plane, see Figure 2. Lg$]], be the2 x 2 submatrix ofSy
consisting of ther andy entries ofSy, where we definedy in (10). Sincepy, = 0 in our coordinate

system, we have
A9 U2 U sU
X + T
[[Se]], = (po’ U (1;} ) 121’ b1 ) : (14)

As discussed following (11), the eigenvector[#fy]], corresponding to the least eigenvalue gives the
optimal estimate ofi. If [[Sy]], has a unique least eigenvalue, the estimai isfuniquely determined

(up to sign), but if[Sy]], has two eigenvalues of equal sifecan lie inanydirection in thez—y plane.

Optimal estimate of the epipolar plane: generic case. If [[Sg]], has a unique least eigenvalue, it is

straightforward to show that the unique optimal estimaté @ip to sign) is

. A\ 2 U )2
P ( Pt ()" — (91,) — G ) , (15)

~U ~U
2P wP1y

where

6 = (s ()= 60)°) 2 (50)" () a9
_ \/ (8.~ ()" - (ﬁ[ﬂy)Q)Q

andx is a normalizing factor that enforc@s| = 1. Explicitly, we have

~ 2 U 2
+ 4 (Poz) (pl,m) :

w2 =26 (G = (8, + (1.)" - (81,)7)). (17)

Though the expression fdrin (15) is not defined for. = 0, we show in the Appendix

Claim 2. Assume the matri{Sy]], has a unique least eigenvalue, sois uniquely determined (up

to sign). Then Equation (15) gives the correct resultscat 0 after taking the appropriate limits.

11



Optimal estimates ofa, b (generic case). Given the unique optimal estimate fin (15), we com-
pute the optimal estimates of the imagesRafnamelya = P/ |P| andb =(P —T)/|P — T|. As
discussed at the beginning of Section 2.3, see also Figure 1b, the optimal estindaaesibfgenerally
equal the projections of the image data into the epipolar plane. By definition, they are the values that

minimize the errot A |? in (5) and (7). If neithe, nor pY’ is parallel tof, one can easily show from

(7) that the minima occur at the projections

N 5U i (- oV
aogPoTR@ Dy g B B(RDI) 18)
|Po — 0 (i Py)| |pY —a(a-pY)

In fact, we show in the Appendix:

Claim 3. Assume the matri{Sy]], has a unique least eigenvalue, $bis uniquely determined (up

to sign). Then, (18) always holds.

The optimal estimate of P (generic case). Given the optimal estimates fér b in (18), we compute

the optimal estimate d? by standard triangulation:

P+ (07,)° - (87,)" + ¢

Po, U
P =) 0 +5g 257 .0Y, ) (19)
Do,z

whereG and )\, are given in (16) and (35), (34). Recall that this form assufiies= 1. Our detailed

derivation in the Appendix shows that the result (19) also holds in thegﬁﬁ;\it—> 0.

Coordinate—free expression forP. One can rewrite (19) in a covariant form, independent of our

coordinate system, by replaciig— T,

— (po— T (T-5y)) /|po~T (T B0) |, 5— (Txpo)/|T By

9

N N 2
which gives, for instancey ., — T - py andpg , — /1 — (T . f)g> and

. < X - U / = . \2

12



3.2.1 The ambiguous case: hon—-unique

We now analyze the case whénis not unique. As discussed following (14), this occurs when the
maitrix [[S]], has two equal eigenvalues. The eigenvalugs®f], are the solutions to the characteristic
eguation

0 = det ([[Sp]], — 712) = z? — zTrace ([[Sol2) + det ([[Salls) ,

wherel; is the2 x 2 identity matrix. If[[Sy]], has two eigenvalues of the same sizeve have
2% — a'Trace ([[Sy]],) + det ([[So]],) = (x —€)?,
which impliesdet ([[Sp]]5) = €2, Trace ([[Sp]]5) = 2¢, and

4det ([[Sp]]y) = (Trace ([[So]]»))* - (20)

When (20) does not hold, thie-estimate is unique (up to sign). When the condition (20) holds}],
has equal eigenvalues afids ambiguous.
We rewrite the condition (20) in terms of the image measurements. From the expressjsi|for

in (14),
Trace ([[Slls) = a0 + (1¥2)" + (87,)7,  det ([[Solls) = #3a (7,)°

After we substitute these expressions and take the square root, the condition (20) becomes
N 2 AU 2 U 2
2[Poabry| = Poo + (Pra)” + (1y)"
. . . U 2 U N 2 - . . .
which implies0 = (p¥,)” + (|p¥, | — IPo.«|)"- Thus,i is uniquely determined (up to sign) unless

P =0=[p7,| — lPol (21)

which is the form of the condition (20) that we use below. See Figure 3. One can also write the ambiguity

condition (21) in a form that doesn’t depend on the coordinate systéfvag, = +T x (’i‘ X f)?) .

The optimal structure estimate (ambiguous case). When the ambiguity condition (21) holds, one

can choosd in any direction in thec—y plane. The estimates &f b in (18) remain valid unlesﬁax =

13
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"IL /0\ ﬁo y e?J ........ o
pi®
Camera0

(b)
Figure 3: The ambiguous configuration for triangulation. In (b), the epipole and image points have been
projected into the image plane for camera 0 using the coordinate system of Figure 2b and Section 3.2.
The projections form a right isosceles triangle.

(p[{’y)2 = 1. Neglecting temporarily this exceptional case, the standard triangulation computation gives

(see the Appendix for details)
P :ﬁ(;; (na:/ (ny3132 + nﬂ:)) (7132,150,:5; _nxnyﬁo,a:§ﬁ0,z) ) (22)

wheref = (n,;n,; 0) and the factors; = ﬁo,x/ﬁ{y andsy = pf _ /po,. equall or —1. Sincen2 +n? =
1, there is a one—parameter ambiguity in determidng
As one varies the norma, the estimatd in (22) traces out a curve known asvested cubid4].

One can write this curve in a more transparent form in our coordinate system as

ﬁ()z Z(Z_1)2
X = =) = 23
<ﬁ0,z> 272 —27 +1’ (23)

Poz\ Z*(Z-1)
y = S I G
5152 (po) 972 27 + 1
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Last, we consider the exceptional case whgp = 0 andjj , = (gﬁII{y)2 = 1. One can describe

this configuration more simply by noting that the unit rgys pY, and'T form an orthogonal system,

with pp = %, pY = 43, andT = 2 in our coordinate system. As the Appendix shows, the optimal
estimate ofP can lie anywhere on the twisted cubic of (23) or, in addition, anywhere on the lines
(X;0;1) 0r (0;Y;1). One can describe these additional lines without reference to a coordinate system
as, respectively,

T-P=1,p/P=0 (24)

and

T-P=1, ppP=0. (25)

3.3 Summary

e If neitherpY nor py is parallel toT and the ambiguity condition (21) does not hdRljs given
by (19). This is the case normally encountered (the generic case).

e Ifboth py andp! are parallel tdI', we haveP =\T, where\ is an undetermined constant. There
is a one—parameter ambiguity in determinidg

e If Py | T butpY is not parallel toT', we haveP = T. If pY is parallel toT butp is not parallel
to T, we haveP = (0;0;0).

e When neitherp! nor py is parallel toT and the ambiguity condition (21) holds, bp@m =
(ﬁﬁ{y)z %1, (22) or (23) give®. There is a one—parameter ambiguity in determiring

e When neitherp! nor p, is parallel toT and the ambiguity condition (21) holds agﬁg{x =

(ﬁﬂy)Q = 1, either (22), (24), or (25) giveB. The structurd® may occur on any one of three

one—dimensional sets.

In coordinate—free notation, the ambiguity condition (21) holds whenp, = =T x (’i‘ X f)ij)
Geometrically, it holds when the projections of the raysT, andp! into an image plane perpendicular
to T form a right isosceles triangle. See Figure 3. The coordinate—free conditions giving the last case,
for which P may occur on any one of three one—dimensional setslargp, = =T x <T X f)(l]) and
U
1

T -py=T-p; =0.

Discussion. When does the ambiguous configuration matter in practice? Consider the image plane

perpendicular tar', which givese = (0; 0) for the epipole estimate (as in Figure 3b). Let the 2D points
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Po, P1, andp! represent the projections of the measuremgpip, andpy = R~!p; in this plane.

Let e, be the projection of the true translati@h, . into the image plane, and let the 2D poiptg;ue,
Pitrue, @andp¥; . be the projections of the true rapsrue, PYue» aNAPY, 0 = RipneDitrue- Since the
noise is invariably small, we hay® ~ po:rue @aNAP1 ~ Pitrue- From the coplanarity oot ue, f)ﬁftrue,
and T e, it follows thate,ue, Potrue, andp[{true lie on the same epipolar line.

Suppose that the motion estimates are near their true valuesTwitil';, . and R = Riue. Then
we havepy = potrue (SMall noise)p¥ ~ pY, .. (small noise and? ~ Riyuc), ande ~ eqe, and the
collinearity of potrue, plUtrue, andet,. implies that the measured pointg andp? are collinear with
e = (0;0) up to small corrections. However, if the poimts andp{ lie in the ambiguous configuration,
they have equal magnitude and pegpendicular One can resolve this contradiction only if the distance

from e to the measured points is of order the noise, with

2 2
|p0true - P0’2 + ’p%rue - plU} ~ O (‘pO - 9‘2 + }pllj - e| ) :
See Figure 4a. Thus, f&F ~ T4 andR ~ Ri.ue, ONE encounters the ambiguous configuration only
whenT, Ty, lie close to the measuremeijis andf)?.
However, for motion estimates very different from the true values, the unrotatedpjoiat R~ *
p1 can be far frompg andplUtrue = R;}le * P1true, aNd ONe can get ambiguous configurations witar

from py andpY, see Figure 4b. This matters since, as we discuss next, the existence of the ambiguity is

associated with a breakdown in tC approximation to the least—squares error.

Least—squares approximations and the triangulation ambiguity. Consider theNC-like approxi-

mation to the directional erraty,, (R, ’i‘) given by

B L : S
Am pg’m(l—TT p0m+p1n{<1—TT>p’{m

sy
Sl
>
o
(e}
3
X
< E’é
3
~—
no

Ewcom (R, T)

By arguments similar to those of [17], one can show thgtg,,, gives an excellent approximation to
the exact erroy,, (R, T) except when the parametey, = 4B,, /A2, approaches its upper limit of

1. Moreover, one can show that, — 1 only when the point$y,, andp}  approach the ambiguous

16
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Figure 4: (a): For points in an ambiguous configuration, anefere;,,. and R =~ Ry, the distance
from e to the points is of the same order as the distance from the measured points to the true ones and,
thus, is of the same order as the noise. (b): Waeliffers from e, or R from Ry, € can be far
from the measured points.
configuration [17]. Thus, the existence of the triangulation ambiguity is associated with the failure of
the WC-like approximationEyy cgm.

A similar result holds for theriginal WC approximation. If the rotation is around thexis, there
is a triangulation ambiguity for thienage—planesrror just as for the directional error. It is easy to show

that the optimal structure estimate is ambiguous whenever the image points lie in the right—isosceles

configuration

Po—e) L (p{ —e),
lpo—e| = |p{ —el,

for any finitee. For the same situation, with the rotation around thaxis, [17] showed that the/C
error gives a poor approximation only near the right—isosceles configufalibns, the ambiguity that
we have found connects to the failure of ¥ approximation.
For rotations out of the image plane, wité = Z, the optimal structure estimate for the image—
plane error is ambiguous only for some motions, see the Appendix. We have not investigated the good-

ness of thaNC approximation for out—of—plane rotations, but the fact thatvilie-like approximation

“For z—rotations, the “intermediate” error analyzed in [17] is equivalent toAt@error.
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Ewcom fails near right—isosceles configurations suggests that@eapproximation may also have

troubles near these configurations even when there is no actual ambiguity.

4 Experiments: the Least—Squares Error

We verified our result foFy .« (R, ’i‘) in (13) experimentally. For several real and synthetic sequences,
we minimized the directional least—squares efiprs (R, T, { P}) over all theP,,, using a generalized

optimization routine from MATLAB. The result was always approximately equaige, (R, ’i‘) and

always larger thatky o« (R, ’i‘) Presumably, the discrepancies between the minimization results and

FEy .x were due to our halting the minimization routine before it had fully converged. One advantage
of having an explicit form& . for the error is that we don’t have to worry about what criterion to use
for halting the minimization over the structure (determining the stopping criterion for a minimization
routine can be a difficult problem).

Compared to a standard bundle—adjustment minimization of the image—plane least—squares error
over the structure and motion (e.g., [25]), minimiziAg .« (R, T) over R, T was about 100 times

faster. Since bundle adjustment searches for the minimum of a much higher—dimensional and more
complicated function than our approach does, it is more likely to get lost in the complexities of this

function and either converge more slowly or converge to a false local minimum.
We used our exact form faky ., (R, T) to study the least—squares error experimentally. Since

we previously analyzed the error for sideways translations in [17], we focus here on forward/backward
motion. That is, we study the error for epipole estimates that lie in or near the image region of tracked
points. Note that the true translation can be in any direction. The error we study exdhterror

for large motions. What makes this feasible is that we avoid a costly minimization over the structure

but still compute the exact error. Though we focus on the directional error, we expect our qualitative
conclusions to apply to the least—squares error in the image plane.

We demonstrate that the error for forward/backward motions is often complex and can have several
local minima. [1] recently verified this experimentally for infinitesimal motion, confirming our sugges-
tion in [17], and we show it here for large motions. Below, for simplicity, we use “forward” to include
“backward.”

We report results for noiseless synthetic sequences generated using the measured ground-truth struc-
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ture from two real motion sequences: the UMASS PUMA sequence [11] and the UMASS/Martin—
Marietta Rocket—Field sequence [2]. The depths vary from 13-32 for the PUMA structure and from
17—67 for the Rocket—Field structure. We used several translations ranging in magnitud&.agdo

the PUMA structure and up t.2 for the Rocket—Field structure. For simplicity, we took thee ro-

tation to be zero; the directional errorifszariantto the true rotation. In Figures 5-7, we represent the

translation direction by the epipoée= (T; T;)) /1. The figures show

Ey(e) = m}%n Eyex (R, €).

Figures 5-6 show results for the PUMA structure, and Figure 7 shows results for the Rocket—
Field structure. For the PUMA structure with = (2; 3; 1), the three false local minima have errors of
2.0 x 1073,2.2 x 1073, and3.2 x 103, while the error has a total range [@f.1 x 103,15.7 x 1073]
ase varies throughout the image regierd.3 < e,,e, < 0.3. The local minimum with an error of
2.2 x 1072 has the largest domain of attraction, with a radius of abdiit—that is, steepest—descent
paths on the error surface always converge to this local minimum if they start frentheat is within
0.07 of thee giving the local minimumThe numben.07 corresponds to aboo pixels in the original
image. This false minimum has a large enough domain of attraction and a low enough error to be
dangerous for algorithms.

In Figure 6, for the PUMA structure arfl = (—1;1;3), the extreme—closeup plot of the error
shows that the pictured false minimum has a domain of attraction with radius of@béwair 11 pixels.

In Figure 7, the extreme—closeup plot fbr= (1;0.5;2.5) shows a false minimum whose domain of
attraction has a radius of abdud1, corresponding to about 7 pixels. This local minimum has an error
of 8 x 10~%, compared to the error’s total range[@fx 10~%,19 x 10~%] for e varying over the image
region (-0.32 < e, < 0.32,-0.15 < ¢y < 0.2).

To summarize, for the Rocket structure we found 2 false minim@'fer (3; 0; 3) and 2 forT = (1;0.5; 2.5).
For the PUMA structure, we found 3, 1, and 2 false minima for, respectiely,(2; 3;1), T = (—1; —1;3),
andT = (4;0;6).

Note that the error is most complex for forward—motion estimates. For sideways—motion estimates,
the error is relatively smooth, and [15][17] have shown that one can understand its behavior analytically.
The error surfaces depicted in Figures 5 and 6 confirm that the “reflected” or “rubbery” local minimum
[1][17] occurs for sideways motions, and that it occurs when the true translation is large. The “reflected”

minima are far from the FOV on the other side of the image center &g, lying roughly on the line

19



Error for PUMA with T=[2 3 1], with 3 local minima at the "+' Error for Puma with T=[2 3 1]
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Figure 5:Contour and surface plots of the eri, as a function of the epipole for the structure derived from

the PUMA sequence arfll = (2; 3;1). The surface plot shows the error in low resolution over a large region of

e, while thecontour plot shows a high—resolution closeup of the image region. The arrows indicate the gradient
direction. The error ha8 false local minima marked by ‘+'. Depths are shown at the positions of the tracked
points in the zeroth image. Two of the local minima are at: 0.1, and the third is near the point with depth 29

at the far right.

joining the image center and, ..

5 The Image—Plane Error and Uncalibrated Cameras

This section extends our approach to approximate the least—squares erromadleeplane We also
give an approximation to the least—squares error for uncalibrated cameras (the projective case).

The exact image—plane erri; s (R, T, {P}) was defined in (1). We approximate it by

Np 9
ELS,approx (R7 T, {P}) = Z <}Pm - pOm‘2 + ‘(Pm — T) - plljm‘ ) ) (26)
m—1

where, by analogy with the discussion in Section 2.3, we define= R~! * p1,,. One can compute

the infimum ofErg approx OVer theP,,, exactly [17]:

Np
Eup (R, T) = inf Brsapprox (R, T, {P}) = mzl (am 12— \Ja2 J4— 5m) , 27)

0 = o — e Bl e[’ B = [(Bom —©) x (0, — <)

The functionE,,, (R, T) gives our initial approximation to the image—plane erEn(R, ’i‘) defined

in (2). All quantities in (27) are in the image plane.
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Error for Puma Sequence with T=[~1 1 3] Error for Puma with T=[-1 1 3]
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Figure 6:Contour and surface plots of the erigg for the PUMA sequence. The error hiafalse local minimum
for T = (—1,1,3)T and2 for T = (4,0,6)”. As in Figure 5, the false minima are marked by ‘+' and depths are
shown at the positions of the tracked points in the zeroth image.

If the rotationR is around the—axis, withRz = z, then

R(P—T) ~ pin| = | [[R)ly (B=T) ~ pi | = |(B=T) ~ (R} pim| = [(B=T) ~ RV s py.
(29)

This implies that our approximatioR',s approx €Xactly equals the true errdrzs, and E,, (R, T)

exactly equals’ <R, T) for anydirection of the translation. In contrast, tiéC error becomes exact

only whenR is az—rotationand T - z =0.
The fact thatty,, becomes exact for—rotations implies that it, unlike thé/C error, gives a good

approximation to the true error for forward motion estimates. For a forward estimat&withz, the
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Error for RocketField Sequence with T=[3 0 3] Error for RocketField with T=[3 0 3]
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Figure 7:Contour and surface plots of the eriigg as a function oé, with the structure derived from the Rocket—
Field sequence. The errdf, has2 forward local minima forT' = (3,0,3)” and2 for T = (1,0.5,2.5)7. Asin

Figure 5, the local minima are marked by ‘+ and depths are shown at the positions of the tracked points in the
zeroth image.
corresponding best rotation estimate cannot differ much frerretation, since otherwise it would re-
move the image points from the camera’s field of view. SiAggis exact forz—rotations, we expect it to
give a good approximation for rotations closezteotations. Thus, it should give a good approximation
for forward translation estimates (and the best corresponding rotation estimates).

We now describe a modification df,, that gives a good approximation over a larger region of
rotations around the-rotations. Instead of unrotating image 1 by the full rotatirvia our definition
of p[{ , We unrotate by part of the rotation. One can write any rotakas R = R, R, R.o, where the

R,; are “in—plane” rotations around theaxis andR, is an “out—of—plane” rotation about theaxis.
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Only the out—of—plane rotatioR,. causes problems for our approximation. We have the exact equality

. 2 . . 2_ —1/2p* 2 1/2 * oy p—1 2
P — Pom| +|R(Pm — T) — pim| = |R;"*Pk — R.opom| +|RY? (P, — T*) — R.'Pim|

whereP;, = R;/szoPm andT* = RiﬂRng. This gives

N 2 2
E (R, T) > i (‘R;”QP;‘H - RzopOm‘ + ‘R;/Q (P%, —T*) — Rz_llplm’ ) .

m=

We approximate this by

No 2 2
> it ([Pa B2 Reopon | 1)~ 2 o).
which gives a better approximation thap,, sinceRgl/2 is half as large as the original out—of—plakig.
To do even better, we instead use

5 g (i (5 0 o)+ e (@51 027 ). 9

m=1 m

1/2

where the(;,,, € R2*2 are matrices that correct for the effects of the unrotationﬁiWorR; up to

second order in the noise. In general, one can no longer compute (29) exactly. Our final approximation
Emod(R, T) is given by approximating (29) up to second order in the noise. This approximation is
still exact if R is purely az—rotation, and it gives a better approximation to the exact result for small
out—of—plane rotations.

We experimentally compared our new approximation tot@approximation for forward/backward
motion on four real image pairs. We computed the errors on theegrid —0.5: 0.1 : 0.5, e, = —0.5
: 0.1: 0.5. The image pairs came from the PUMA, Rocket—field and Castle sequences (available from
CMU), and one of our indoor sequences. We computed the angular discrepancies between the length—
121 vector of the exact least—squares errors and the corresponding vectors for our approximation and
theWC error. Respectively, our approximation aWC gave discrepancies 6f007° (ours) vs.0.025°
(WQ), 0.38° (ours) vs. 0.285° (WC), 0.0037° (ours) vs. 0.0238° (WC), and0.02° (ours) vs. 0.57°
(WQ), respectively for the four pairs. We found similar results on synthetic image pairs, whether the

true motion was sideways or forward. For instance, for an image pair generated using the Rocket—field
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structure, we found errors 6f02° (ours) and).79° (WC) for sideways motion, an@.012° (ours) and
0.072° (WQ) for forward motion.
For the projective case, one can write the least-squares image—plane error in a form similar to (1) as

By (LB (PY) = (\Pm— Ponl” + |H (P, — B) - plmf) ,

m=1
whereH € R3*3 is a homography anB € %3 is the epipole in homogeneous coordinates. Redefining
pY. = H Py, one can approximaté,..,; by (26) as before, and the infimum of (26) over the

P,, gives a form similar to (27). These approximations bec@xectwheneverH corresponds to a
z—rotation plus a shift in the image center and a change in the focal length—i.e., they are exact for a
4—parameter subgroup of the full homography gréufhe homographyd has only 5 free parameters
[16][4]. Thus, as in the calibrated case, there is just a single parameter of the inter—image transformation
that makes our result approximate rather than exact. This suggests that one could modify the analog of
(27) along the lines of (29) to give a good approximation fbrnot too far from thedi—parameter
subgroup mentioned above.

One could also use the directional least—squares error for the projective case, with

)

One can approximatiif (py Ep,i050 (H, E, {P}) as before by (12) witi? — H andT — E, and

N, 2
P R HP,,— E .
EProj@ (H?E7{P}) = Z (”Pm‘ X Pom| + ‘WEPm_E;’ P
m=1 m "

the approximation is exact wheH is a rotation. Using the QR decomposition, one can write any
homography ag/ = RU, whereR is a rotation andJ is upper triangular. (12) is exact féf with U

equal to the identity and gives a good approximationHowith U close to the identity.

6 Conclusion

We presented a new algorithm for 2—image structure from motion that gives fast and optimal reconstruc-
tions from point features. We showed that the directional least—-squares image—reprojection error can be
written exactly as a simple function of the motion alone. We used this result to study the directional
error experimentally and demonstrated that local minima occur frequently for forward or backward mo-

tion estimates (i.e., with the estimated epipole close to the field of view). Our results also confirm that

SFor the focal length change one must modify the approximations by multip(yié(g — e) by a scale.

24



the “reflected” local minimum at sideways estimates (see [17][1]) occurs when the true translation has
large magnitude.

We derived an exact explicit expression for the optimal estimate of the structure given the motion and
pointed out a new ambiguity in recovering the structure for known motion. Our expression is optimal for
the directional image—reprojection error. The ambiguity also occurs for the image—plane least—squares
error, though only for special motions. The ambiguity connects to the failure dMBéSampson)
approximation, the standard first—order approximation to the least—squares error in the image plane. In

the Appendix, we derive an improved form of t&C error that gives better results experimentally.

7 Appendix

7.1 Optimal Structure Estimate

For brevity, we drop the subscript in this section.

Proof of Claim 1. From (6), any choice oP on the epipolar plane (excludin@or T) gives a
unique pair ofa andb on the epipolar circle. If one could show that any choice of the paindb
corresponds to a uniqu@, the claim would follow immediately, since the set of alandb would be
equivalent to the set of al? (excluding0 or T). Unfortunately, the equivalence does not hold exactly.

What onecanshow is that, for all choices & andb apart from a set of measure zero, one can filtl a

that reproduces these choices viap)to sign,i.e., up to multiplications by-1. This will be enough
to prove the claim, since, as noted in Section 2.3, the quailzttl«;y2 does not depend on factors ofl
in & andb.

For the moment, we exclude the exceptional cases+T orb = +T orb = +4. These are one—
dimensional sets which have measure zero in the space of albpaigh. Choose any other values for
a andb on the epipolar circle. To reproduce the choseup to a sign factor, we take = \a where
A is a constant. We havy®| = |\|. By choosing positive values fa, it is clear from the definition of
b that one can reproduce any valuebobn the arc of the unit circle betwe@nand—T. By choosing
negative values, one can reproduce any value of the arc betweena and—T. Together, these two
arcs covers the whole half—circle fropa to &, apart from the exceptional poin%si‘, a, and—a. This
means that one can reproduce &nexcept (possibly) fos="T or +4, up to a factor of-1. Modulo the

exceptional cases, there existB @hat reproduces bothandb up to sign.
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We now show that the infimum ov& gives the same result as the infimum o&endb. We have

inf |Agl|?
1%| 0|

. ~ ~ 12 N AU2
:gyﬂmxmwamxm]

P-n=0 P-n=0

Clearly, taking the infimum over alP is equivalent to taking the infimum over the constrained set
of all pairsa andb which come from som@.
Since|Ay|? does not depend on sign factorsiior b, one can extend the latter infimum to one over

all pairsa andb which differ at most by factors of 1 from thea andb that come from som®. The

extended infimum still gives the same result as the infimum Bveks we showed above, this extended
set consists of all pai® andb except for the measure—zero set whiere +T orb = +T orb = +a.
Since|Ay|? is continuous iré andb, its infimum over alla andb excludingthe exceptional values
a=+T andb = +T andb = +4a is the same as its minimum over alandb includingthese values.
(Consider a sequence of nonexceptional valueé forsuch that the sequence converges to one of the
exceptional pairs, e.gs, = T andb # T. The continuity of Ay|? in &, b implies that the limit of the

~ 2
sequence equals the valug@fx 130|2 + ‘b X f)llf) at the exceptional pair.) The extended infimum still

gives the same result as the infimum ofemwhich demonstrates the clailll

Proof of Claim 2. First, we show that = 0 only whenp{, = 0 orp{,, = 0, and then we show that
(15) converges to the correct values foin the Iimitsﬁﬁ{m — 0 orp’{y — 0. (We do not consider
P, =Y, =0, since this is the cag¥/’ || T dealt with in Section 3.1.)

Since|po,.| > 0, the second line of (16) implies th&t= 0 only whenp{, = 0 andj , = (ﬁﬁy)Q,

which are exactly the conditions (21) that makeon—unique. Since we are assuming thas unique

and, thus, that (21) does not hold, we can téke- 0. FromG > 0 and the expressions féf andx
in (16) and (17), we have = 0 only when4 (16[1{1,)2 (p{y)Q = (. This implies that, as claimed, = 0
only whenp{’, = 0 orp{, = 0.

First, we consider the cagg’, = 0 andp, # 0. For smallp{ , (15) gives

1 < =2(0Y,)* (72 )*/ (B3 + (P12)?) )
’ U pU

to lowest order, which implies thd — (0; 1) (up to sign) asﬁﬁ{y — 0. One can confirm directly
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from the expression fdf.Sy]], in (14) that its least eigenvecfoequals(0; 1) (up to sign) apy, = 0.

Similarly, for smallp{,, (15) gives

2AU ~U

~9 AU \2
ﬁz1[p0,fﬂ_(p17y) -
& P1aPly

A~ N 2 N
#a— (B1,)°| + 0 ((81.)?) ]
N2 e ) o L
to lowest order. 155, > (p7,)”, thisimplies thah — (0; +1) asp{, — 0, while, if 55 , < (57,)",
it implies thath — (+1;0) asp{, — 0. Again, one can confirm directly from the expression for

[[Sp]], in (14) that the least eigenvector [@fy]], does have this behavidll
Proof of Claim 3. We show tha, andp! are never parallel té as long as is uniquely deter-

mined, i.e., the ambiguity condition (21) does not hold. First, supﬁﬁJge;é 0 andﬁﬁy # 0. Then our

expression fot in (15) implies thatn,| > 0, and it follows thatp, is not parallel toi. If pf were

parallel toii, (15) would imply

Iag,m + (25[1]56)2 - (ﬁlljy)Q -G=2 (ﬁll]w)2 )

which one can rewrite as

2

ﬁ%,x—(ﬁ’ix)z—@’iy)z—\/ (8= (1) = (,)°) +a0ua2 (1) o)

This holds only ifpﬁ{x = 0, counter to our assumption, ﬁéj is not parallel tai.

Second, ifp{, = 0 andp{, # 0, we haved = (0; +1), and it is clear that neithes nor p{’ is
parallel toii .

Third, supposg!, = 0 andp,, # 0. If p§ , > (ﬁﬁy)z, theni = (0; 1) andpy is not parallel to
. Also, p¥ is not parallel tah, since if it were we would hav(gé%f = 1, counter to our assumption
thatpg , > (ﬁﬁy)g. (Recall thatp is a unit vector.) 155, < (ﬁlUy)Q, similar arguments show that
neitherpy nor pY is parallel ton. As claimed,p, andp! are never parallel té when the condition

(21) does not hold. This implies (14l

The “least eigenvector” is the one with the least eigenvalue.
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Computing the structure by triangulation: the derivation of (19) for the generic case. From the
definitions ofa andb, the structure satisfid® = \ga andP = T + \; b for some constants, and); .

Substituting the optimal estimates #®andb from (18) and equating the two expressionsiomwe get

P=X(po—n(A py) =T+ (p{ —a(a-p})). (31)

This equation expresses the usual triangulation constrainPtluaticurs at the intersection of the rays
from the2 images. Note thaP may occur at infinity. We can include this case by allowigand A\,
to become infinite, as we discuss below.

Equation (31) is equivalent to the two equations

-~ -~

MT (A xpy) = MT (AxpY), (32)

A ~ U
)\0T~p0 = 1+)\1 Pq

I

which we derive by projecting (31) in the directioisx i and'T. The “1” in the second line follows

from our assumption thaf'| = 1. We rewrite (32) in our coordinate system as

Mo (—nypoe) = M (naply, —nydt ). Aopo. =1+ Mipt .,
which has the solutions
Ao = (napV, —nypl,) /D, M =—nypo./D, (33)
D = oz (napl, — nydt,) + nyboupy..

The denominatoD in (33) becomes zero exactly when the ré{s— (i - p?) andpo—n (i - py)
are parallel and “intersect” at an infinif®, corresponding to infinite values fay and ;. Thus, (33)
gives the correct limit for this situation.

Substituting our expression férfrom (15) into the solutions foky and\; gives
. U \2 U \2 . . U U N\ .
Y= (8 — (1.)" — (01,)" = ) ¥/ (D'9,) . M == (200asl,) pos/ (D'8Y,)

U AU ~ R R R 2 R 2
D/ = 2p(1],xp[1],zp0,x + Po,z <pg,x - (p[l],:c> - (pllj,y) - G) 9 (34)

where the normalizing factat in (15) cancels since the equations (33) are homogeneois it

ﬁ({,y = (0, one can rewrite the solutions as

Moo= (e~ (.)" = (0Y,)" = G) /D', M= =20 o/ D', (35)
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Since (15) correctly giveA = (0; £1) in the Iimitﬁ({y — 0, it is not surprising that the solutions (35)

are also correct in this limit. qurllfy — 0, the equations (35) become

Ao = —]5[1],95/ (Po.uP¥. — Po:0Ts) . A1 =—Pos/ (ﬁo,zﬁgz - ﬁo,zﬁ[{,x) :

One can verify directly that substitutinig= (0; 1) into (33) (and dividing through bﬁﬁ{z = 0) yields
these equations.
This gives all the ingredients needed to compute the struBtuFgom (31), we hav® =Xy (po — i (i - Py)).

Writing po andii in our coordinate system using all 3 coordinates, we get (19) after some algebra.

Triangulation in the ambiguous case: deriving (22). We assume the ambiguous condit}ﬁiﬁl =0

S (]51U7y)2 andpj , # 1. Sincen is ambiguous, we rewrite (33) as

A = nzﬁgy/ (nxﬁo,zﬁl{,y + nyﬁo,xﬁllj,z) = ﬁainx/ (ny5152 + naf) s
Al = _nyﬁo,z/ (nyﬁo,mﬁgz + nxﬁllj,yﬁo,z) )

wheres, = po./p7, andsy = p{ . /po . are sign factors. TheR = X, (Po — i (it - Py)) gives (22).

The exceptional case)!, = 0 and p§, = (15[{’3,)2 = 1. If # is not parallel top, or pY, (18)

remains valid and we get (22) as before. Suppdsep,. As before,b = + (f)? —1nn - f)?) =

~

+pY = +y, while one can choosg in any direction in they— plane perpendicular tfy = %.

SolvingP =X\a =T + A: b as before for the intersection of the rays, we figo= 4. ! and

P =(0;a,/a.;1). (36)
Similarly, if 4 || p, we find

- (Bx/l;z; 0: 1) (37)
Thea, — 0 limit of (36) and theb, — 0 limit of (37) are also valid solutions.

7.2 Ambiguous triangulation for the image—plane error

We analyze when the optimal structure estimate becomes ambiguous for the least—squares error in the

image plane We take the motion as known. Consider a single 3D pBiptand its image®om, Pim-
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For the image—plane error defined in (1), the optimal estimak®,pfs given by
. 2 2
argmin ([P~ po|” + |[R(P ~T) ~ pr| ). (38)
Let I be the essential matrix. One can replace the minimization in (38) by a constrained minimization

(39)

min (‘Vo — p()m’2 + ‘Vl - plm’2> o
Vo1 v1-Fvp=0

over image points andv; satisfying the coplanarity constraifit - Fvy = 0 [4][5]. The values ofv,

andv; minimizing (39) determine the optimal estimatelf,, and the estimate fd?,, is ambiguous if

the minimizing values’y andv, are. Thus, we analyze when the minimizmgandv; are ambiguous.
Definee; = R * e to be the epipole in imagé. We temporarily assume that neithenor e; is

at infinity. To simplify the problem, we shift the images so thande; are at the origins of image

0 and imagel, respectively, and we rotate the images around their centers tomlacen thex—axis

andpy., on they—axis. One can do this because the image—plane distances in (39) are invariant to

rotations and translations in the image plane. After the transform, one can write the minimization (39)

in exactly the same form in terms of the transformed images and using a transformed essential matrix

F* [4][5]. Let Uy, U; € R2%2 be rotations in the image plane, anddgts; € R? be image—plane

translations. Consider the minimization (39) for the transformed image pojpts= Uo (pom — so)

andpj,, = Ui (p1im — so) as constrained by the transformed maifik

. * * |2 * * |2
min | |vg — Poml + V1 — Pim . (40)
ViV (' 0~ Pom|"+ Vi = Pi |>v;-F*v;:o
If £ is given by
. (U1 (0;0) Uyt so
r=(g )P T) “

one can show that the minimization in (40) is equivalent to the original [4].
The epipoles satisf§'e = 0 ande! ' = 0 [4]. After the transform of the images, since the trans-

formed epipoleg* ande} are now at the image origins, we have
F*(0;0;1) = (0,0,1) F* = 0.
This implies that the transformed essential maffixhas the simple form
Ffy Ffy 0

F* = F3y F5, 0
0 0 0
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We transformed the images to phit in this form.

We now follow the same strategy as for the directional error and in [5]. We first fix the epipolar
plane and minimize (40) over all pointg andv} on this plane. Then, we minimize over the choice of
the epipolar plane.

Fixing the epipolamplaneis equivalent to fixing an epipoldine in image0 that passes through
e* = (0;0) [4]. Minimizing over allv§ on the epipolar plane is equivalent to minimizing overgjllon

this line, which we refer agy. We parameterize our choice bf, by its normal
ng = ( cosf; sinf )

We can write any point on this line & = \ (— sin 6; cos #), whereX € R!. For any suchv, the trans-
formed coplanarity constraint requires the corresponding pgitd satisfy(vi*T, 1) F* (—sin#;cos0; 1),
which we can rewrite as

o —F{ysinf + Fyycos6 \ 0
U\ —F5sinf + Fyycos0 )

using the special form af’*. Thus,v] must lie on an epipolar line in imagethat passes througdf =
(0;0). We refer to this line a&, . Its normatf, is proportionalto| —Fy'; sinf + Fi'ycosf; —F5 sinf 4 Fyycosf ).
By construction, any two points; on Ly andv} on L, satisfy the coplanarity constraint fét*. Thus,
one can minimize over al? on the epipolar plane by minimizing separately amtependentlyver all
v§on Ly andvi onLy.’
It is easy to see that the result of this minimizatiorjiis - p;;,,|> + |f; - p,,|*, the sum of the

squared distances from the image points to the respective epipolar lines. We write this explicitly as

—F5.sin@ + F5, cosf 2
( 2,1 2,2 )

Pha cos” 0 + pio 5 (42)

2
(—Ff:l sinf + F7, cos 9) + <_F2*,1 sinf + Fy , cos 0)
using the facts thapg,,, is on thex axis andpj,, on they axis. If there is an ambiguity similar to that
for the directional error, any choice of the epipolar plane must give the same least—squares error. This
means that (42) must be constant as a functich d¥e analyze when this happens.
If we rewrite (42) as a fraction, the numerator is fourth—ordetiirg andcos 6 while the denomi-

nator is only quadratic. (42) can be a constant only if the fourth—order dependence cancels. Since the

"As usual, we neglect the positive depth constraint.
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fourth—order contribution ig}2 cos? 6 times the denominator in (42), it is easy to see that this requires

the denominator to be constant. This happens only if
Fii+ P33 - F5-F5 = 0,
FyoFy, + FiFTy = 0,

which imply £, = sk, andFy, = —sFy,;, wheres = 1. After substituting these values, (42)
becomes
i,

. 2
———— (—F},sin@ + gF}{cosf)”,
F1*721 +F2*721 ( 2,1 g 1,1 )

Pe2 cos? 0 +

and it is easy to see this is constant only wit§h = 0 andpy? = pﬁ. Thus, the ambiguity occurs only

for
0 —sk5; 0
= Fz*’1 0 0 (43)
0 0 0

andpgx = p%y.

We now analyze what motions permit the original essential métrig be transformed to the form
(43). From the definition of the epipote we haveT ~ €, and one can writd” = Re,, whereey is
the skew—symmetric matrix that acts on a ve®oase.V = € x V. If one shifts the images by the
to put the epipoles at the origins of the images, it is easy to showth@nsforms (up to a scale factor)
to

[ A (0;0) } A= [ Rio — Ri3ey, —Ri1+ Rise,
(0,0) 0 ’ | Ro2— Rogey, —Raoi1+ Rose,

After the full transforms in (41), we have
[1F)), = U1 AU . (44)

The expression fdf /], in (43) is an image—plane rotation up to scale (plus a reflectior-it—1).
Since thel; are rotations, (43) implies that, up to scale, the original matrixust also be an image—

plane rotation (or a rotation plus a reflections &= —1). This implies

Rio—Rizey, = s(—Ra1+ Rasey)

Ryo— Rpzey, = s(Ri1— Riges).
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Solving this gives =s [R31; R3] / (1 + sR33) or T ~ (2+R~'2), where we have used the fact
that R is a rotation. Such a motion makes the mattia rotation or rotation—plus—reflection up to scale.

Thus, forT ~ (iiR*li), the optimal structure estimate for the image—plane error can have a one—
parameter ambiguity similar to that for the directional error. The ambiguity actually occurs if the image
POINtS pom, P1m Satisfy|pom —e| = |p1m — €1, corresponding topg,,,| = |p},,|. andif the angle
between the vector@s,, — e1) andIl, (po, — €) equalstan—! (A /A11), wherell; is the identity
andIl_; is a reflection around the axis. (When the condition on the angle is satisfied, the rotafigns
andU; makeF™ of the form (43).)

One can easily show that there is no ambiguity whem e, is at infinity.

Our analysis says nothing abadiscreteambiguities, which occur when 2 or 3 roots of the 6th

degree polynomial in [5] give equal least—squares errors and equally good structure estimates.

7.3 Improving the WC Approximation to the Image—Plane Error

In this section, we derive th&/Cerror and extend it to a second—order approximation of the true error.
As for the directional error, we define the measurement edgrs = P., — Pom, Oim =

R(P,, —T) — pim. Also, we defineA,, = (8om; 01,m) € R andE,, (R, T) = infp,, |A,|%,

NP NP NP
E(R,T)= inf Epg= inf A=Y inf|lALP=Y E,.(RT).
( ) P,..Py, LS Pl...PNpmz::l‘ m| mzzzlpm‘ m| mz::1 m ( )

As in (39), we replace the infimization over tRg, by a constrained minimization and write

)

(61m+p17n)‘F(60m+p0m):0

(45)

—  inf (\50m\2+|51m\2)

V1-Fvo=0 dom,01m

FE,,, = min (‘Vo - pOm’2 + ’VI - plm‘2>
vo,V1

where nowd1,,, = vi — p1m, anddo, = vo— pom. We rewrite the coplanarity constrai(ﬁlm + p1m) .

F (80m + pom) in terms of A, as

0=Cpn+Ly A,+ALQA,, (46)

where the scalat',, = p1,, - (FPom) is the deviation from coplanarity for thebservedointspy,, and

P1im, the linear coefficient i&.,, = ([F'Pim], ; [FPom),) € R*, and the quadratic coefficient is

_1 0 [[F] 4x4
=5 gy, O [
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Following [29], we minimizeE,, by finding the stationary points with respectaqg,, and,,, of

where we impose the coplanarity constraint (46) via the Lagrangian paraiet&ifferentiating (47)

with respect tQ),,, gives

Ay == (14 Q) AL /2, (48)
which implies

En =X LE (14 X1,Q) *L,,/4. (49)

Differentiating (47) with respect ta,,, gives the constraint (46). Substituting the expression (48) for

A, into the constraint equation, we get
0=Chn — LT (1 4+ 20Q) " AL /2 + A2 LE 14+ 0,Q) ' Q (1 + AnQ) ' Ly /4. (50)

This equation determines,,, and one can substitute the result into (48) and (49) to compute the final
forms of A, andE,,.

At this stage, we introduce approximations. Sid¢g ~ O (n) < 1, whereO (n) represents the
size of the noise, we expand the above expressions in powérg offo lowest order irC,,,, one can

solve the constraint equation (50) by taking
Am = 2Cm/ |Lin|* +0 (C2) . (51)

One can verify that substituting this expressionXgrinto (50) makes the right side of ordér(CZ ).

We write the zeroth—order solution fay, as/\,(g) =20,/ \Lm|2. Substitutingkgg) into (49) yields
2
B~ (D) Ll /4 = €2/ [L|* = B

to lowest orderEﬁ,?) is our desired first—order approximation and is the standétarror used, e.g., in
[29].
We obtain the second-order correctim,(ﬂ;) by solving the constraint (50) to the next order. Since

(51) implies\,, = O (C,,), we expand the constraint (50) up@()\2,) as
0~ Cpy — A |Lin|? /24 X2 LT QL,, /2 + X2, L QL,, /4. (52)
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Substituting,,, — 2C,/ [Ln|? + A% + O(C3)) into (52) gives

0= A (1L /2+0(C)) + 3/4) (AD) LEQL, +0(C3).

which implies that we can take
1) 2 N2 T 27T 6
MY = (2/ L) (3/4) (200/ L) LEQLy = 6C2LE QL / (Lo
up toO (C3,) corrections. In turn, this implies that, up@(C;,) corrections E,,, — BY ~

3
DA L /4= 2 (AD) LEQLy /4 = 23, LT QL / L[ = Y.

m m
Our second—order approximation to the image—plane least—squares error is
Eimp = EQ + EWL.

The first—ordelWCerror approximates the true error up to a relative factdf%%/Eﬁ,?) ~ O (CLTQL/ |L|4>

~ O (nLTQL/ |L|4> ~ O (n), wheren represents the size of the noise. Our second—order approxima-

tion Einp, approximates the true error up to a relative factoddfy?).

We verified experimentally that the improved approximation,, almost always does better than
Ewc. For the real-image experiments in Section 5, for example, the two approximations gave discrep-
ancies from the exact error 6f023° (improved) vs.0.025° (WC), 0.225° (improved) vs.0.285° (WO,
0.0204° (improved) vs.0.0238° (WC), and0.33° (improved) vs.0.57° (WC). Recall that these results
are for forward/backward motion estimates, for which YWE approximation does relatively badly.

For the same image pairs in the sideways—motion region, the discrepancigs®erg(improved) vs.
0.005° (WC), 0.003° (improved) vs.0.075° (WC), (3.0 x 10~*)° (improved) vs.(4.0 x 10~4)° (WO),
and (3.9 x 107%)° (improved) vs. (4.9 x 10-%)° (WC). These discrepancies represent the results of

comparing the approximations to the exact error over agyri¢t —5:1:5,e, = —=5:1:5.

References

[1] A. Chiuso, R. Brockett, and S. Soatto, “Optimal Structure from Motion: Local Ambiguities and Global
Estimates,1JCV 39:3 195-228, 2000.

[2] R. Dutta, R. Manmatha, L.R. Williams, and E.M. Riseman, “A data set for quantitative motion analysis,”
CVPR159-164, 1989.

35



[3] M. Fischler and R. Bolles, “Random sample consensus: a paradigm for model fitting with applications to
image analysis and automated cartograpl@gmp. Assoc. Comp. Mach.24:6 381-395, 1981.

[4] R.Hartley and A. ZissermaMultiple View Geometry in Computer Visio@ambridge, 2000.
[5] R.I. Hartley and P. Sturm, “TriangulationCVIU 68:2 146-157, 1997.

[6] R. Hartley, “Euclidean Reconstruction from Uncalibrated View&gcond Workshop on Invariants87—
202, 1993.

[7] R.Hartley, “Projective reconstruction and invariants from multiple ima@égvil 16:10 1036-1041, 1994.
[8] B.K.P.Horn, “Relative orientationJJCV 4 59-78, 1990.

[9] A.D. Jepson and D.J. Heeger, “Linear subspace methods for recovering translational direcSqatiat
Vision in Humans and Robqgt€ambridge, 39-62, 1993.

[10] K. Kanatani,Geometric Computation for Machine Visid@xford Press, 1993.

[11] R.Kumarand A.R. Hanson, “Sensitivity of the Pose Refinement Problem to Accurate Estimation of Camera
Parameters CCV 365-369, 1990.

[12] H. C. Longuet-Higgins, “A computer algorithm for reconstructing a scene from two projectidagjre
293 133-135, 1981.

[13] D. Nister, “Automatic dense reconstruction from uncalibrated video sequences,” KTH PhD thesis, 2001.
[14] J. Oliensis, “Exact two—image structure from motion,” NECI TR (extended version), 2001.
[15] J. Oliensis, “The Error Surface for Structure from Motion,” NEC TR, 2001.

[16] J. Oliensis and Y. Genc, “Fast and Accurate Algorithms for Projective Multi-lmage Structure from Motion,”
PAMI 23:6 546-559, 2001.

[17] J. Oliensis, “A New Structure from Motion AmbiguityCVPR185-191, 1999, anBAMI 22:7 685—700,
2000.

[18] J. Oliensis, “A Multi-frame Structure from Motion Algorithm Under PerspectivdéCV 34:2/3 163—-192,
1999.

[19] J. Oliensis and Y. Genc, “New Algorithms for Two-Frame Structure from Motit®CV 737744, 1999.

[20] S. Soatto and R. Brocket, “Optimal Structure from Motion: Local Ambiguities and Global Estimates,”
CVPR282-288, 1998.

[21] S. Soatto and R. Brocket, “Optimal and Suboptimal Structure from Motion,” Harvard University TR, 1997.

[22] S. Srinivasan, “Extracting Structure from Optical Flow Using the Fast Error Search Technil{ti¢,37:3
203-230, 2000.

[23] S. Srinivasan, “Fast Partial Search Solution to the 3D SFM Probl&gY 528-535, 1999.

[24] P.Torr, D. Murray, “The Development and Comparison of Robust Methods for Estimating the Fundamental
Matrix,” IJCV 24:3 271-300, 1997.

[25] B. Triggs, P. McLauchlan, R. Hartley, and A. Fitzgibbon, “Bundle Adjustment—A Modern Synthesis,”
Workshop on Vision Algorithm4999.

[26] R. Vidal, Y. Ma, S. Shu, S. Sastry, “Optimal Motion Estimation from Multiview Normalized Epipolar
Constraint,"ICCV | 34-41, 2001.

36



[27] J. Weng, T. S. Huang, N. Ahuja, “Motion and structure from two perspective views: algorithms, error
analysis, and error estimatiolPAMI 11:5 451-476, 1989.

[28] Zhengyou Zhang, “On the optimization criteria for two—frame structure from motiyll 20:7 717-729,
1998.

[29] Zhengyou Zhang, “Understanding the Relationship Between the Optimization Criteria in Two—View Motion
Analysis,”ICCV 772777, 1998.

37



