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Abstract
Wepresent alinear algorithmfor self–calibrationwhich,liketheSturm/Triggsmethodfor projective

reconstruction, is exact in thelimit of smallcameramotions or sidewaysmotionswith rotationsaround
the optical axis. Unlike previous algorithms,our approachrecovers the available partial information
about the internal parametersfor “cri tical” motion sequences, wherefull recovery of the calibration is
impossible. Also, we present a linear algorithm for estimating the cameramotion and 3D structure
given a projective reconstruction andknown calibration,andwe extend our linear approachesto more
accurate,iterative algorithms. All our algorithmsfollow thestratified approachin which theEuclidean
motion, 3D structure,andcalibration arecomputed from a projective reconstruction.

Keywords: self-calibration, linear algorithms,critical motion sequences,stratification, structure from
motion, projective geometry, Sturm/Triggsalgorithm, factorization.



1 Intr oduction

To compute from amovie anestimateof thecamera’smotion, or a 3D modelof thescenein themovie,

onemustknow thecamera’s internalparameters,for exampleits focal length. Oftentheseareunknown,

andonemust estimatethem,a task known ascalibration. Traditional calibration techniques require

a precisely measured3D object andcompute the internal parametersfrom imagesof this object(e.g.,

[46]). More recently, researchers have focusedon self–calibration, thetaskof determining theinternal

parametersfrom imagesof afixed,unknown3D scenetaken by acameraexecutinganunknown motion

(e.g.,[15][24][48][51][25][41][42][26][10]). With self–calibration, onecanestimatethecameramotion,

the3D scene,and the internal parametersfrom thesame,single movie. It is moreconvenient thanthe

traditional approachandis theonly choice whenno measured3D object is available.

In thispaper, wepresenta linear algorithm for self–calibration which, like theSturm/Triggsmethod

for projective reconstruction [43][48], is exact in thelimit of smallcameramotionsor sidewaysmotions

with rotationsaround theoptical axis. Unlike previousalgorithms,our approachrecovers theavailable

partial informationabout the internal parametersfor “criti cal” motion sequences[42][41], wherefull

recoveryof thecalibrationis impossible.1 Also, wepresenta linear algorithm for estimating thecamera

motionand3D structuregivenaprojectivereconstruction andknowncalibration,andweextendour lin-

earapproachesto moreaccurate,iterative algorithms. All our algorithmsfollow thestratifiedapproach

[9], in whichtheEuclidean motion,3D structure,and—if necessary—thecalibrationarecomputedfrom

a projective reconstruction. As in mostresearchon self–calibration, we focuson determining thelinear

internal parametersandneglect thepossibility of nonlinearimagedistortions.

Onecanconsider self–calibration a part of the general task of structure from motion (SFM), the

most studied problem in computer vision. In traditional Euclidean SFM (e.g., [20]), the camerais

pre–calibrated,and onecomputes from the imagedatathe camera’s motion, that is, its position and

orientation for eachimage, andthe 3D structure, a geometric modelof the 3D scene. More recently,

researchershave concentratedon projectiveSFM [12], in which thecameracalibrationis unknown and

canchangebetween images, andthe task is to estimate the motion, structure, and the calibration pa-
1For example,full recovery of thecalibrationis impossiblefor sidewaysmotionswith rotationsabout theopticalaxis.Our

lineartechniqueexactly recoversthecalibrationup to a one–parameterambiguityfor this typeof motion.
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rameters. In the projective situation, the unknowns canbe estimated only up to multiplication by an

arbitrary
�����

matrix called a homography [12]. Thus,if onerepresentsthe structure using4 homo-

geneouscoordinates instead of the standard 3 Cartesian coordinates, onecanestimateit in projective

SFM only up to multiplication by an arbitrary
�����

homography matrix. Similarly, if onerepresents

the cameraposition/orientation andcalibration for each imageby a single � ��� matrix known asthe

camera matrix, onecanestimatethis only up to multiplicationby a
�����

homographymatrix that is

theinverseof theonefor thestructure.An estimatefrom theimagedataof thecameramatricesandthe

structure,up to theambiguity under a homography, is calleda projective reconstruction.

Self–calibration occupiesanintermediateposition betweenEuclideanandprojective SFM.At least

someof thecalibration parametersstart off unknown,asin projectiveSFM,but theaimis to estimatethe

cameraparametersandotherunknownsunambiguously, asin EuclideanSFM.Unambiguousestimation

is possibleif oneknowsthatsomeof thecalibration parametersstayfixedover theimages[12].

Many researchers advocatea stratified approachto self–calibration [9]. This approachfirst solves

theprojectiveproblem,estimatingthestructureandcameramatricesupto ahomographymultiplication.

In a separate second stage, it extends the reconstruction to a full Euclidean one,using the estimated

cameramatrices to compute themotionsandcalibrationparametersandtheoverall homography, which

in turn determinesthe 3D structure. In fact, researchersoften treat the self–calibration problem as

if it wereidentical to the problem of estimating the calibration, motion, andstructure from an initial

projective reconstruction.

Thereareseveral motivations for thestratifiedapproach. In somecases, onemaywant to estimate

the calibration from an already existing projective reconstruction. Or, it may be easier to startwith a

projective computation than to computethe calibration parametersdirectly. Projective algorithms are

usually simplerthanEuclidean ones andarelesslikely to producewrongreconstructionsat false local

minimaof thereprojection error[29][31]. Ontheotherhand, onecanachievemoreaccuratecalibrations

by a directcomputation, without theintermediary of projective SFM[32].

We follow the stratified approachin this paper. We usethe popular Sturm/Triggs Iterative Factor-

ization (STIF)algorithm [43][48][5][17] to computeaninitial projective reconstruction from theimage

data,which our algorithms thenuseto compute a Euclideanreconstruction. Our algorithmsdo not re-
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quireusingSTIF, but boththey andSTIFwork well whenthecameramotionsaresmall,aswe explain

below, soit is reasonableto usethem together.

Most of theresults of this paperappearedin a condensedform in [30].

1.1 Outline of the Paper

Section1.2presentsournotationandreviewsthetaskof projectivereconstruction. Section 2 reviewsthe

STIF algorithm for projective reconstruction andtheargumentthat it workswell for smallmotions, or

for sidewaysmotions with rotationsabout theoptical axis [44]. Section3.1presentsa linear algorithm

thatcomputesaEuclideanreconstruction givenaprojective oneandknown cameracalibration. Section

3.2 describes a nonlinear extension of this algorithm which gives greater accuracy, and Section3.3

presentstheresults of our algorithmson 3 real imagesequences.

In Section4, we presentanalgorithm for estimating thecalibrationparametersfrom aninitial pro-

jective reconstruction. Section4.1describesa moreaccurateiterative–minimization approach. Section

4.2 extends our methods to handle critical cameramotions [41][42] thatmake it impossible to recover

the full calibration unambiguously. For these motions, our extendedapproachrecovers the available

partial informationabout the calibration. Section4.3 describesexperimentswith our self–calibration

algorithmson syntheticandreal imagesequences.

Section5 discussesprevious related researchandSection 6 concludes. Appendix 7 contains de-

tails of our iterative–minimization algorithms,andAppendix 8 analyzeshow thecalibration–estimation

ambiguities causedby critical motions appear for our algorithms.

1.2 Preliminaries and Definitions

We useMATLAB notation: we indicatea columnvector by usinga semi-colon to separate theentries,

we usea commaor spaceto separate entries in a row vector, andwe usea colon to indicatea range of

indices. Let �	��

� ����� denote the identity matrix, andlet ����� denote the Kronecker deltafunction,

with ��������� if ����� andotherwise ������� � .
We use !#"%$�&(' to denote thetrace of a matrix, and )*&+)-, denotesits Frobenius norm: for anarbitrary
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matrix . ,

)�./)0,1�32+!#"425.768.:9;9=<?>A@B� CDFE �*G � $H. �� ' @�IJ <?>A@LK
Let M+NPO denote theaverage of thequantity N . Given Q quantities R � indexedby � , we define STRVUW
X� �
to denotethecolumn vectorwhose� th elementis R � .

If a matrix . has singular values YA�7Z � K[K[K YT� that are much smaller than the remaining onesY < K[K[K Y �7Z � Z < , wewill referto theformerasthesmallor leastsingular valuesandto thecorresponding

singular vectorsasthesmallor least singular vectors.

Let the imagesequenceconsist of Q]\ imagesand let therebe Q�^ scenepoints tracked over the

sequence.We denote theimagecoordinatesof the _ th point in the ` th imageby a�bced 2Hf bchg#iVbc 9 , where`��j� K[K[K Qk\ and _��j� K[K[K QB^ . Define the length–� column vector la�bc d 2 f bchm i bchm �X9 . The

ray definedby all points of the form n]la bc , where n is an arbitrary scale, givesa representation of the

imagepoint aobc in the two dimensional projective spacep @ . Any point nqlarbc that lies on the ray gives

a representationof the ray andof the original imagepoint a[bc in homogeneouscoordinates
K
Both nqlasbc

and t4la bc correspondto thesameimagepoint; theoverall scale of thehomogeneouscoordinateshasno

physical meaning.

Define the Euclidean coordinate system of the ` th image to be an orthogonal systemcentered

at the ` th camera position and with u –axis parallel to the optical axis of the camera. Let v c d2xw c m3y c m{z c 9 denote the _ th 3D point in the Euclidean coordinate system of the first image.

The ` th imageof v c equals arbc . Definethelength–
�

columnvector lv c d|2xw c m3y c m}z c m ��9 . Any

point n�~ lv c g wheren8~ is arbitrary, givesarepresentation of the3D point v c in homogenouscoordinates.

Definethestructurematrix ��
X�%� ���o� to beamatrixwhose_ th column � c is proportional to lv c . This

matrix encapsulatesthepositionsof all the3D points.

Werepresenttheorientation andpositionof the ` th cameraby � b 
��q� � � and � b 
X�q� , wherethese

representthe rotation and translation from a referencecoordinatesystem to the Euclidean coordinate

system of the ` th camera.We representthe internal parametersof the camera by the standard � � �
5



upper–diagonalmatrix � d CD�� < Y fo�� � @ i �� � � IJ g
wherethe

� < G @ arethe focal lengths in the f and i directions, Y is theskew, and 2 f�� m i � 9 givesthe

imagecenter.

The imagepoints aredetermined by the structureandthe camera matrices �eb . Neglecting noise,

we have � bc la bc ��� b � c g (1)

wheretheconstants

� bc aretheprojectivedepths. Note that

� bc equals the u –coordinate of

� bc la%bc K We

denote thevectorcomposedof all the

� bc by S � Uk
�� �r��� � .
Thecameramatrix ��b combinesinformationabout theposition, orientation,andinternalparameters

of thecamerafor the ` th image.Given
�

, ��b , and � , onecanwrite the ` th cameramatrix as

� b ��� b � 25� b g�� b 9�g
where ��b is anarbitrary scale. Two matrices��b and � ~ b thatdiffer just by a scale factorrepresentthe

samecameraparametersandmotion. Let � 
�� � ���;� � be the matrix given by concatenating the ��b
oneon top of theother.

Theproblem of projective SFMis to estimatethe ��b and � c from theimages points ahbc or la�bc . We

refer to an estimate from the imagedataof the ��b and � c asa projective reconstruction. The image

datadeterminethe � b and � c only up to ahomography andscales.For example,onecanrewrite (1) as� ~ bc la8bc ��� ~ b�� ~c , where � ~ bc d n b t c � bc g (2)� ~ b d n b � bH� g�� ~c d � Z < t c � c g
the n8b?g�t c arearbitrary nonzero constants,and � 
�� � � � is anarbitrary (invertible) homographymatrix.

Let �|
��q� �r�;��� � be the matrix consisting of the la bc multiplied by the projective depths, with� � b Z @	� � bc � � bc la8bc . We write ��� �:$?S � U¡' to indicatethat � is a function of all the

� bc . Onecanrewrite
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(1) for all points andall imagessimultaneously as

�¢� �£�Bg (3)

where � 
��]� �r�;� � and � 
�� � ��� � areasdefined above.

We refer to anestimateof thestructureandmotion, i.e., the v c g=�:b , and �¤b , asa Euclideanrecon-

struction.

2 ProjectiveReconstruction: the Iterati veSturm–Triggs Algorithm.

We usethe popular Sturm/Triggs Iterative Factorization (STIF) algorithm [43][48][5][17] to compute

an initial projective reconstruction from the imagedata. We briefly review the STIF algorithm in this

section anddescribe our algorithmsfor extending a projective reconstruction to a Euclideanonein the

following sections.

Recall that �¥$�S � UT' is the matrix consisting of the la bc multiplied by the projective depths. STIF

exploits the fact that, neglecting noise, � musthave rank ¦ � for the correct choiceof the projective

depths

� bc . This follows from (3) and the fact that � and � have rank ¦ � . The algorithm usesa

two–stageiteration. In the first stage, using the current estimatesof the projective depths, it factors �
into two rank–4 matricescorresponding to the � and � . In the second, it uses(1) to re–estimatethe

projective depths basedon thecurrent � and � .

To start,STIFneedsaninitial guessfor the

� bc , whichSturmandTriggs[43] obtainedby estimating

them from imagepairs. However, when the cameramakes small movementsbetweenimages, as it

typically doesin videoandmovies,thechangebetweenimagesis small.This imagechangeis thesignal

usedfor estimating the projective reconstruction, and, if it is small,an algorithm mustaccumulatethe

signal overasmany imagesaspossible to getaccurateandreliableestimates.TheSturm/Triggsstrategy

of estimatingthedepths basedon imagepairs will give poor results for very smallmotions.

To analyzethisdifficulty moreabstractly, considerthe“video limit” in whichtheinter–imagemotion

shrinksto zerowhile thenumberof imagesgrowscorrespondingly to infinity sothatthetotalsignal stays

fixed.Any finite collectionof imageshaszero signal in this limit, anddepthestimation based on image

pairsmustfail. No algorithm will succeedunless it usesan arbitrarily large numberof images for its
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starting estimate.

After the original proposal in [43], researchersnoticed that the projective depths exactly equal �
for sidewaysmotions with camerarotations about the optical axis [44] andareoften near1 for real

sequenceswith smallmotions. Thus,they proposedinitializing STIFby setting all theprojectivedepths

equal to 1 [48][5][17]. Thoughresearchers have never examined carefully the sensitivity of STIF to

small errors in the projective depths, the hopewas that starting STIF nearthe correct values of the

projective depthswould give goodenough results that thealgorithm would converge from this starting

point to a good projective reconstruction. Experimentally, the iterative strategy often doeswork well

(e.g.,[30][5], but see[28]).

Theplausibility argumentthatsetting all projectivedepthsto 1 is likely to givegood resultsfor small

motions is straightforward[44]. We review it here, sincea similar argumentappliesto our approach.If

thecameradid not move betweenimagesanddid not change its internal calibration, all the �xb would

beexactly thesame(after rescaling) andonecould separatelyscaleeach � c in (1) to settheprojective

depthsexactly to � . In fact, since wehavedefined
�

sothat it doesnot affect u coordinates,calibration

changesdo not affect theprojective depths,andonecansettheprojective depthsexactly to 1 whenever

the cameramotions arezero. The form of (1) shows that onecanthink of the motion asaffecting the

projective depths linearly. Thus,for small motions, onecanscalethe projective depths to have values

near � , asourexperimentsconfirm. Starting STIFwith

� bc ��� meansstarting it nearthecorrect values,

andit is plausible thatthis makesthealgorithm likely to converge to these values.

In addition, sincea sidewaysmotion with the rotation purely about the optical axis (i.e., a motion

with bothepipolesat infinity) leavesthe z c andthusthe projective depthsunchanged, onecansetthe

projective depths exactly to � for suchmotionsaswell asfor strictly zeromotions[44].

Our experimentsalso indicate that STIF givesmoreaccurate results for small motions. Onecan

explain this asfoll ows. Roughly,2 onecanthink of STIF asfinding the valuesof

� bc , � , and � that

minimize )��¥$�S � UT'L§1�£�¤) @, . To get the optimal least–squaresestimates, oneshould insteadfind the
2A precisecharacterizationof theerrorminimizedby STIFappearsin [30][27].
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values of � and � minimizing theimage–reprojection errorE
b G c
¨¨¨¨¨ a bc §ª© � b?� c¬« <#� @­ � b � cP® �

¨¨¨¨¨ @ K (4)

Theerror )0�k§1�£�¤) @, approximatesthecorrecterror (4) better whenthe

� bc arenearer � , sincethen

)��k§��¯�x) @, � E b G c ¨¨
� b° la bc §�� b � c ¨¨ @B± E b G c ¨¨ la bc §1� b � c ¨¨ @ g (5)

andthenormalizationof thetermsin thesummatches thatof (4).

3 EuclideanReconstruction: Known Calibration

For therestof this paper, we assumethatwe have anestimate of theprojective reconstruction obtained

via STIF or someothermeans.Beforeconsideringthe full problem of self–calibration, we presentan

algorithm for the simpler problem of estimating a Euclidean reconstruction given a noisy projective

reconstruction andthe true valuesof the internal parameters.Evenwith knowledgeof the internal pa-

rameters, computing a good estimate of the Euclideanreconstruction is not a trivial task. Researchers

sometimes estimateit using thecameramatrix for a single image,dueto thesimplicity of thecomputa-

tion, but to get thebestestimateonemustusethe informationfrom all the images.We describebelow

a methodthatusesall imagesandstill involvesa simplelinear computation.

Sincetheestimated projective reconstruction is ambiguousundermultiplication by a homography,

theestimated cameramatrices relateto thecamera’s motionvia

� b � �¥� b � © � b §7� b � b « g (6)

where� is a
�:�¢�

homography, the � b areunknown scales,the �²b arerotations,the �Bb aretranslations,

and
�

is theknown calibrationmatrix. Theproblemweaddressin thissection is to estimatethe � b g��:b�g� b , and � from theestimated � b , ³ c . Since� b is arbitrary, theonly constraint availablefor computing

thesequantities is theorthogonality of therotation matrices�´b . Let � <#� � denotethefirst three columns

of � andlet � � denote the fourth. Definethesymmetric
�µ�X�

matrix ¶}d � <#� � � 6<#� � . Onecanwrite
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theorthogonality constraint as � b ¶/� b 6���� @b ��� 6 K (7)

HeydenandAstromoriginally derivedthisequation in [18], andTriggsrederivedit from ageometric

viewpoint in [47], wherehecalled ¶ theabsolutequadric. Thematrix ·T¸kd ��� 6 is thedual image

of theabsolute conic [12]. We will first compute the ¶ and � b thatbest satisfy all theconstraints (7) in

theleast–squaressense, i.e., thevalues thatminimize¹7º5»�¼ d E b !#"²2�25� b ¶/� b 6�§�� @b ��� 689B2?� b ¶/� b 6�§�� @b ��� 6�9�9 K (8)

Toeliminatetheoverallscaleambiguity in thisminimization,weimposetheconstraint that !#" 2 ¶ @ 9 ��� .
From its definition, ¶ mustbe non–negative definite ( ½ 6 ¶�½¿¾�À for any ½ ) andat mostrank 3.

Conversely, when ¶ satisfiesthese two constraints onealways write it in the form ¶ÁdÃÂ� <#� � Â� 6<#� � for

some
��� � matrix Â� <#� � . Therank–3 constraint impliesthat Ä´Å[!%$?¶e'�� � K

3.1 Linear Estimation

We compute the ¶ and � b minimizing
¹4º5»�¼

in (8) subject to theconstraint !#" 2 ¶ @ 9 ��� . Theequation

(8) is quadratic in the ¶ and � b , and,if the rank–3 constraint on ¶ is neglected,onecansolve for the

minimizing values of ¶ and � b linearly.

As a preliminary stageof our algorithm, we exploit the ambiguity in the estimated cameramatri-

cesto transform them so that they are well conditioned. We multiply � , the concatenation of the�Æb , by a homography �kÇ 
 �]� � � so that it becomesorthogonal: � §�È ��É ºHÊ d}� �/Ç , where� 6 É ºHÊ � É ºHÊ �|Ë � and Ë � is theidentity matrix.

Next, we minimizeover the � b for fixed ¶ . Differentiating (8) with respect to the � b , we find that

theminimizing � b satisfies

!#"7Ì�2 ��� 6 9%� b ¶/� b 6 §�� @b 2 ��� 6 9 @�Í � ��g (9)

which impliesthat

� @b � !#"42H·�¸�� b�¶/�Æb 6 9!#"F$Î· ¸ @ ' (10)
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at theminimum,where ·F¸7d ��� 6 . Substituting (10) into (8) yields

Ï�ÐÒÑÓ?ÔPÕ ¹ º5»�¼ ��!#"²25� b ¶�� b 68� b ¶/� b 6897§ 2 !#" 2 ·��Æb�¶/� b 6 9;9 @!#"F$+· @ ' g (11)

which is purely a function of ¶ .

Last,we minimize(11) over ¶ . We rewrite (11) in theformN 6 . º5»�¼ N (12)

where N1
�� <×Ö is a vector containing the �[� unknowns from ¶ , i.e., the upper–diagonal elements of¶ , and . º5»�¼ 
|� <×Ö � <×Ö is a matrix whoseelementsdepend on the elements of the � b and · ¸ K We

write theconstraint !#"F2�¶ @ 9k��� in thesimilar form N 68Ø ¼×Ù É N����¡gwhere Ø ¼5Ù É 
1� <×Ö � <×Ö is a constant

matrix. Then,it is easyto show that the valueof N minimizing (11) and(12) subject to the constraint!#" 2 ¶ @ 9 ��� is N¤� Ø Z <?>A@¼5Ù É�ÚsÛ g
where Ú Û 
�� <×Ö hasunit normandis theleasteigenvector of

Â. º×»	¼ d Ø Z <?>A@¼5Ù É . º5»�¼ Ø Z <?>A@¼5Ù É g
i.e., theeigenvector corresponding to theleast eigenvalueof Â. º5»�¼ .

Fromthe estimated ¶�g we computethe homography � in (6) andthe motions � b , � b in the stan-

dardway. First, we compute � <#� � , the first threecolumnsof � , asthe bestrank 3 approximation to

the squareroot of ¶ . The square root of a matrix is alwaysambiguousup to a multiplication by an

orthogonal matrix. In our case,theambiguity in � <#� � under � <#� � §hÈ � <#� �*Ü , where Ü is orthogonal,

reflectsthe ambiguity in choosing the Euclideancoordinate system in which the motion andstructure

arerepresented. Oneway to eliminatethe ambiguity is to select the coordinatesystem of oneof the

imagesto represent the reconstruction. Let `ÞÝ give the index for this referenceimage.Therotation in

(6) mustbe the identity for image ` Ý , which fixes � <#� � from the requirementthat �
bÒß � <#� � �à� bÒß � .

Specifically, we choose theorthogonalmatrix Ü to minimizeá¹ b d�!#"¥âqÌ�� bÒß Â� <#� �*Ü §1� bãß � Ë � Í 6 Ì;� bãß Â� <#� �[Ü §�� bÒß � Ë � Í�ä K
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[22] give a methodfor computing this Ü via the singular valuedecomposition (SVD). Similarly, we

fix (up to scale)the fourth columnof � by requiring that the translation be zerofor image ` Ý , which

impliesthat ��bãß � � � � .
We summarizethealgorithm asfollows:

Algorit hm 1: Linear motion estimation. Given a sequenceof Q \ images, a camera with known
calibration

�
, and Q�\ camera matrices ��b , wecompute theEuclidean motionasfollows:

0. Transform � to make it orthogonal: � §hÈå� É ºHÊ d � � Ç , where � 6 É ºHÊ � É ºHÊ ��� � .
1. Solve linearly for ¶ :

(a) Define Ne
�� <×Ö to consistof theupper–diagonal elements of ¶ . Construct thematrix . º5»�¼
such that N 6 . º×»	¼ N equals the right side of (11), and the matrix Ø ¼5Ù É such that N 6 Ø ¼5Ù É=N� !#"²2A¶ @ 9 .

(b) Solve for Ú Û , the unit–norm eigenvector of Â. º×»	¼ d Ø Z <?>A@¼×Ù É . º5»�¼ Ø Z <?>A@¼5Ù É that correspondsto

thesmallest eigenvalue, andlet Næ� Ø Z <?>A@¼5Ù É Ú Û .
2. The � @b are givenin termsof theestimated ¶ by (9).

3. Computethefirst threecolumnsof thehomography � asthesquareroot of ¶ : compute theSVD¶ç�éè:êìë 6 andlet Â� <#� � ��èW$ : g*� : �P'�ê�$A� : �Vg*� : �P' <?>A@ è�$ : g*� : �P' 6 .
4. Fix the Euclidean coordinate system and computethe Euclidean motions �íb , �xb with respectto

this system:

(a) Pick a referenceimage `ÒÝ . Choose � bÒßçî � (for concreteness, without loss of general-

ity). Define � <#� � � Â� <#� �*Ü g where Ü is an orthogonal matrix chosen,as follows, to make�ÆbÒß Â� <#� � Ü asclose aspossible to � bÒß � : computetheSVD
� 6 � bÒß Â� <#� � §hÈ áè áê áë 6 and

define Ü � áë áè 6 .
(b) To make � b in (6) approximate a rotation (rather thana rotation plusa reflection) g choose

thesignof � b for `Bï� ` Ý sothat Ä´Å[!ð2+� Z <b � Z < � b � <#� � 9 î � K
(c) Choose � � such that � bÒß � � � � anddefine � d ­ � <#� � g � � ® .
(d) ComputetheEuclidean motions ��b , �xb from(6).

Remarks.

1. Typically theimagedataoverdeterminethecameramatrices ��b andthe ��b in turnoverdetermine¶ . Thus,the ¶ estimated in Steps1 and2 above will generally be close to the correct oneand

nonnegative–definite.In our experiments,we have not encounteredestimatesof ¶ with negative

eigenvalues. If theestimated ¶ does have negative eigenvalues, this is thesamesort of problem

that oneencountersin using the Tomasi/Kanadealgorithm [45]. Onealternative is to skip the
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linear Algorithm 1 andgo directly to the iterative minimization of Algorithm 2, starting it from

random guessesfor ¶ . Alternatively, onecould usethe fixesproposedto curethis problem for

theTomasi/Kanadeapproach(see,e.g.,[33], or [6] for a recentproposal).

2. In estimating ¶�g we usedall ñ¡QB\ constraints on ¶ coming from the equations (7), neglecting

only the single constraint Ä´Å[!F$?¶/'¢�£� . In general, our neglect of this oneconstraint does not

have a large effect on the estimated valueof ¶ ; it did not in any of our experiments. However,

if it doeshave a large effect, we suggestthe following procedurefor incorporating theconstraint

into theestimate.

A standard linear perturbation analysis [11] implies that the error in ¶ estimatedfrom Steps1

and2 is proportional to the ratio of thesmallest eigenvalueof Â. º5»�¼ to thenext smallest. If Â. º5»�¼
hasa single, isolatedsmalleigenvalue, this implies that the ñ¡Q8\ constraintsin (7) areenoughto

determine ¶ andthat thedeterminantconstraint does not strongly affect theestimate.Whenthe

determinantconstraint doeshave astrongeffect on theestimate, Â. º5»�¼ will haveat leasttwo small

eigenvalues,with corresponding eigenvectors Ú and Ú ~ . In this case, onecandefinethe estimate

of ¶ from the linear combination of Ú and Ú ~ that gives Ä´Å[!%$?¶e'��å� . Sections 4.2 and 4.3

furtherdiscussthis technique, andpresentexperimentalresults obtainedwith it, for theproblem

of self–calibration.

3. Thescaleof � � is ambiguous,reflecting theusual scaleambiguity of structurefrom motion. One

can determine the sign of � � from the positive–depth constraint that the imagedworld points

mustlie in front of thecamera.

4. Given � andtheprojectivestructure � corresponding to theestimated � , it is straightforward to

compute theEuclideanstructure.

5. Our linear algorithm, andalsothe iterative algorithm describedbelow in Section 3.2, areeasily

modified to deal with a calibration that is known except for a varying unknown focal length

[35][36][30].
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3.2 Euclidean Reconstruction: Iterati ve Impr ovement

ThelinearAlgorithm 1 givesa fasttechniquefor estimating themotionbased on all the images. How-

ever, it computes the motion estimateby minimizing the constraint error
¹Vº5»�¼

in (8), and we have

not consideredwhetherthis is the right error function to minimize, that is, whether
¹¡º5»�¼

embodies

a good model of the imagenoise. What we would like is the motion estimate that minimizes the

standard least–squaresimage–reprojection error and, thus, gives the bestexplanation of the original

imagedatain the least–squaressense. This section presentsan error function which dependsjust on¶ andgivesan improved approximation to the least–squaresreprojection error. Comparedto a stan-

dardbundle–adjustment technique[49], which computesa Euclideanreconstruction by minimizing the

image–reprojectionerrorwith respect to themotionandstructure(a totalof �¡Q ^�ò�ó Q \ §�ô unknowns),

minimizing the new error function with respect to ¶ is a much smallerproblem and yields a faster

algorithm.

We definethe new error by correcting
¹8º×»	¼

so that it hasthe correct noisestatistics to first order.

This is astandardtechniqueof statisticssee,e.g.,[21]. Consider theconstraints on ¶ and � b in (7). We

representthe independent elementsof the constraint matrix �ìb×¶/�Æb 6 §�� @b ��� 6 in (7) by õhb�
ö�7÷ ,
where,for instance,we canchoose õPb to betheupper–diagonalentriesof theconstraint matrix. Define

the vector of all constraints õ�d © õ < m õ @ m K[K[K m õ �r� « 
�� ÷ ��� . Let ø bc 
�� @ representthe noise in the

imagemeasurementfor the _ th point and ` th image,andlet ù1
¿� @ �r����� bea vectorof all thenoises.

Theconstraint vector õ dependson theestimatesof the ¶ and � b andon the imagemeasurements.At

thetruevaluesof the ¶ and � b g it vanishesup to noise effects,andwe write it to first order in thenoise

as õ ± Ø ùog for somematrix Ø 
��]ú ÷ �r��ûA� ú @ �r��� � û . Inverting this relation gives

ù ± Ø Z < õLg (13)

where Ø Z < is thepseudo–inverseof Ø .

Onecanthink of ù in (13) asrepresenting the discrepanciesbetweentheobserved imagedataand

the datapredicted from the true ¶ and � b . We alsowant to compute the discrepancies for incorrect

values of the ¶ and � b , sincetheimage–reprojection error equals thesumof thesquareddiscrepancies

andwewantto minimizeit overall ¶ and � b . Assumingõ dependssmoothly on its arguments,onecan
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show thatequation(13) givesthediscrepancies’ first–orderdependenceon õ over a range of ¶ and � b
around the true values. Thus,we approximatethe least–squareserror to first order as

¹ Û�ü �þý ù�ý @ ±õ 6 2 ØWØk6 9 Z < õ .
Our choice of the least–squaresimage–reprojectionerror corresponds to assuming that the image

noise is i.i.d andsymmetric, with ÿ�ù�ù 6�� ��� @ � @ � � ��� , where � @ � � ��� representsthe identity matrix

and � is thestandarddeviation of thenoise.3 This assumption implies that ØWØ76 is proportional to the

covarianceof õ , since

ÿ õoõ 6 � ±àÿ Ø ùVù 6 Ø 6 � � Ø 2 � @ � @ �r����� 9 Ø 6 ��� @ Ø¢Ø 6 K
We have ¹ ÛVü ± õ 6ìÿ õoõ 6 � Z < õFg
which givesthebasicform of our approximation to theleast–squareserror

¹ Û�ü .
To complete the definition of our approximation, we must describe how to approximate the co-

variance of õ . The computation is technical andwe refer it to Appendix 7. Our final approximation

is á¹Bº5»�¼ $�¶�g�S*�LUT'ðd�õ 6�� Z < õLg (14)

where � is the approximation to thecovariancedefinedin Appendix 7, andour notation indicatesthatá¹ º×»	¼
dependson the ¶ and � b . Because� is diagonal in theimageindex ` , onecancompute

á¹ º5»�¼
from

its argumentsin Ü $+Q�\;' .
Our approximation � dependsonly on ¶ , not on the � b , so

á¹Bº5»�¼
is quadratic in the � b . Thus,given¶ , onecanminimize

á¹7º×»	¼
over the � b linearly andderive a new error Â¹7º×»	¼ which depends just on ¶ .

Exploiting theconstraint ÄíÅ[!8$?¶/'�� ��g onecanwrite

¶ ��� 	 § 	�
§ 
 6 	 
 6 	�

� (15)

[35][36], where 	 
X� � � � is a symmetric matrix and 
 
 � � . Onecanparameterize ¶ by the six

independent parametersof 	 g e.g., the upper–diagonal entriesof 	 , and the 3 parametersof 
 . If
3Our discussioneasilyextendsto a weighted,rotationallyasymmetricleast–squareserror.
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desired,onecanalsoeliminate the scale ambiguity by, for example, fixing ) 	 ) , � � , which yields

an8–parameterrepresentation of ¶ . After eliminatingtheambiguities,we areleft with a minimization

over 8 unknowns.This yields:

Algorit hm 2: Iterat ive motion estimation.

1. Givenan initial estimateof ¶�g obtainedfor instancefromAlgorithm1, usea standard minimiza-
tion routine to minimize

á¹Bº5»�¼
with respect to the eight independent unknownscontained in 	and 
 .

2. Recover themotionandstructure asin Steps3 and4 of thelinear Algorithm1.

3.3 Euclidean Reconstruction Experiments

We ran our algorithms on three real imagesequences: the Rocket [7] andPUMA [38][39] sequences

from UMASS,andtheCMU castle sequence[52], Figures 1a–c. Table1 shows theresults. Thedepth

results for the Rocket sequencesummarizethe errors for � of the �=� pointswith known ground truth.

Theremaining two pointsareboth distant andcloseto thefocusof expansion(FOE)andhaveinaccurate

reconstructions. Including thesetwo points, themeandepth errors dividedby themeandepthare � K�� �Vg� K�� ��g and � K �¬ô for Algorithms1 and2 andthemaximumlikelihood estimate(MLE) [34].

Theresults of theiterativeAlgorithm2 generally improve on thoseof thelinearAlgorithm1 except

in thePUMA results. ThePUMA sequenceis difficult: since thetranslationsarealmostparallel to the

imageplane, the reconstruction is strongly affected by the bas–relief ambiguity [23]. However, even

thoughouralgorithmsstart from aprojective reconstruction, they dobetteronthePUMA sequencethan

the purely Euclideanalgorithm of [34], at leastfor the rotations wherewe caneasily compare results.

Our results on theRocket sequencearecomparable to thoseof [34].

4 Self–Calibration

In this section we extendour approach to self–calibration. We assumethat
�

is fixed but unknown

anddescribe how to estimateit and � givena projective reconstruction. (6) and(7) remainvalid. For

convenience,we rewrite (7) as � Z @b � b ¶/� b 6 ��· ¸ g (16)
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Rocket PUMA Castle
Lin Min MLE Lin Min Lin Min True���� ��� ��� ��� ��� ������� "!!! ��$# ��&% !!!('*) !!!,+-/.1032 !!! .071 .063 .060 .059465 7 # 7 % 5 8 ) 497:8 .087 .079

� ;=<���>
.121 .126�,? �@� A=� ��� �=� ���B�C� ��� ;�� ���B�C�!!!EDF # DF % !!! 0.28mm 0.19mm 0.3mm

Table1: Resultsfor Algorithms1 and2 on three real–imageexperiments. Lin labels the resultof the
linear Algorithm 1, Min the resultof the iterative minimization in Algorithm 2, MLE labels theresult
of the maximumlikelihood estimate,andTrue labelsthe error in the measured ground truth. �HG� is

the angular error in recovering the translation direction. I ¨¨¨ G�é§ G�KJ ¨¨¨MLON ¨¨¨ G�QP�RTS ¨¨¨ is the meanerror in

therecoveredtranslationsnormalizedby thesizeof themaximumtranslation. M�ý z § z J]ý O N M z O is the

meandeptherrornormalizedby theground truth mean.̈̈̈VUw § UwWJ ¨¨¨ is themeanerror in thepositionsof

the3D points. All errors arecomputedfollowing a scaling (and,for theCastlesequence,a rotation and
translation) of therecoveredvaluesto thegroundtruth.

where ·ð¸�d ��� 6 is the dual imageof the absolute conic. Our approachstartsfrom the following

Proposition:

Proposition 1.

1. Assumethat thecamera motionsare such that all epipolesare at infinity, that is, all translations
are sideways(parallel to the image plane) and all rotations are around the optical axis. Then
theprojectivedepths

� bc canall bescaled to � andthescales � b canall bescaledto � in solving
(16).

2. If thecamera motions are sufficiently smallor sufficiently close to being sidewayswith therota-
tions around theoptical axis, thenthe

� bc andthe � b canbescaled closeto � in solving (16).

Proof. For theprojective depths

� bc g theseresults areexactly theonesdiscussedin Section2, derived

originally in [44], andapplied to initi alizetheiterativeversionof theSturm/Triggsalgorithm in [48][16].

Extending theseresults to the � b is straightforward.First, consider motionswith all epipolesat infinity.

Weadopt theEuclidean coordinatesystem of thefirst image.Ourmotionassumptionimpliesthatall the

rotations in (6) arearound the u axisand � b � ��� for all ` . From[44], onecansetall projective depths

to � in theprojective reconstruction,andwe have25f bc m i bc m � 9 � � b � 2 � b g*§7� b � b 9B2 w c N z c m�y c N z c m � m0z Z <c 9 � c g (17)

wherethe � c arethearbitrary scales of thehomogeneousstructurecoordinates. Since �Vb is a rotation

around the u axis,the third row of � b equals
­ ��g���g*� ® , and, since � b � �é� , we have © � b � b «HX �Æ� . Thus,
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Figure 1: Real imagesequences. (a): Rocket sequence. (b): PUMA sequence. (c): CMU castle
sequence.(d): Imagefrom calibrationsequence, with automatically detectedcorrespondences.

(a) (b)

(c) (d)

the u projection of (17) gives �¥� � b � c for all ` and _ , which implies that � b �ZY , � c �ZY Z < for all ` , _
for someconstant Y . Sincethe � b all have thesamevalue,onecansetthemto � in solving (16) because

this rescaling just affects thearbitrary scale of ·s¸ .
Next we showpart2 of theproposition. As discussedin Section2, the form of (1) shows that one

canthink of the � b asaffecting the projective depths linearly. If the cameramotions aresufficiently

closeto zeroor to being sidewayswith rotationsaround the optical axis, thenthe perturbationsof the� b away from thesemotionsjust causesmall shifts in theprojective depths away from � . This shows

theresult for the

� bc . Rewriting (17) with theprojective depthsnear � insteadof exactly � , onefindsby

thesameargumentasbefore thatall the � b haveapproximately thesamevalue,andthusthey canall be

rescaled to near � in solving (16).

We alsouse:
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Observation 1. Assumethatweneglecttherank–3constraint on ¶ . Then,giventhescales� b , onecan
exactly solvetheconstraints (16) for ¶ and ·V¸ in theleast–squaressenseby linear algebra

K
Similarly,

given ¶ and · ¸ , onecanexactly solvefor the � b .
Proof. For known � b , theleast–squaresconstraint error¹O[ d E b !#" 2 � Z @b � b ¶/� b 6 §�· ¸ 9;@ (18)

is quadratic in the ¶ and ·r¸ andonecansolve for themlinearly asin Algorithm 1. Similarly, given

known ¶ and · ¸ , it is trivial to minimize
¹ [

over the � @b .
In our algorithm, we minimize (18) usingtheconstraints !#"�2�¶ @ 9W�3� and \ b � Z @b ��Q¢\ to elim-

inate the scale ambiguities, where,as in Algorithm 1, we impose the constraints using Lagrangian

multipliers. Onecansolve for · ¸ in termsof ¶ andthen, asin Algorithm 1, solve for ¶ from theleast

eigenvector of a particular matrix . [ 
X� <×Ö � <×Ö .
Our self–calibrationalgorithm is:

Algorit hm 3: Quasilinear self–calibration. Givena sequenceof Q�\ images, a camera with fixed
unknown calibration

�
, and Q7\ camera matrices � b , we compute

�
and the Euclidean motion as

follows:

0. Transform � to make it orthogonal: � §hÈå� É ºHÊ d � � Ç , where � 6 É ºHÊ � É ºHÊ ��� � .
1. Initialize by setting all � @b ��� .
2. For thecurrentvaluesof � b , solve linearly for thevaluesof ¶ and ·í¸ minimizing (18) subject to

theconstraint !#" 2 ¶ @ 9 ��� .
3. For thecurrent valuesof ¶ and · ¸ , solvelinearly for thevaluesof the � @b minimizing(18)subject

to theconstraint \ b � Z @b � Q¢\ .
4. Repeatfrom2 until convergence.

5. Compute
�

fromthematrix square root of ·�¸ .
6. ComputetheEuclidean motion asin Steps3 and4 of Algorithm1.

Remarks.

1. Because eachstepdecreasestheerrorE
[

in (18), thealgorithm is guaranteedto converge. Since

the true valuesof the � @b typically lies close to the starting value � , aswe have argued andas
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ourexperimentsconfirm,typically few iterationsarenecessaryfor convergenceandthealgorithm

tends to converge to theglobal minimumof E
[

rather thanto local minima.

2. We do not require that
� �#� ��·�¸�#� �{� during our minimization of

¹ [
; instead,we imposethe

constraints !#" 2 ¶ @ 9 �|� and \ b � Z @b � Qk\ .
3. Like our linear Algorithm 1 for Euclidean reconstruction in Section3, our quasilinear self–

calibration Algorithm 3 neglects a single constraint, namely Ä´Å[!%$?¶e'�� � . It is well known

thatthis constraint doesbecomeimportant,andshould not beneglected,in thecommonsituation

wherethe cameramoveson a sphere fixating the sphere’s center. We refer to sucha motion as

spherical motion. As we describe below in Section4.2, it is easyto extendour algorithm to in-

corporatethedeterminantconstraint.

4.1 Self–Calibration: Iterati ve Impr ovement

As in Section3.2,we canimprove thequasilinear self–calibrationof Algorithm 3 by minimizing a ver-

sionof
¹ [

thatbetter reflectsthestatisticsof theleast–squaresimage–reprojectionerror. Thederivation

is exactly asin Sections 3.2and7, andtheimprovederrorfunction isá¹ ¼ R^] $?¶�g · ¸ g�S*�LU¡'�d�õ 6�� Z < õLg
where _ and � areexactly asdefinedpreviously in Sections3.2and7.

As before for
á¹7º5»�¼

, the error
á¹ ¼ R^] is quadratic in the � b . Thus,onecansolve linearly for the � b in

termsof ¶ and · ¸ andderive anew error Â¹ ¼ R^] thatdependsjust on the16unknownsof ¶ and · ¸ . This

yields:

Algorit hm 4: Iterat ive self–calibrati on.

1. Given initial estimates of ¶ and · ¸ g obtained for instance from Algorithm 3, usea standard
minimization routineto solvefor the ¶ and · ¸ minimizing Â¹ ¼ R^] .

2. Compute
�

fromthematrix square root of ·�¸ .
3. Estimatethemotionandstructure asin Steps 3 and4 of thelinear Algorithm1.
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4.2 Ambiguities in Self–Calibration

For spherical cameramotions(seeSection4), neglecting therank–� constraint on ¶ producesanartifi-

cial one–parameterambiguity in estimating theinternalparameters.[41][42] derivedthisoriginally, and

we rederive in the context of our absolute–quadric–based approachin Appendix 8. The ambiguity is

easily detectable,sinceit causesthematrix . [ in Section4 to have twosmallsingular valuesrather than

oneasusual. Oneof thesecomesfrom theambiguity andtheothercorrespondsto thecorrectvaluesof

theinternal parameters.Wehandle this situation by modifying Step
�

of thequasilinear Algorithm 3 so

that it returnsthevaluesof ¶ and · ¸ givenby a linear combination of thetwo least singular vectors of. [ , wherewe chosethe linear combinationto make ¶ rank 3. This algorithm is well defined, since,

at least in the noiselesscase, only a single linear combinationmakes ¶ rank 3. Section4.3 presents

experimentalresults for spherical motion for this modifiedversion of Algorithm 3. For non–spherical

motions,our experimentsshow that neglecting the Ä´Å[!%$?¶e'�� � constraint only causessmallerrors.

Our results demonstratethatit is not critical to exploit therankconstraint on ¶ . Webelieve thatthe

advantagesof the quasilinear approach(speed andthe well–defined initialization for � b ) outweigh the

disadvantageof our “late” useof therank � constraint following thecomputationof thesingular vectors

of . [ .

Sometypes of cameramotion causereal ambiguities in self–calibrating; [42][25][41] contain a

completecatalog. Wehaveverifiedthatourapproachcandeal with thegeneric cases. For instance,when

thecamerarotatesabout a single axis, thereis a one–parameter ambiguity in estimating thecalibration,

which againcauses . [ in Section4 to have two small singular valuesrather thanone. Appendix 8

givesa derivationof this result. In contrastwith theartificial ambiguity for spherical motions, typically

both small singular vectors give approximately valid calibrations with rank$#¶e' ± � . The true ` ¸ and¶ mustcomesfrom a linearcombination of these two. We show below for a real imagesequencethat

onecanaccurately estimatethe linear projective subspacewithin which thetrue · ¸ lies. Also, onecan

apply standardmatrix perturbation theory[11][40] to approximatetheerrorin estimating this subspace:

it is proportional to theratio of thesecond–least singular valueof . [ to thethird–least[11][40].

Similarly, whenthecamera only translatesanddoesnot rotate, thecalibration cannot beestimated

except for theplaneat infinity. This ambiguity causes . [ to have ó smallsingular values.We verified
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in syntheticandrealexperimentsthat theplane at infinity is computable from the least singular vector

of \�að¶ a g wherethesumis over the6 ¶ a corresponding to thesmallsingular values.

In intermediatecases, for instanceif therotationsaresmallor mainly around oneaxis,thesingular

values of . [ in Section4 have intermediatevalues. This cancausesomecomponentsof ` ¸ to have

relatively large errors. We canestimatethese errorsin our approach: if ` ¸a corresponds to a singular

vector of . [ with singular value Y a , theexpectederror in determining thesizeof the `8¸a componentof` ¸ is inverselyproportional to Y a [11][40].

4.3 Self–Calibration: Experiments

We tested our algorithms in five synthetic experiments,whereeachexperiment consistedof �Pô –���
sequenceswith �[� images and �¡� points. Table2 shows the results. For eachsequence,we selected

3D points with the z chosenuniformly from zcb ­ � ��g*�[�=� ® for Experiments 1–4 and
­ �¡��g*�[�=� ® in

Experiment 5, andwith the w , y chosenuniformly according to thefield of view (FOV) shown in the

Table.For Experiments 1–3and5, we chosethecamerapositionssuch that
¨¨¨ 2?� b §�� < 9,d G e*G X ¨¨¨ ¦gfVP�RTS ,

whereTable2 shows the valuesfor f@P�RTS . We addedrandom rotations up to maximumsof about
� �Th ,� � h g0ô h and �¡� h , respectively. For Experiment4, instead,wegeneratedthemotionsby rotating thescene

around a point on theoptical axis by up to �*ñ3h . For all sequences,we addedGaussian noise of � pixel

assuming a ñ�� � � ñ�� � image.

For stable reconstruction,oneshould alwaysscaletheimagecoordinates sothat they andtheeffec-

tive
�

are Ü $#�;' . For our syntheticsequences,wegeneratedthefinal imagesby multiplying theimages

obtainedasabove by sucha
�

, with $ � < g � @ g�Y¬g f�� g#i � ']��$A� K �¡g K �Vg���g K�� g K �*ñP' . Theerrors reportedin the

Tablerepresenttheangulardifferencesbetween theestimated andtruedirectionsof this length–5vector.

Our minimizing Algorithm 4 improveson the results of our quasilinearAlgorithm 3 except in Ex-

periment 4, wheretheresultsarealready accurate. Theimprovementis mostsignificant for Experiment

3, for which self–calibration is relatively difficult due to the smallness of the FOV and translations.

Thereis alsosignificant improvement in Experiment 5

Experiment 4 featuresspherical motion and thus onemustusethe rank � constraint on ¶ to get

an accurate,unambiguous calibration. The results of Algorithm 3 shown in Table2 wereobtained by
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Expt i �j -/.1062
Alg 3 Alg 4 kml �

1 n ; � ��� n �1op�@� A��rq ��� �=�sop�@� t=�rq ��� n �1ou�@� n �wvCq
2 n ; � ����x � oy�E� � � q ����< � ou��� � � q ��� � � oM��;@� � � q
3

��; � x�� A=�sou���@� t��wq �������zo{�w��� ;=�rq t��(�H�1oy�=t@� �=q
4

��; | � <�<��1o6��� n �rq � n ���sop�@�(�H�rq . n ;=�1o{��� ���wq
5 n ; �w; �@� t=�so{����� ;��wq ���}x~�so n � ���rq �@�}x~�1opA@� A��wq

Table2: Errors in self–calibration for five synthetic experimentsof about 100 sequenceseach. “Alg
3” and“Alg 4” label the quasilinear andminimization approaches. The � �þ� results wereobtained
by minimizing

á¹ ¼ R^] neglecting thecovariance,i.e., with � givenby the identity matrix. � , is theFOV
measuredin degrees.Eachentryshowsthemeanandmaximum(in parentheses)of theself–calibration
errorcomputedover roughly �[�=� sequences.

combining the two lowestsingular vectorsof . asdescribed in thepreviousSection. They verify that

our quasilinear algorithm candealwith this type of motion.

We claimedthat the scales � @b were typically closeto � . For 100 sequencesas in Experiment3,

the largestvaluesof

� bc N � b��c � and � @b N � @b � were � K �@� and � K � � g respectively. For �[�=� sequencesas in

Experiment 4, therelatively largemotionscaused somescatter in the

� bc , with Ï��=� Ì � bc N � b��c � Í ��� K ó � ,
while Ï��=� 2H� @b N � @b � 9�� � K �~� . Because of the

� bc scatter, the STIF algorithm gave worseprojective

reconstructions as input for the self–calibration. Nevertheless, the Table shows that self–calibration

workswell.

In Experiment5, thelargemotionsalsocausescatter in the

� bc and � @b . For 100similarbut noiseless

sequences, ÏW�=� Ì � bc N � b �c � Í rangedupto � K �Pô and Ï��=� 2+� @b N � @b � 9 upto
�VK �Pñ . Becauseof thevariation in

theprojectivedepths,theSTIFalgorithm convergesveryslowly in thisexperiment from its starting point

at

� bc1�Á� —even at our cut–off of a thousanditerations, it often appearsnot to have reacheda fixed

point. Thismayexplain in partwhy theself–calibrationresultsareworseherethanin Experiment1 and

why the scatter in the � b is so large, even though onewould expect the larger translations to produce

moreimageinformationandbetterself–calibration. (A comparisonof Experiments1 and2 suggeststhat

larger translationsdohelp.)Sincethe � @b have largescatter, onemightexpect theminimizing Algorithm

4 starting from � @b �Ã� to sometimesencounter local minima. But this is not apparent in the errors

summarizedin theTable,which seem to have no outliers.

We also ran our algorithm on a real imagesequence,seeFigure 1d. We took 12 �*ñ=� ó � �[� � �
images, discarding4 thatappeareddarkor hadmotionblur. Weranthepoint–correspondencealgorithm
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of Z. Zhang[50] on successive imagepairs of theremaining 8 using default settingsfor its parameters.

Of thecorrespondencesreturnedby this algorithm,
� � points weretrackedconsistently over theentire� –image sequence. We ran our algorithms on these. The quasilinear andminimization Algorithms3

and4 respectively computed $×ô¡ñPôsg�ñ¡�@�P' and $5ô=ô¡�Vg � � ó ' for the imagecenter, compared to the ground

truth of $5ô ó �Vg�ñ�� � ' . For the FOV, they gave
� ñ K ��h � ��� K �~h and

� ó K �=h � � �VK ��h , respectively, compared

to the true ñ�� h � ��� h . For the skew, they gave values for
� Y N $ � < ò � @ ' of

K �=�´�[� and
K �=� � ñ compared

to a groundtruth of � . For theoverall errormeasureusedin our synthetic experiments,they gave
� K �¬ô h

and � K ñ�� h , so the minimization–basedAlgorithm 4 does better overall. Both approaches give good

accuracy, considering thatwe usedonly
� � points andthattherewasno manualinterventionapart from

ourvetoing four imagesprior to thetracking. For thisexperiment,theSTIFalgorithm took � � iterations

andour quasilinear approachtook �*� to convergeto a toleranceof �[� Z�� .
Wealsoranourquasilinear Algorithm 3 on thePUMA sequence[38][39]. Sinceall rotationsin this

sequencearearoundasingleaxis,wecanestimatethecalibration only upto aone–parameterambiguity

[42]. As expected,theambiguity manifestsitself in ourapproachin theoccurrenceof two smallsingular

values for thematrix . [ of Section4. Fromthetwo corresponding singular vectors,weestimated a1D

subspaceof � � � matrices thatapproximately contains thetrue · ¸ d ��� 6 .
To measure theerror in estimating this subspace, we selectedfrom it the ·T¸� º{�u� that is closestto the

ground truth value.Thecorresponding
� � º{�u� satisfies

� Z <� º3�M� ���u�Î»�º � CD � K � � § K �=�P� § K �*�=�� � K � ó § K �=�P�� � � IJ K
Thus,our quasilinear Algorithm 3 accurately estimates the1D subspacecontaining

�V�p� »�º
, exceptfor a

moderate error in the imagecenter. We already notedthat the PUMA sequencesuffers severely from

thebas–relief ambiguity [23]. This ambiguity makesit hardto estimatetheimagecenteraccurately, for

exactly thesamereasonsthat it causesdifficulties in distinguishingrotations from translations. It may

beintrinsically difficulty to estimate theimagecenter for this sequence.
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5 Relation to Previous Work

HeydenandAstrom[18] andTriggs[47] derivedthebasic equation (7).4

[13] presenteda linear self–calibrationmethodfor a stationary(purely rotating) camera,and[3][4]

extended this to handle stationary cameraswith varying, unknown focal lengths. The methods of

[13][3][4] exploit the invariance of the dual imageof the absolute conic, ·[¸�d ��� 6 , underthe in-

finite homography � b}�� d � b 2×�:b �&� 6 9 � Z <� for two images̀ and � . For stationary cameras, onecan

recover the � b}�� from theimagedataandthen recover · ¸ from thelinear constraints � b}�� · ¸ � b}� 6� � · ¸
[13]. Ourapproachdiffers from thatof [13][3][4] in thatwe focuson theabsolutequadric ¶ , insteadof

on ·�¸ , andin thatour methodpermits self–calibration for a translating camera.

In self–calibrating acamerawith asmallfield of view (FOV), it is useful to havethecameratranslate.

Theaccuracy of theself–calibration dependsdirectly onthesizeof thecamerarotations,andastationary

camerawith smallFOV cannot rotate by muchandstill keepthesame3D points in view.

Pollefeys et al. [35][36] describe methodsfor calibrating a camerawhensomeof its internal pa-

rameters areunknown andvarying. Their linear algorithm for estimating unknown andvarying focal

lengths, assuming the other internal parametersareknown, hassimilarities to our linear algorithm in

Section3.4 [36][35] alsopresenta nonlinear algorithm, which, like our nonlinearapproachof Section

3.2andSection4.1,computesthefixedinternal parametersby minimizing anerror function which de-

pends on ¶ . The authors give no justification for this error function in termsof its noise properties

andbiascorrection, andit is not clearthat it improveson the error function minimized by their linear

algorithm. [35][36] do not present a linear algorithm for self–calibrating all theinternal parameters.

Triggs [47] used the absolute quadric to derive a linear algorithm for self–calibration and also a

nonlineariterative scheme.For thelinear approach,Triggsbeginsby rewriting (7) as

© ��� 6 « ��� © � b ¶/� b 6 « �3� § © ��� 6 « �{� © � b ¶�� b 6 « �0� � � K (19)

This is bilinear in theunknownsandcanberewritten asE���� . bB���� · � N � � ��g
4In [30], we wereunawareof theoriginal derivationof [18] or thelinearalgorithmof [35][36].
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wherethe . bB���� depend on theelementsof the ��b , the ·
�

representsthe ó independent unknownsin· ¸ d ��� 6 , the N
�

representthe �[� independent unknownsin ¶ , and � ranges over the ó � ñ N � �à�*ñ
independent entriesof the tensor on theleft side of (19). Assemblethe ó � products ·

�
N
�

into a vector½¿
X� ÷ Ö , wherewe introducethecombined index ��d|$5n8tF' to label theentriesof ½ . Wealsointroduce

thecombinedindex �Xd|$H`��r' andtreat . asamatrix with entries . Ô � K Triggs’ linear method first solves

thematrix equation � ½���À
for ½¿
�� ÷ Ö , neglectingtheconstraintson ½ coming from its definition in termsof the16unknowns ·

�
and N

� K
Then,it estimates the unknowns·

�
and N

�
by usingthe SVD to factor the estimated ½ðg now

consideredasa matrix, into ½
���
� ·

�
N
� K

This method hasenhancednoisesensitivity sinceit neglects44 constraints in solving for ½ .
Triggs’ nonlinear iterative scheme minimizes the norm of the left sideof (19) with respect to the

unknowns � � and N[� in
��� 6 and ¶ . As for the algorithm of [35], the error function minimized is

givenno justification in termsof its noise propertiesandbiascorrection.

As discussedin Section4.2,our Algorithm 3 with � b �ç� is linear andexactwhenthemotionsare

sideways andthe rotations arearound the optical axis. This corresponds to the caseof planar motion

discussedin [2][1][51][8].

6 Conclusion

We presentedlinear algorithmsfor self–calibrationandfor computing a Euclidean reconstruction from

a projective onegiven a previously known calibration. Our linear algorithm for self–calibration gives

exact results for the sametype of motions for which the Sturm/Triggs approachis exact. The good

performanceof theSturm/Triggs algorithm whentheprojective depths areiniti alizedto � suggeststhat

our linear self–calibration approachshould alsobeeffective.

It hasbeenclaimedthat it is important to exploit the rank–3 constraint on the absolute conic or

quadric during self–calibration. We showedthatour linearapproachworkswell despite neglecting this
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constraint initially. To our knowledge,our methodsarethefirst general–purposetechniquesto recover

partial informationaboutthe calibration from critical motion sequencesfor which the full calibration

cannot bedeterminedunambiguously.

Wealsoderivedanerrorfunction whichweargued givesabetterapproximationto theleast–squares

image–reprojectionerror thanpreviouserrors usedfor self–calibration. Minimizing this error function

with respect to theabsolutequadric anddualimageof theabsoluteconic givesafast, accuratealgorithm

for self–calibrating from a projective reconstruction.

7 Appendix: Approximation to the Covarianceof �
To approximatethecovarianceof õ , thefirst stepis to approximatethecovarianceof the � b , since (7)

shows that õ dependson the ��b . For simplicity, weassumethat the �
b werecomputedusingtheSTIF

algorithm (Section 2) andaregivenby thefactorization ��$?S � UT' ± �£� K As discussedin Section2, the

projective depths

� bc areambiguousunderthe scalings

� bc §�È � ~ bc d�n b t c � bc g andwe assumethat

they have beenscaledto beascloseaspossible to � . Our motivationsfor this weregiven in Section2:

theSTIFalgorithm typically gives

� bc ± � for thesmall–motion situation thatwefocuson in thispaper,

andit givesbetter results whenall theestimated

� bc have approximately thesamevalue.

To determinehow � dependson thenoisein the imagemeasurementsin � , we usethe following

result from matrix perturbation theory [40]:

Proposition 2. Let . Ç 
��O� ��� be a matrix of rank �
�£�Æg�Q , and let . dþ. Ö ò � � , where� 
�� < is small, be a perturbation of . K Write the “r educed” singular valuedecomposition of . Öas . Ö � è Ö ê Ö ë 6Ö , where as usual è Ö g%ë Ö are orthogonal and ê Ö is diagonal, and è Ö 
��&� �E¡ ,ê Ö 
�� ¡*�E¡ g and ë Ö 
�� �:�E¡ . Similarly, write thesingular valuedecomposition of . as .�d|è:êìë 6 .
Define è£¢ � è Ö ò 2�Ë � §�è Ö è 6Ö 9 � � ë Ö ê Z <Ö g (20)ë¤¢ � ë Ö ò 2#Ës�k§¥ë Ö ë 6Ö 9 � � 6 è Ö ê Z <Ö K
Then,for sufficiently small � , è�$ : , � : �¬' ± è£¢�¥Q¦ ò Ü 2 � @ 9 gë�$ : , � : �¬' ± ë¤¢�¥m§ ò Ü 2 � @ 9�g
where ¥m¦ and ¥¨§ are orthogonal matrices.
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Proof sketch. Givena matrix �ð
�� úB© Z�ª�û?�/ª , define Ü $Î�%']
X� © � © by

Ü $+�8'ðd � Ë«ª §q� 6� Ë © Z�ª � ¬ 2 � ò � 6 � 9 Z <?>A@ ÀÀ 2 � ò �r� 6 9 Z <?>A@®­ K
It is easyto verify that Ü $Î�%' is anorthogonal matrix.

We first consider the left singular vectors of . . Define Âè Ö 

�&� � ú � Z¤¡�û suchthat ¯Hè Ö g Âè ÖC° is an

orthogonal matrix. Let ±C¦

���ú � Z¤¡#û��E¡ bethematrix of smallest normsuch that thefirst � columns of¯ è Ö g Âè ÖC° Ü $�±�¦L' lie within thesubspacegeneratedby è
$ : , � : �P' . Then,defining¯ è³²BgLÂè³² ° d ¯ è Ö gFÂè ÖC° Ü $�±=¦L'�g
where è�²�
X�&� �E¡ and Âè³²�
X�&� � ú � Z¤¡�û , wehavethat ès² and è
$ : , � : �¬' generatethesamesubspace.

Also, sinceboth ¯ è Ö g Âè Ö ° and Ü $9±=¦L' areorthogonal, ¯ è£²¥g Âè£² ° is orthogonal, and,thus, thecolumns

of Âè£² and è�$ : , � ò � : ��' generatethe samesubspace. Because the perturbation is small and Ü $ � ' ,
we have ±�¦µ´ Ü $ � ' .

We analyze the right singular vectorssimilarly. Define Âë Ö such that ¯ ë Ö g Âë ÖC° is an orthogonal

matrix, and define ±H§ª
ç� ú �7Z¤¡�û?�E¡ as the matrix of smallest norm such that the first � columns of¯ ë Ö g Âë ÖC° Ü $�±~¶´' lie within thesubspacegeneratedby ë�$ : , �Q·��P' . With ë,²Æ
�� �:�E¡ g Âë¤² 
�� �:� ú �7Z¤¡�û
givenby ¯ ë¤²¥g Âë¸² ° � ¯ ë Ö g Âë ÖC° Ü $�±�§²'�g
we have that ë«² and ë�$ : , �m·��¬' generate the samesubspace, ¯ ë¸²¥g Âë¤² ° is orthogonal, and Âë¸² andë�$ : , � ò �Q·¬Q�' generate thesamesubspace.As for ±¹¦ , we have ±�§º´ Ü $ � ' .

Since è and ë arefactorsin thesingular value decomposition of . , we have

è 6² .�Âë¤²
��Àì� Âè 6² .æë¸² K
Substituting our expressionsfor è«² , Âè£² , ë¸² , Âë¸² , and . , andexpanding to first orderin ±^¦ , ±�§ , � , we
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getlinear equationsfor ± ¦ , ± § K Solvingthese gives±�¦ � � Ì Âè Ö � ë Ö Í ê Z <Ö ò Ü 2 � @ 9±=§ � � Ì Âë Ö � 6 è Ö Í ê Z <Ö ò Ü 2 � @ 9 g
which implies è ² ± è³¢ ò Ü 2 � @ 9 , ë ² � ë¸¢ ò Ü 2 � @ 9 for è�¢ , ë¸¢ definedasin (20).

To usethis result, we write the matrix ��$�S � UT' as �Æ� � Ö ò �;� , where � Ö is the true value of� assuming zero noiseand the true values of the

� bc , and the perturbation ��� incorporates all noise

effects. We have � Ö ��� Ö � Ö , where � Ö , � Ö arethe true motion andstructure,andthus � Ö hasrank¦ � . Similarly, � ± �£� , where � and � arethe motion andstructure matricesestimated by STIF.

Both � and � haverank ¦ � . Write the“reduced” SVD of � Ö as � Ö �éè Ö ê Ö ë 6Ö , where è Ö 
�� � ���;� � ,ê Ö 
 �]� � �¡g and ë Ö 
�� ���P� � . Without lossof generality, due to the ambiguity in factoring � Ö (see

Section2), we take � Ö �çè Ö ê Ö ��� Ö ë Ö and � Ö �|ë 6Ö . Write theSVD of � as �µ�çè8\[ê�\;ë 6\ . From

Proposition 2, thereexistsanorthogonal matrix ¥�¦ suchthat è�\ð$ : , � : � '¤¥Q¦ ± è Ö ò 2�Ë � �r�q§�è Ö è 6Ö 9�T�Vë Ö ê Z <Ö . Usingtheambiguity in factoring � , we take

� �éèF\ð$ : , � : � '¤¥Q¦Fê Ö ± � Ö ò 2 Ë � �r�q§�è Ö è 6Ö 9 �T�Vë Ö � � Ö ò 2 Ë � �r�7§�è Ö è 6Ö 9 �T�¬� 6Ö K (21)

The covariance of � is now relatively simple to approximate. For conciseness, define »¼¦¯dË � � �7§�è Ö è 6Ö K Notethat » ¦ is a projection matrix,with » @ ¦ � » ¦ . We representtheelements of �
by �}b �

�
g where �¿
�S¬�¡g � g��sU representsthe f , i , and u coordinates and t 
�S¬�¡g K[K[K g � U representthe

4 homogeneous structurecoordinates. For the � b , we have © � b « �
� �}� b �� . Similarly, we represent

theelementsof � Ö by �
�
Ö c g where _ labels thepoints and t againrepresentsthehomogeneousstructure

coordinates. We haveI�$+� §1� Ö ' b �� $+� §1� Ö ' � �� L � E
b � � � � � � � ° c ­ »½¦ ® b �b � � � I²Ì;�T� b�� � �c �

�
Ö c Í Ì���� �r� � �° � �Ö ° Í L ­ »¾¦ ® � �� � � � K (22)

Fromthedefinition of thenoise matrix �T�íg
�T� b ú < � ûc d � bc 2Hf bc m i bc m � 9 § � b Ö c 2Hf b Ö c m i bÖ c m � 9 g (23)
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wherewe againusethe subscript � to indicate the exact, noise–free values. We have f bc § f b Ö c �ù bd c and i bc §öi bÖ c �£ù be c , where ø bc d 2 ù bd c m ù be c 9 is the noise for the _ th point and ` th image. Let� � bc d 2 � bc § � b Ö c�9 denote theerror 2 � bc § � b Ö cV9 in theprojective depths. Our experimentsindicate

that � � bc is typically small compared to thenoisein the imagemeasurements.We expectthis for two

reasons. First, the

� bc areestimated quantities, overconstrained by the data,so their errors should be

Ü Ì[ù N�¿ � Í g where
�

is theratio of thenumber of observations to thenumberof unknowns. Second,

we have assumedthat the

� bc arescaled to be near � , andthis scaling compressesthe range of error

variation in the

� bc . Weapproximatethenoise matrix ��� to first order in thenoise anderrorsas

�T� b ú <#� � ûc ± � b Ö c 2+ù bd cím ù be c�m �P9 ò � � bc 2 f b Ö chm i bÖ chm �*9 K (24)

Assumeasbefore in Section3.2 thatthenoiseis i.i.d,3 with standarddeviation � . Let

�
denote the

standarddeviation of the � � bc . We make theheuristic assumption thatwe canneglect the correlations

betweenthe � � bc and the ørbc K Also, we useour small–motion assumption to approximate

� b Ö c ± � .
Then(24) implies I´�T� b�� � �c �T� �r� � �° L ± � b � � � � c ° 2{� @ $5�;� � � � §��T� � � ��� � � ' ò � @ �T� � � �T� � � 9�g (25)

whereonecanestimatethe ratio

� N � from the imagedataand the projective reconstruction � , � .

Define Y����²dÀ� @ $×���0��§1� � � �T� � ' ò � @ � � � �T� � K
Plugging (25) into (22) yieldsI�$H� §1� Ö ' b �� $+� §1� Ö ' � �� L ± � � � Eb � � � � � ­ »½¦ ® b �b � � � Y�� � � � ­ »¾¦ ® � �b � � � g (26)

wherewe usedtheorthogonality of � Ö � ë 6Ö .

Sincewe eventually want to invert thecovarianceof õ , which involvesinverting the covarianceof� , we introducea further heuristic to simplify thecovariancein (26) to diagonal form: we replacethe

projection matrix »Á¦ by theidentity Ë � ��� . Thejustification for this is that »�¦ differs from Ë � �r� only
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through canceling
�

degrees of freedom out of a total of �¡Q \ , so that the differencebetweenthe two

matrices is relatively small.This yields,finally,I�$H� §1� Ö ' b �� $+� §1� Ö ' � �� L �ÃÂ © � b §�� bÖ « �� ¯ � � §¿� �Ö ° ��¸Ä ± � � � � b}� Y���� K
Our calculation assumedthat we exploited the factorization ambiguity to define � Ö �Áè Ö ê Ö �� Ö ë Ö and,correspondingly, � asin (21). Thecovarianceof � remainsroughly the samefor nearby

values of � and � Ö . (This is the samereasoning we usedin Section3.2 to argue that (13) remains

approximately valid for motions differing slightly from the true ones.)(21) implies that our definition

of � satisfies � ± � Ö . In practice in our algorithm, we define � by ��ë $ : , � : � ' , and,since this

definition makes � closeto � Ö , we expect the covarianceof this definition of � to approximately

equal (26).

We now give our approximation to the covarianceof õ . Recall that we defined õ in termsof the

constraint matrices �öb?¶/� b 6 §�� @b ��� 6 . Since the constraint matrices vanish for zero noise, the

covarianceof two constraint matricesequalsIL2×� b ¶�� b 6�§�� @b ��� 6%9 �� � 25� � ¶/� � 6�§�� @� ��� 6%9 �� � L K (27)

We will make the (good) approximation of neglectingtermsof higher thansecond order in the noise.

Then(26) impliesthatthecovarianceapproximately equals� b ��� �� �H� � d�� b}�~Å �0� ��H� � g
with Å ��� ��H� � d 2 � b ¶ @ � b 6%9 � �� � Y��0� ò 2 � b ¶ @ � b 6%9 � �� Y	�0� � (28)ò 25� b ¶ @ � b 6F9 �� � Y�� � � ò 25� b ¶ @ � b 6%9 �� Y�� � � � g
wherethe first term in (28) comesfrom the covariance of the first and third � b in (27), the second

comesfrom thefirst andfourth ��b , thethird termcomesfrom thesecond andthird, andthelastcomes

from thesecond andfourth. Wehaveexploitedthefactthat ¶ is a symmetricmatrix.
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Remarks. For simplicity, weusedseveralheuristic approximationsin computing thecovarianceof õ .
Onecanomit many of theseat theexpenseof complicating thealgebraandincreasing thecomputational

cost of minimizing the resulting error function.5 Also, it is important to realize that the covariance

calculation only affects the weighting of the constraints; no matterwhat we usefor � g the constraints

and the approximateerror function Â¹7º5»�¼ (or Â¹ ¼ R^] ) will vanish exactly for zero noiseand the correct

valueof the ¶ (and ·8¸ ). Our hopein proposingthesimpleapproximation for thecovariancein (28) is

thatit will compensatefor themainbiasesin theoriginal constraints, andthatany remaining biasin the

weighted constraintswill produce small estimationerrors. Our experimentsconfirm that minimizingÂ¹ º×»	¼ or Â¹ ¼ R^] doesimprove on theresults of our linear algorithms.

Our expression for � suggestsa heuristic strategy for improving the linearalgorithms. Thecovari-

ance� hasorder of magnitude � ´ Ü 2 !#" 2 ¶ @ � b 6 � b 9;9 K
Thus,instead of the

á¹7º5»�¼
minimizedby Algorithm 2, for example, onecanconsider the simpler error

function ¹ P ÙwÆ d �!#"F$?¶ @ MH� 6 ��O#'
E
b !#"²2�25� b ¶/� b 6�§1� @b ��� 689B2?� b ¶/� b 6�§�� @b ��� 6�9�9�g

where ÿ � 6 � � is theaveragevalue, ÿ � 6 � � d�Q Z <\ \ b � b 6 � b . Onecanminimize
¹ P ÙwÆ just using

linear algebra, in exactly the sameway as for the linear Algorithm 1. The hope is that the resulting

linear algorithm, dueto thebiascorrection from thedenominatorin
¹ P ÙrÆ , haslessbiasthanAlgorithm

1. However, our preliminary experimentsdo not indicatethat the modifiedlinear algorithm improves

significantly on theoriginal one.
5Onecancompute Ç�È«É in ÊÁËÍÌ �rÎ even if we keeptheprojectionmatrix Ï³Ð in (26). Theprojection ÏÑÐ differs from the

identitymatrixonly overasubspaceof dimension4, andoneonly needsto invert thecovariancesof Ò and Ç within thissmall
subspace.
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8 Appendix: Critical Motion Sequencesand Self–Calibration Ambigui-

ties [25][41][42]

Spherical motion. In spherical motion, the cameramoves on a sphere while fixating the sphere’s

center (seeSection4). This type of motion doesnot causean intrinsic ambiguity in estimating the

internal parameters, but any algorithm that neglects the rank–� constraint on ¶ suffers an artificial

ambiguity in estimating them. [41] showedthisoriginally usingKruppa’sequations[12], andwederive

it herein thecontext of our absolute–quadric–basedalgorithm.

Adopting a coordinate system that hasits origin at the sphere’s center, we can representthe ` th
cameramatrix by6 � b � � © � b g*§B� « g (29)

where � is constant. As required, (29) implies that thecamera alwaysremains at a distance ý �ìý from

theorigin andthattheorigin mapsto thesamehomogenouspoint in each image,namely § � � .

We show that omitting the rank–� constraint on ¶ causesan ambiguity in solving the constraint

equations � b ¶/� b 6 ��� @b · ¸ K (30)

Thecorrect solution has � b �|� and

¶à�é¶WÓ�d � Ë � À �À 6 � � � g (31)

where À � d ­ � m � m � ® . Onecanverify this by substituting (31) and(29) into ��b?¶/� b 6 , which produces

� b ¶ Ó � b 6 � � � b Ë � � b 6 � 6 � ��� 6
andsatisfiesthe constraint (30) with � b �Ã� and · ¸ � ��� 6 , as it should. Onegetsan additional,

spurioussolution to theconstraint equation by taking ¶F���ðd�� � � �T� � g which produces

� b ¶/� b 6 � � �¢� 6 � 6 K
This satisfies(30) with � b �|� andtheincorrectvalue · ¸ � � �¢� 6 � 6 .

6For convenience,we have setthescalesÔ�Õ andthehomography Ö to unity in (29). Onecaneasilyextendour discussion
to Ò Õ with nonconstantÔ�Õ andnontrivial Ö .
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Note that the spurious solution gives ·í¸ and ¶ of rank �¡g whereasboth should have rank � . Most

self–calibrationalgorithmsthatminimizea function of ¶ only require that ¶ hasrank ¦�� anddo not

enforce the requirementthat ¶ musthave rank exactly equal to � . In principle, suchalgorithms can

yield spurioussolutionslike theonefound above.

Any linearcombinationof thetwo solutionsfor ¶ alsogivesasolution to (30). For example, taking¶ç��Ë � produces � b ¶/� b 6 � ��� 6 ò � �k� 6 � 6 g
which solves(30) with ¶ of rank

�
. Of all the linear combinations, only (31) givesa valid rank–�¢¶ ;

all othersgive spurious ¶ of eitherrank
�

or rank � .
Theexistenceof the spurioussolution corresponds to the matrix . [ in Section4 having two zero

singularvalues. For noisydata,thespurioussolution becomesapproximateandthematrix . [ typically

hastwo small, nonzero singular values. As our experimentsshow, a modifiedversionof Algorithm 3

estimatesthecorrect calibration for spherical motionby taking thelinear combinationof thetwo small

singular vectorsthatcorresponds to a rank–3 ¶ .

Rotation around a singleaxis. If thecamerarotatesaroundasingleaxis,wegetanintrinsicambigu-

ity in estimating theintrinsic parameters,aswasoriginally derivedin [41][42][51]. Adopt a coordinate

system in which thesinglerotation axisis alignedwith the u axis.Thenonecanrepresentthe ` th camera

matrix by5 �Æb8� � �:b © � � g*§B�¤b « g where

� b �c×Ø�ÙHÚ@Û � b § Û ÐÒÑ � b �Û Ð-Ñ � b ÙHÚ@Û � b �� � �®ÜÝ K
In addition to the correct solution of the constraints (30), given by � b �¯� and ¶ç�é¶ Ó , we have the

spurioussolution � b ��� and ¶ç�é¶ ü ��� dÀÞ � � ��� � g which gives

� b ¶/� b 6��|$ � ­ � m � m � ® 'r$ � ­ � m � m � ® ' 6
andthussatisfies(30) with · ¸ ��$ � ­ � m � m � ® 'r$ � ­ � m � m � ® ' 6 . We call this a spurioussolution since ¶ ü
and ·�¸ have rank � . However, in contrast with the spherical–motion case,we can get nonspurious
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solutions of rank 3 by taking linear combinationsof ¶ ü and ¶ Ó K Apart from two special cases, these

linear combinations all have rank3 andsolve (30) and,thus, they give a realone–parameter ambiguity

in estimatingthe internal parameters.Again, the existenceof theseextra solutions corresponds to the

matrix . [ in Section4 having two zerosingular values. Onecanuseouralgorithmsto estimate theone

dimensional subspacewithin which thetruevalues of theinternal parametersmustlie, seeSection4.

Pure translation. If thecameradoesnot rotate at all, we geta five–parameter intrinsicambiguity in

estimating theintrinsicparameters[25][41][42]. Adopting acoordinatesystemparallel to thecoordinate

systemsof thecameras,we representthe ` th cameramatrix by �Xb%� � © � � g*§B�xb « K Now any ¶ of the

form ¶ � � 	 À �À 6 � � � g
where	 
ì�]� � � is anarbitrary symmetricmatrix,satisfies(30),sincesubstituting yields

� b ¶�ß b 6�� � 	 � 6
andthis solves(30) with � b �{� and ·�¸x� � 	 � 6 . Thesesolutionsarevalid aslong as 	 hasfull

rank. The existenceof the extra solutions correspondsto the matrix . [ in Section4 having six zero

singular values, andonecanuseour algorithmsto estimate thefivedimensional subspacewithin which

theinternal parametersmustlie.
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