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Abstract

We presatalinear algorithmfor self~calibrationwhich, lik e the Sturm/Triggs methodfor projective
recorstrudion, is exad in thelimit of smallcameramotions or sidewaysmotionswith rotationsarourd
the optical axis. Unlike previous algorithms, our appraach recovers the available partal information
abou theinternal paranetersfor “critical” motion sequenceswherefull recovery of the calibrationis
impossble. Also, we presen a linear algorithm for estimatng the cameramotion and 3D strudure
given a projedive recorstrucion andknown calibration, andwe extend our linear apprachesto more
accuate,iterative algarithms. All our algarithmsfollow the stratfied approachin which the Euclidean
motion, 3D strudure,andcalibration arecomputel from a projedive recanstrudion.

Keywords: self-calibration, linear algorithms, critical motion sequ@ces,strdification, strudure from
motion, projective geomety, Sturm/Triggsalgarithm, factaization.



1 Intr oduction

To compue from amovie anestimateof the cameras motion, or a 3D modelof the scenen the movie,
onemustknow thecameras internal paramegrs,for exampleits foca length. Oftenthes areunknown,
and one must estimatethem, a task known as calibration. Traditional calibration techhiques require
a predsely measuredBD object and compue the internal paranetersfrom imagesof this object(e.g.,
[46]). More recenly, resarches have focused on self-calibration, thetaskof determirning theinternal
paraméersfrom imagesof afixed,unknavn 3D scere taken by a cameraexecuting anunknown motion
(e.g.,[15][24][48][51][25][41][42][26][10]). With self-calibration, onecanestmatethecameramotion,
the 3D sceneand the intermal paranetersfrom the same single movie. It is morecorveniert thanthe
traditional approachandis the only choice whenno measued 3D object is available.

In this pape, we presntalinear algarithm for self—alibration which, lik e the Sturm/Triggsmethal
for projective reconsruction [43][48], is exactin thelimit of smallcameramotions or sidevaysmotions
with rotatons arourd the optical axis. Unlike previousalgarithms, our appgroachrecovers the available
partial informationabou the internal parametersfor “criti cal” motion sequences[42][41], wherefull
recovery of the calibrationis impossble! Also, we presntalinear algarithm for estimatig the camera
motionand3D struduregivenaprojective recanstrudion andknowncalibration,andwe extendour lin-
earapproaclesto moreaccuate,iterétive algorithms. All our algorithmsfollow the stratified apprach
[9], in whichthe Euclidean motion, 3D structure,and—if necessary—thecalibrationarecompuedfrom
aprojective recorstrudion. As in mostresarchon self—alibration, we focuson detemining the linear
intemal parametersandneglect the possbility of nonlinearimagedistortions.

One can consder self—-alibration a part of the geneal task of structure from motion (SFM), the
most studied problem in comptter vision. In traditional Euclidean SFM (e.g.,[20]), the camerais
pre—calibrated,and one compues from the image datathe cameras motion that is, its postion and
oriertation for eachimage andthe 3D structure, a geanetric model of the 3D scere. More receantly,
reseachershave conantratdon projectiveSFM [12], in which the cameracalibrationis unknown and

canchange betwee images andthe taskis to estimae the motion, strucure, and the calibration pa-

For example full recovery of the calibrationis impossiblefor sidavays motionswith rotationsabout the opticalaxis. Our
lineartechniqueexactly recorersthe calibrationup to a one—@rameteambiguityfor this type of motion.



rametes. In the projective situaion, the unknowns can be estimaed only up to multiplication by an
arbitrary 4 x 4 matrix called a homaraphy[12]. Thus,if onerepresentsthe strudure using4 homo-
gen@us coorinates instead of the standird 3 Cartesan coordnates one can estimateit in projective
SFM only up to multiplication by anarhtrary 4 x 4 homogrghy matrix. Similarly, if onerepresens
the cameraposition/orientaion and calibration for ead imageby a single 3 x 4 matrix known asthe
camen matrix, one canestmatethis only up to multiplicationby a4 x 4 homogaphy matrix that is
theinverseof the onefor the structure. An estimatefrom theimagedataof the cameramatrices andthe
strudure, up to theambiguity unde ahomogephy is calleda projedive reconsruction.

Self—cdibration occiypiesanintermediate position betweerEuclideanandprojective SFM. At leag
someof thecalibration paranetersstat off unknown, asin projedive SFM, but theaimis to estimatethe
camergparanetersandotherunknownsunambiguously, asin Euclidean SFM. Unambigiousestimdion
is possibleif oneknowsthatsomeof the calibration paramegrsstayfixed overtheimageg12].

Many resarches advocatea stratified appgoachto self-calibration [9]. This appraachfirst solves
theprojective problem, estimatng the strudureandcameramnatricesup to ahomogaphymultiplication.
In a separée secom stag, it extends the recanstrudion to a full Euclidean one, using the estimatel
cameramatrices to compue the motions andcalibration paranetersandthe overallhomogaphy which
in turn deteminesthe 3D strucure. In fact, reseachersoften treat the self-alibration probdem as
if it wereidentical to the probem of estmating the calibration, motion, and structure from an initial
projective recorstrucion.

Thereareseveral motivations for the stratifiedapgroach In somecase, onemaywantto estimae
the calibration from an alrealy existing projective recorstrucion. Or, it may be easer to startwith a
projective compugtion than to computethe calibration paramegrsdirecty. Projectve algarithms are
usudly simplerthanEuclidean ones andarelesslikely to producewrong recorstrucions at false locd
minimaof thereprdection error[29][31]. Ontheotherhand onecanachie\e moreaccuatecalibrations
by adirectcompuation, without the intermediary of projedive SFM[32].

We follow the straified appraachin this paper We usethe popular Sturm/Triggs Iterative Factor
ization (STIF) algorithm [43][48][5][17] to comput aninitial projective recongruction from theimage

data,which our algarithms thenuseto compue a Euclidean recanstruction. Our algoarithms do not re-



quireusing STIF, but boththey andSTIF work well whenthe cameramotionsaresmall, aswe explain
below soit is reasombleto usethem together.

Most of the resuts of this paperappearedn acondasedform in [30].

1.1 Outline of the Paper

Sectionl.2 presentsour notation andreviews thetaskof projedive recorstrucion. Sectio 2 reviewsthe
STIF algarithm for projective recorstruction andthe algumentthatit workswell for small motions or
for sidewaysmotions with rotations abou the optical axis[44]. Section3.1 presetsalinear algorithm
thatcompuesa Euclideanrecastruction givena projective oneandknown camerecalibration. Sectian
3.2 descibes a norlinear extension of this algarithm which gives greaer accuacgy, and Section3.3
presatstheresuts of ouralgoithmson 3 realimageseqiences

In Section4, we preentanalgarithm for estimatng the calibration paranetersfrom aninitial pro-
jective recanstrudion. Section4.1 descibesa moreaccuateiterative—mirimization appgoach Sectian
4.2 extends our method to hande critical cameramotions [41][42] that make it impossilde to recover
the full calibration unambiguausly. For these motions, our extended appioachrecoversthe available
partial informationabou the calibration Section4.3 descibes expetimentswith our self-calibration
algarithmson syrntheticandrealimagesequences

Section5 disaussesprevious relaed resarch and Section 6 concudes. Apperdix 7 contains de-
tails of our iterative—minimization algonithms,andApperdix 8 analyzshow the calibration-estimaion

ambiguties caugd by critical motions appea for our algarithms.

1.2 Preliminaries and Definitions

We useMATLAB notaion: we indicatea columnvecta by usinga semi-mlon to separée the entries,
we usea commaor spaceto separée entries in arow vector andwe usea colonto indicatea range of
indices. Let 1y € RY*YN denot theidentty matrix, andlet é,, dende the Kroneder deltafunction,
with §,, = 1 if @ = b andothemwised,, = 0.

We usetr (-) to dende thetrace of amatrix, and||-|| derotesits Frobeniws norm: for anarbitrary



matrix 4,

1/2

Al = (b (A7) = | 30 (45)”
ab
Let {(¢) denot the average of the quartity ¢. Given N quantties ¢, indexedby a, we define{¢} € R
to derote the column vectorwhoseath elements ¢, .
If a matrix A hassingular valuessy_, ... sy that are much smaller than the remairing ones
81...8N—a—1, Wewill referto theformerasthesmallor leastsingular valuesandto the correspondng
singular vectorsasthe smallor lead singular vectors.

Let the imagesequencecorsist of N; imagesand let therebe N,, scenepoints tracked over the

seqence.We dende theimagecoorinatesof thenth pointin the ith imageby g, = (wﬁl,y%) where

i =1...Nrandn = 1...N,. Definethelength-3 columnvecor p}, = ( z%; ¢i; 1). The
ray definedby all points of the form a},, wherea is anarbitrary scale givesa representaion of the
imagepoint pi, in the two dimensbnal projedive spaceP?. Any point ap’, thatlies on the ray gives
arepresenation of the ray andof the original imagepoint g, in homaeneais coardinates Both o,
andjp¢, correpondto the sameimagepoint; the overdl scak of the homog@eouscoordnateshasno
physical meanirg.

Define the Euclidean coardinate systen of the ith imageto be an orthogonal systemcentered

at the ith camen posiion and with z—axs pardlel to the opticd axis of the camera. Let B, =
( Xn; Yo Zn ) dende the nth 3D point in the Euclidean coardinate sysem of the first image.
Theithimageof P,, equas p’,. Definethelengh—~4 columnvectorP,, = ( X,,; Y; Z,; 1).Any
point o/ P,,, whered! is arhitrary, givesarepresenttion of the 3D point P,, in homog@ouscoordinates.
Definethestructure matrix S € ®**"r to beamatrixwhosenth columnsS,, is propationa toP,,. This
matrix encgsuldesthe postions of all the 3D points.

We representthe orientation andposition of theith cameraby B € R#3%3 andT? € ®3, wherethes
representthe rotation and transhtion from a reference coordnate sysem to the Euclidean coardinate

systen of the ith camera. We representthe internal paranetersof the camen by the standird3 x 3



uppe—diagonalmatrix

fl s Zc
K = 0 f2 Ye 3
0 0 1

wherethe f; , arethefocal lengths in the z andy diredions, s is the skew, and( Te; Ye ) givesthe
imagecente.

Theimagepoints are determired by the structure andthe camer matrices M. Neglecting noise,
we have

ALl = M'S,, 1)

wherethe constantsA?, arethe projective deptts. Note that Al equds the z—coadinate of A p. We
dende thevectorcompasedof all the A!, by {A} € RNV,
Thecameramatrix M combiresinformationabaut the postion, orientation, andintemal paraneters

of the camerdor theith image.Given K, R', and'T, onecanwrite theith cameramatrix as

wherey! is anarbitrary scak. Two matricesM* and M" thatdiffer just by a scak factorrepresentthe
samecameraparanetersandmotion. Let M € RN7*4 pe the matrix given by conatenaing the M
oneontop of the other

The problem of projective SFMis to estimatethe M* andS,, from theimages points p, or p,. We
referto an estimae from the imagedataof the M* andS,, asa projedive recorstruction. Theimage
datadetaminethe M* andS,, only up to ahomagraply andscaks. For example,onecanrewrite (1) as

Alipt = M"S! , where

A = oAl )

n

M" o M'H, S! = H'$,Sn,

theo?, 3, arearbitrary nonzeo constats,andH ¢ #¥4 is anarbitrary (invertible) homogaphymatrix.
Let I € R3V1*No pe the matrix consisting of the b, multiplied by the projective deptts, with

I3=23i = Al 5t Wewrite I = I ({A}) toindicatethat I is afunction of all the A% . Onecanrewrite



(1) for all points andall imagessimultaneousy as
I=MS, Q)

whereM € R3N1>4 andS € R*>*Ne areasdefine above.
We referto an estimateof the strucure andmotion, i.e., the P,,, R?, andT", asa Euclideanrecon

strudion.

2 Projective Reconstruction: the Iterati ve Sturm—Triggs Algorithm.

We usethe popular Sturm/Triggs Iterative Factorizaton (STIF) algonithm [43][48][5][17] to compuk
aninitial projective recorstrucion from the imagedata. We briefly review the STIF algorithm in this
secton anddescibe our algorithmsfor extendng a projective recanstruction to a Euclideanonein the
following sectons.

Recalltha I ({A}) is the matrix conssting of the p/, multiplied by the projective deptts. STIF
exploits the fact tha, negleding noise,I musthave rank < 4 for the corred choiceof the projective
dephs A%. This follows from (3) andthe fact that M and S have rank < 4. The algorithm usesa
two—stgeiteration. In the first stage using the current estimatesof the projective depts, it factors 1
into two rank-4 matricescorrespording to the M andS. In the secand, it uses(1) to re—estimatethe
projective deptts basedon the current M andS.

To start, STIFneedsaninitial guesgor the A?, which SturmandTriggs[43] obtanedby estimaing
them from image pairs. However, whenthe cameramakes small movementsbetweenimages asit
typically doesin videoandmavies,thechargebetweerimagess small. Thisimagechangeis the signd
usedfor estimaing the projective recorstrucion, and if it is small, an algorithm mustaccumulatethe
signal overasmary images aspossble to getaccuateandreliableestimages. The Sturm/Triggs stratey
of estimatingthe deptls basedonimagepairs will give poor resuts for very smallmotiors.

To analyzethis difficulty moreabstactly, consderthe“video limit” in whichtheinter—-imagemotion
shrirksto zerowhile thenumberof imagesgrows correspomlingly to infinity sothatthetotal signal stays
fixed. Any finite collectionof imageshaszeo signd in this limit, anddepthestimaton base& onimage

pairsmustfail. No algoiithm will suceedunles it usesan arbitrarily large numberof images for its



starting estimate

After the original propasal in [43], reseachersnoticed that the projective depts exactly equal 1
for sideways motions with camerarotations abaut the optical axis [44] and are often near1 for real
seqgenceswith smallmotions. Thus,they proposednitializing STIF by seting all the projective deptts
equd to 1 [48][5][17]. Thoughresarches have never examinel carelllly the sendtivity of STIF to
small errorsin the projective dephs, the hopewas that starthg STIF nearthe correct values of the
projective deptiswould give goodenowgh resuts that the algarithm would corverge from this stating
point to a goad projective recorstrucion. Experimendlly, the iterative straegy often doeswork well
(e.g.,[30][5], but see[28]).

Theplausibility agumentthatseting all projective dephsto 1islikely to give goad resutsfor small
motionsis straightforward [44]. We review it here sincea similar agumentapplesto our appoach.If
the cameradid not move betveenimagesanddid not chang its intemal calibration, all the A# would
be exadly the same(afterrescding) andonecould sepaately scaleeachs, in (1) to setthe projectve
dephsexactly to 1. In fad, since we have definedK sothatit doesnot affect z coordnates, calibration
chargesdo not affect the projective deptls, andonecansetthe projective deptisexacty to 1 wheneer
the cameramotions arezera Theform of (1) shavs that one canthink of the motion asaffecting the
projective deptls linearly. Thus,for small motions, onecanscalethe projective dephsto have values
nearl, asour experimentscorfirm. Startig STIFwith A}, = 1 meansstartingit nearthecorrect values,
andit is plausble thatthis makesthe algoiithm likely to corverge to thes values

In addtion, sincea sidavaysmotion with the rotation purely abaut the optical axis (i.e., amotion
with both epipolesat infinity) leavesthe Z, andthusthe projedive deghsunchanged onecansetthe
projective deptls exactly to 1 for suchmotionsaswell asfor strictly zeromotions[44].

Our experimentsalsoindicate that STIF gives more accuate resuls for small motions One can

explain this asfollows. Roughly? one canthink of STIF asfinding the valuesof A, M, andS that

minimize || 7 ({A}) — MS||%. To getthe optimal least-squaesestimats, oneshoutl insteadfind the

%A precisecharacterizationf the errorminimizedby STIF appearsn [30][27].



values of M andS minimizing theimage-reprgection error

[MZ Sn] 1:2 :
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(4)

Theerror||I — MSH% approimatesthe correcterrar (4) beterwhenthe A, areneare 1, sincethen

||I_M5||%:Z\A;‘npfl—MiSn|2zZ\132—MiSn\2, (5)
2,1

7,1

andthe normalizationof thetermsin the summatches thatof (4).

3 EuclideanReconstruction: Known Calibration

For therestof this paper, we assumedhatwe have anestimae of the projective recanstrudion obtaned
via STIF or someothermeans.Before consderingthe full problem of self-alibration, we presentan
algarithm for the simpler problen of estimating a Euclidean recanstrudion given a noisy projective
recorstrudion andthe true valuesof the internal paraneters.Even with knowledge of the intemal pa-
rametes, computirg a good estimae of the Euclidean recanstruction is not a trivial task Researhers
sometime estimatdt using the cameramatrix for a singe image,dueto the simplicity of the computa
tion, but to getthe bestestmateone mustusethe informationfrom all theimages.We descrbe below
amethodthatusesall imagesandstill involvesa simplelinear compugation

Sincethe estimatel projective recorstrucion is ambigwusundermultiplication by a homogaphy

the estimatel cameramatrices relateto the cameras motionvia
M'H=p,K [ R® —R'T'], (6)

whereH is a4 x 4 homogaphy the y; areunknown scales, the R® arerotatons,the T* aretrandations,
andK is theknown calibration matrix. The problemwe addressin this secton is to estimatethe 4, R?,
T, andH from theestimaed M?, S,, . SinceT” is arbitrary, theonly corstrairt availablefor comptting
thesequartities is the orthogonadity of the rotation matricesR. Let H;.3 derotethefirst three columrs

of H andlet H, dende the fourth. Definethe symmetricd x 4 matrix Q = Hy.3H%,. Onecanwrite



the orthogonalty constrairt as
MiQMT = 1 2KKT, 7)
HeydenandAstromoriginally derivedthisequaionin [18], andTriggsredeivedit from ageamnetric
viewpoint in [47], wherehe called Q the absolute quadric. Thematrix «* = K K7 is the dual image
of theabsdute conic [12]. We will first compue the Q andy; thatbed satsfy all the constrairts (7) in
theleastsquaesseng,i.e., thevaluesthatminimize

Bewe = Y _tr (M'QMT — 2 KKT) (M'QM'T — p7KKT)) . (8)

1

To eliminatetheoverall scaleambigity in this minimization, weimposetheconstrairt thattr(Q?) = 1.
Fromits definition, Q mustbe non-negative definite (v Qv > 0 for ary v) andat mostrark 3.
Corversely, when Q satsfiesthese two constrairts onealways write it in theform Q = H1:3H£3 for

some4 x 3 matrix H;.3. Therank-3 constaintimpliesthatdet (Q) = 0.

3.1 Linear Estimation

We comput the Q andy; minimizing Eey. in (8) subject to the constaint tr (Q?) = 1. Theequdion
(8) is quadratic in the Q andy;, and,if the rank-3 constrairt on Q is neglected,onecansolve for the
minimizing values of Q andy; linearly.

As a preliminary stageof our algarithm, we exploit the ambigtity in the estimatel cameramatri-
cesto transbrm them so that they are well condtioned. We multiply M, the concatenéion of the
M, by ahomogaphy Hp € R*** sothatit becomesorthagond: M — Myew = MHp, Where
ML Muew = 14 and1, is theidenity matrix.

Next, we minimize over the y; for fixed Q. Differentating (8) with respet to the 4;, we find that

theminimizing p,; satsfies
tr ((KKT) MIQM'T — 2 (KK™)*) =0, 9)

which impliesthat

5 tr (w*MiQMiT)

Ky = tr (w*g) (10)

10



attheminimum,wherew* = K K. Substititing (10) into (8) yields

(tr (wM'QMT))?

in Beye = tr (M' QM M'QM*™) — 11
Iﬁgl euc I'( Q Q ) tr(w2) 5 ( )
whichis purdy afunction of Q.
Last,we minimize (11) over Q. We rewrite (11) in theform
qTAeucq (12)

whereq € R0 is avecta contining the 10 unknowns from Q, i.e., the upper-diagona elemers of
Q, and 4., € R'19%10 js a matrix whoseelementsdepend on the elemerts of the M* and w*. We
write the constaint tr (Q2) = 1 in the similar form g7 Beong = 1,where Be,, € R19%10 is acongant
matrix. Then,it is easyto show that the value of ¢ minimizing (11) and(12) subgctto the constrairt
tr (Q?) =1is

q= B\ %y,

con

wheree € ®19 hasunit normandis the leasteigewvecir of

AGUC = Bil/QAeuCBil/2

con con ?

i.e., the eigenvecir correspomling to theleag eigervalueof Agye.

Fromthe estimaed Q, we computethe homograghy H in (6) andthe motionsF, T¢ in the stan
dardway. First, we compue H,.3, the first threecolumnsof H, asthe bestrank 3 appraimation to
the squareroot of Q. The squae root of a matrix is always ambigwus up to a multiplication by an
orthagond matrix. In our casetheambiguity in Hy.3 underHy.3 — Hy.30, whereO is orthogoral,
reflectsthe ambiguty in choosng the Euclideancoardinate systen in which the motion and strudure
arerepresented Oneway to eliminate the ambiguity is to selec¢ the coordnate sysem of one of the
imagesto repregntthe recanstruction. Let i give the index for this referenceimage. Therotation in
(6) mustbe the idertity for imageir, which fixes Hy.3 from the requrementthat Mz Hy.3 = pi K.

Specificaly, we choo® the orthogonalmatrix O to minimize

o T, . .
E; =tr ((MZRHl:sO - Nz‘RK13) (MZRHL?,O - MiRKl?,)) .

11



[22] give a methodfor comptting this O via the singular value decanposition (SVD). Similarly, we
fix (up to scale)the fourth columnof H by requiring thatthe trandation be zerofor image, which
impliesthat M‘®H, = 0.

We summarizéhe algarithm asfollows:

Algorithm 1: Linear motion estimation. Givena sequenceof Ny images, a camer with known
calibration K, and Ny camer matrices M*, we compué the Euclidean motionasfollows:

0. Transfam M to maleit orthogond: M — Myew = MHp, whee ML, Mpew = 14.

new

1. Solwelinearly for Q:

(a) Defineq € R'° to consist of the upper—diagonal elemets of Q. Constrict the matrix A,
sudh that ¢’ Aeucq equals the right side of (11), and the matrix B.o, sud that ¢* Beong

= tr (QQ)
(b) Solwe for g, the unit—-nom eigervecor of Aoy = BC_O}/ZAQUCB(;}/Q that correspndsto
thesmalles eigervalue, andlet ¢ = BC_O}I/Z:-:L.

2. They? are givenin termsof the estimaed Q by (9).

3. Computehefirstthreecolumnsof the homaraphy H asthesquaerootof Q: compuetheSVD
Q=UDVT andlet H,.3 = U(;,1:3)D(1:3,1:3)/2U (:, 1:3)".

4. Fix the Euclidean coordinate systen and computethe Euclidean motiors R, T¢ with respecto
this sysem:

(a) Pick a refeenceimage ig. Choo® u;, > 0 (for concretenss, without loss of gereral-
ity). DefineHy.3 = I§I1:30, whee O is an orthogonal matrix chosen, as follows, to male
M= ;50 asclose aspossitie to 14, K: computethe SVDKT M= ;.3 — UDV7T and
defne0 =VUT.

(b) To male R in (6) approximat a rotation (rather than a rotation plus a reflecton), choos
thesignof y; for i # ig sothatdet (u; ' K~ M*Hy.3) > 0.

(c) Choo® H, sucthat M‘z H, = 0 anddefine H = [Hy.3, Hy].
(d) Computethe Euclidean motions R*, T¢ from(6).

Remarks.

1. Typically theimagedataoverddgerminethecameramatricesM* andthe M* in turn overdeermine
Q. Thus,the Q estimaedin Stepsl and2 above will geneally be close to the correctoneand
nomegative—definite. In our experiments,we have not encounteredestmatesof Q with negatve
eigawalues. If the estimaed Q does have negative eigervalues, this is the samesort of problem

that one encouwntersin using the Tomasi/Kamdealgarithm [45]. One altermtive is to skip the

12



linear Algorithm 1 andgo directly to theiterative minimization of Algorithm 2, startng it from
rancdbm guesgsfor Q. Alternatively, onecould usethe fixes proposedto curethis problem for

the Tomasi/Kande appioach(see.e.g.,[33], or [6] for arecentproposal)

. In estimatng Q, we usedall 5N; congraints on Q comingfrom the equaions (7), negleding
only the single constaint det (Q) = 0. In geneal, our negled of this one condraint does not
have a large effect on the estimatel value of Q; it did notin ary of our experiments. However,
if it doeshave a large effect, we suggestthe following procedurefor incorporaing the constrairt
into the estimate.

A standad linear pertubation analysis [11] implies thatthe errorin Q estmatedfrom Stepsl
and?2 is proportional to the ratio of the smalles eigervalue Of Agye to the next smalles. If Ay

hasasinge, isolatedsmall eigervalug this impliesthatthe 5\; constaintsin (7) areenaughto
detemine Q andthatthe determirant constaint does not strorgly affect the estimate. Whenthe
detgminantcongraint does have a strongeffect onthe estimag,Aeyc Will have atleasttwo small
eigenvalues, with correspondng eigervectoss € andé€. In this case one candefinethe estimae
of Q from the linear combimation of € and € that givesdet (Q) = 0. Sectims 4.2 and4.3
further disaussthis tecique andpreentexpelimentalresuts obtanedwith it, for the probdem

of self—alibration.

. Thescaleof Hy is ambiguas, reflectirg theuswal scaleambiguty of strudurefrom motion. One
candetemine the sign of H, from the postive—degth congraint that the imagedworld points

mustlie in front of thecamera.

. Given H andthe projective strudure S correspondng to the estimaed M, it is straightforward to

compue the Euclideanstructure.

. Our linear algarithm, and alsothe iterative algarithm desribedbelow in Section 3.2, are easily
modified to ded with a calibration that is known except for a varying unknown focal lengt

[35][36][30].

13



3.2 Euclidean Reconstruction: Iterati ve Impr ovement

Thelinear Algorithm 1 givesa fasttechnguefor estimatirg the motionbasel on all theimages How-
ever, it compues the motion estimateby minimizing the constaint errar F,,. in (8), and we have
not consiceredwhetherthis is the right errar function to minimize, that is, whether E,,. embodies
a good model of the image noise. What we would like is the motion estimate that minimizesthe
standhrd leag—sqlaresimage—eprojection error and, thus, gives the bestexplanation of the original
imagedatain the leag—sqgaressense This secton preentsan errar function which dependsjust on
Q andgivesanimproved appgoximaton to the leag—squaresreprgection error. Comparedo a stan
dardbunde—adustmer techrique[49], which compuesa Euclideanrecanstrudion by minimizing the
image-eprogectionerrorwith respetto themotionandstrucure (atotal of 3N, + 6Ny — 7 unknowns),
minimizing the new errar function with respectto Q is a much smaller problem andyields a faste
algarithm.

We definethe new error by correcting F,. Sothatit hasthe corred noisestatistcs to first order.
Thisis astardardtechnique of staisticssee.e.g.,[21]. Conside theconstrairtson Q andy in (7). We
representthe independen elementsof the constaint matrix MQM*T — u2K KT in (7) by C* € R,
where for instance,we canchocse(C’ to be the uppa—diagonalenties of the corstrairt matrix. Define
the vecta of all constaintsC = [C';C?%;...;CN] € ROV, Letn!, € R? representthe noise in the
imagemeasuementfor the nth point andith image,andlet € ¥V1» be a vectorof all the noises.
The constaint vecta C depemls on the estimdesof the Q andy; andon theimagemeasureents. At
thetrue valuesof the Q andy;, it vanishesup to noise effects, andwe write it to first order in the noise

asC ~ B, for somematrix B € RON1)x(2N1No) |nverting this relation gives
n~ B~IC, (13)

whereB~! is the pseud—irverseof B.

Onecanthink of 7 in (13) asrepresentirg the discrgpancesbetweenthe obsrvedimagedataand
the datapredided from the true Q and ;. We alsowantto comput the disarepanaes for incomrect
values of the Q andy;, sincetheimage-reprgection errar equas the sumof the squaeddisaeparcies

andwe wantto minimizeit overall Q andy;. AssumingC dependssmootiy onits aguments,onecan
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shav thatequation (13) givesthe discrgpances’ first—order depenienceon C over arange of Q andy
arownd the true values. Thus,we approximatethe lead—squareserror to first order as Fp.g = |77|2 =
cT (BBT) 'c.

Our choice of the least-squaesimage-feproectionerrar correspors to assumiig thatthe image
noise is i.i.d and symmetre, with (nn”) = o%1sn,n,, Wherelyy, n, repreentsthe identity matrix
ando is the stardarddeviation of the noise? This assumgbn impliesthat BBT is propational to the

covarianceof C, since
(cCTy ~ (Bmm™BT) = B (¢*12n,n,) BT = 0*BBT.

We have

Ers~CT(cc™) "¢,
which givesthe basicform of our approximation to theleas—squareserror Fz g.

To complee the definition of our approximation, we must descibe how to approximate the co-
variarce of C. The compuation is techrical andwe referit to Appendk 7. Our final approimation
is

Eeuwe (Q,{n}) =C"w7'C, (14)
wherex is the appraimation to the covariancedefinedin Appendx 7, andour notétion indicatesthat
Eeue depemisonthe Q andy;. Becauses is diagmal in theimageindex ¢, onecancompueEeuc from
its agumentsin O (Ny).

Our appraimation x dependsonly on Q, noton the ;, S0 Eeyc is quadaticin the ;. Thus,given
Q, onecanminimize FEq,. overthe u,; linearly andderive anev error ., which depenisjuston Q.
Exploiting the corstrairt det (Q) = 0, onecanwrite

%% —Wa

Q= —aTw aTwa (15)

[35][36], whereW € ®3*3 is a symmetrc matrix anda € ®>. One canparamegrize Q by the six

independat paranetersof W, e.g.,the upper-diagona entriesof W, andthe 3 paramegérsof a. If

*0ur discussioreasilyextendsto aweighted rotationallyasymmetrideast—squaresrror
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desied, onecanalsoeliminate the scak ambigtity by, for examplg fixing || W/, = 1, which yields
an8—paameterepresentéion of Q. After eliminatingthe ambiguties, we areleft with a minimization

over 8 unknowns. This yields:

Algorit hm 2: Iterative motion estimation.

1. Givenaninitial estmateof Q, obtanedfor instarcefromAlgorithm 1, usea standard minimiza

tion routine to minimizeE,,. with respet to the eightindependat unknavns contaned in W
anda.

2. Recwer themotionandstructure asin Steps3 and4 of thelinear Algorithm1.

3.3 Euclidean Reconstruction Experiments

We ran our algarithms on three realimageseqiences the Rocket [7] and PUMA [38][39] seqiences
from UMASS, andthe CMU caste seqience[52], Figures 1a—. Table1 shavs theresuts. Thedeph
resuts for the Rocket sequencesummarizethe errars for 9 of the 11 pointswith known ground truth.
Theremainng two points areboth distant andcloseto thefocus of expansion(FOE)andhaveinaccurae
recorstrudions. Including thesetwo points, the meandeph errars divided by the meandepthare0.23,
0.20, and0.07 for Algorithms1 and2 andthe maximumlik elihood estimatg(MLE) [34].

Thereslts of theiterative Algorithm 2 geneally improve onthose of thelinear Algorithm 1 except
in the PUMA resuls. The PUMA sequenceis difficult: since the translationsarealmostpardlel to the
imageplane, the recorstrudion is strongly affected by the bas—elief ambiguty [23]. However, even
though our algarithmsstart from a projective recorstrucion, they do betteronthe PUMA sequencethan
the purdy Euclideanalgornthm of [34], at leastfor the rotations wherewe caneasily compae resuts.

Ourresuts onthe Rocket sequencearecompardle to thoseof [34].

4 Self—Calibration

In this secton we extend our apprachto self-alibration. We assumethat K is fixed but unknown
anddescibe how to estimateit and H given a projective recorstrucion. (6) and(7) remainvalid. For
convenierce,we rewrite (7) as

N;ZM’LQM’LT — w*’ (16)
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Rocket PUMA Castle
Lin Min MLE Lin Min Lin Min True
5T 3.4°  12° 22°
T - TGD /| Tmax| 071 083 060 059
(1Z - Zg|) ] (2) 087 0™  .052* 121 126
SR 29° 33 1.1° 2.0° 2.1°
- XG| 0.28mm 0.19mm  0.3nm

Table 1: Resultsfor Algorithms1 and?2 on three real-mageexperiments. Lin labels the resultof the
linear Algorithm 1, Min theresultof the iteraive minimization in Algorithm 2, MLE labds the resut

of the maximumlikelihood estimate,and True labelsthe errar in the measurd ground truth. 4T is
the angular errar in recovering the trandation diredion. <"i‘ — TGD / "i‘max‘ is the meanerrar in
the recoveredtransldions normaized by the size of the maximumtranshtion. (|Z — Z;|) / (Z) is the
meandeptherrornormalzed by the grourd truth mean|X — X’G‘ is themeanerrorin the postions of

the 3D points. All errars arecompuedfollowing ascding (and,for the Castlesequéce,arotaion and
trandation) of therecoveredvaluesto thegroundtruth.

wherew* = KKT is the dual imageof the absdute conic. Our approachstartsfrom the following
Propostion:

Proposition 1.

1. Assumehat the camera motionsare sudh that all epipolesare at infinity, that is, all transltions
are sidevays (parallel to the image plane) and all rotations are around the optical axis. Then
the projectivedeptrs A?, canall bescaled to 1 andthe scales i; canall bescakedto 1 in solving
(16).

2. If the camer motiors are suficiently smallor suficiertly close to being sidewvayswith the rota-
tions around the optical axis, thenthe A/, andthe i; canbe scalel closeto 1 in solving (16).

Proof. Forthe projective dephs A¢ , theseresuts areexadly the onesdiscissedin Section2, derived
originally in [44], andapdied to initi alizetheiteratve version of the Sturm/Triggsalgoiithmin [48][16].
Extendng theseresutsto the y; is straghtforward. First, consicer motionswith all epipdesatinfinity.
We adogp the Euclidean coordinate systen of thefirstimage.Our motionassunptionimpliesthatall the
rotaionsin (6) arearourd the z axisand T} = 0 for all 5. From[44], onecansetall projective deptts

to 1 in the projective reconsruction, andwe have

(2105 1) = K (R, —R'T) (X0 /Zn; Y/ Zn; 15 2, ") O (17)
wherethe o,, arethe arbitrary scales of the homog@eousstrudure coordnates. SinceR is arotaion
arowndthe z axis, the third row of R’ equas [0,0, 1], and sinceT} = 0, we have [R'T*] = 0. Thus,
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Figure 1. Realimageseqience. (a): Rocket sequace. (b): PUMA sequece. (c): CMU castk
sequence.(d): Imagefrom calibrationsequence with automaticaly detectedcorreponcdences

(b)
B
. B,
]
(©) (d)
the z projection of (17) gives1 = jéa,, for all i andn, whichimpliesthaty = ,0, = ~“!foralli, n

for someconstant . Sincethe y; all have the samevalue,onecansetthemto 1 in solving (16) becaise
this rescding just affects the arbitrary scak of «f*.

Next we showpart2 of the propasition. As disaussedn Section2, the form of (1) shows that one
canthink of the M* asaffecting the projective degths lineatly. If the cameramotions are sufficiently
closeto zeroor to being sidavayswith rotationsarownd the optical axis, thenthe pertubations of the
M away from thesemotionsjust causesmall shifts in the projective deptts away from 1. This shovs
theresut for the A% . Rewriting (17) with the projective deptisnearl instead of exactly 1, onefinds by

the sameamgumentasbefare thatall the 14; have approximatdy the samevalue,andthusthey canall be

rescded to nearl in solving (16). |

We alsouse:
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Obsewation 1. Assumehatweneglecttherank—3congrainton Q. Then,giventhescalesgy, onecan
exadly solvethe congraints (16) for Q andw* in theleag—squaressenseby linear algebra. Similary,
givenQ andw*, onecanexactly solvefor the ;.

Proof. Forknowny;, theleag—squarescongrainterror

E =Y tr (5 2M' QM — u*)’ (18)

is quadatic in the Q andw* andonecansolve for themlineady asin Algorithm 1. Similarly, given

known Q andw*, it is trivial to minimize E overthe 2. N

In our algarithm, we minimize (18) usingthe constaintstr(Q2) =1and iu;Q = Ny toelim-
inate the scak ambigtities, where, asin Algorithm 1, we impose the constaints using Lagrangan
multipliers. Onecansolve for w* in termsof Q andthen asin Algorithm 1, solve for Q from thelead
eigervecta of apartcular matrix A € R10%10,

Our self—calibrationalgorithmis:

Algorithm 3: Quasilinear self-calibration. Givena seqenceof N; images, a camen with fixed
unkrown calibration K, and N; camer matrices M*, we computeK and the Euclidean motion as
follows:

0. Transfam M to maleit orthogond: M — Myew = MHp, whee ML Mew = 14.

1. Initialize by setting all 4?2 = 1.

2. For thecurrentvaluesof y4;, solve linearly for thevalues of Q andw* minimizing (18) subject to
thecongraint tr (Q?) = 1.

3. For thecurrent valuesof Q andw*, solvelinearly for thevalues of the ;2 minimizing (18) sulject
totheconstaint , u; 2 = Ny.

4. Repeafrom2 until corvergence
5. ComputeK fromthe matrix squae rootof w*.

6. Computethe Euclidean motion asin Steps3 and4 of Algorithm 1.

Remarks.

1. Becaug eachstepdeceasesheerrorE in (18), thealgaithm is guaranteedto corverge. Since

the true values of the 42 typically lies close to the stating value 1, aswe have argued and as
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our experimentsconfirm,typically few iteraonsarenecesaryfor corvergerceandthealgorithm

tends to corverge to theglobal minimumof E rathe thanto local minima.

2. We do notrequre that K33 = w33 = 1 during our minimization of E ; instead, we imposethe

corstrairtstr (Q?) = 1and ,u; 2 = Ny.

3. Like our linear Algorithm 1 for Euclideanreconsruction in Section3, our quaslinear self-
calibration Algorithm 3 neglects a singe constaint, namelydet (Q) = 0. It is well known
thatthis constaint does bemmeimportant,andshout not be negleded,in the commonsitudion
wherethe cameramoveson a sphee fixating the sphee’s cente. We refer to sucha motion as
sprerical motion As we descibe below in Section4.2, it is easyto extend our algarithm to in-

corporatethe deteminantcongraint.

4.1 Self—Calibration: Iterati ve Impr ovement

As in Section3.2,we canimprove the quaglinear self-calibration of Algorithm 3 by minimizing aver
sionof E thatbette reflectsthe statigics of theleast-squaiesimage—eprojctionerror. Thederivation

is exadly asin Sectiors 3.2and7, andtheimprovederrorfunction is

E. (Quw™*,{u}) = cTr-1c,

where andk areexactly asdefinedpreviouslyin Sectilms3.2and7.

As before for E,., theerror E., is quadaticin the ;. Thus,onecansolve linearly for the y; in
termsof Q andw* andderive anew error E,, thatdependsjuston the 16 unknowvnsof Q andw*. This
yields:

Algorit hm 4: Iterative self—alibrati on.

1. Giveninitial estimats of Q and «*, obtained for instance from Algorithm 3, usea stardard
minimizaion routineto solvefor the Q and «* minimizingF., .

2. ComputeK fromthe matrix squae rootof w*.

3. Estimatethe motionandstructure asin Steys 3 and4 of thelinear Algorithm1.
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4.2 Ambiguities in Self—Calibration

For sphercal cameramotions (seeSection4), neglecting therank-3 condrainton Q prodiwcesan artifi-
cial one-paramegrambiguty in estimaing theinternal paramegrs.[41][42] derivedthis originally, and
we redeive in the corntext of our absoute—quadric-basel apprachin Apperdix 8. The ambiguity is
easily detectabk, sinceit caussthematrix A in Sectiond to have two smallsinguar valuesrathe than
oneasusual Oneof thesecomesfrom theambiguty andthe othercorrepondsto the correctvaluesof
theinternal parametrs. We hande this situaion by modifying Step2 of the quasilinear Algorithm 3 so
thatit returnsthevaluesof Q andw* givenby alinear combinaion of the two leag singuar vectas of
A , wherewe chosethe linear combinationto make Q rank 3. This algarithm is well defined, since,
at lead in the noiselesscase only a single linear combnationmakes Q rark 3. Section4.3 pregents
expelimentalresuts for spherical motion for this modifiedversian of Algorithm 3. For non-spheical
motions, our experimentsshaw that neglecing thedet (Q) = 0 corstrairt only caugssmallerrors

Ourresuts demonsgtatethatit is notcritical to exploit therankcongrainton Q. We beliewe thatthe
adwantagesof the quaslinear apprach (spee andthe well-ddined initialization for y4) outweighthe
disadrantayeof our “late” useof therank3 congraint following thecompuationof the singuar vectors
of A .

Sometypes of cameramotion causereal ambigtities in self-calibrating, [42][25][41] contan a
complde catabg. We have verifiedthatourapprachcanded with thegeneic case. For instarce,when
the cameraotatesabou a singe axis, thereis a one-paramegr ambigtity in estimaing the calibration,
which againcawsesA in Section4 to have two small singqular valuesratheg thanone Appendk 8
givesadeiivationof thisresut. In contrastwith the artificial ambiguty for spheical motions, typically
both small singuar vectas give appoximatdy valid calibrations with rank Q) =~ 3. Thetrue * and
Q mustcomesfrom a linear combindion of these two. We shav below for arealimageseqiencethat
onecanaccuraely estimatethe linear projective subgpacewithin whichthetruedf lies. Also, onecan
appl stardardmatrix pertubation theory[11][40] to appioximatetheerrorin estimaing this subsgce:
it is propationd to theratio of the secoml—least singular valueof A to thethirddeast[11][40].

Similarly, whenthe camen only translatesanddoesnot rotate the calibration camot be estimatel

except for the planeatinfinity. This ambiguty cause A to have 6 smallsinguar values. We verified
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in synthetic andreal expelimentsthat the plane at infinity is computdle from the leag singuar vecta
of Q , wherethesumis overthe6 Q correspoming to the smallsinguar values

In intermedate casesfor instarceif therotationsaresmallor mainly around oneaxis, the singular
values of A in Section4 have intermediatevalues This cancausesomecompmentsof * to have
relavely large errars. We can estimatethese errorsin our appraach: if * correponds to a singular
vecta of A with singularvalue s , theexpedederrorin detemining the sizeof the * compamentof

* isinverselyproportionalto s [11][40].

4.3 Self-Calibration: Experiments

We testal our algoiithms in five synthetic experiments, where eachexperiment corsisted of 97-99
sequenceswith 10 images and 30 points. Table2 shows the resuls. For eachsequence,we selected
3D points with the Z chosenuniformly from Z  [20,100] for Experiments 1-4 and [30, 100] in

Experimen 5, andwith the X, Y chosenuniformly acw@rdingto thefield of view (FOV) shavn in the

<

maxy

Table. For Experimerts 1-3and5, we chosethe camerapositionssudh that‘ (T* —T1)

-
whereTable 2 shavs the valuesfor .. We added random rotations up to maximumsof abou 20 ,
14 ,7 and30 , respetively. For Expeliment4, instead we gereratecthe motions by rotaing thescere
around a point on the optical axis by up to 15 . For all sequenceswe addedGaussia noise of 1 pixel
assuningabl2 x 512 image.

For stalle recanstriction, oneshoul alwaysscaletheimagecoordinates sothatthey andthe effec-
tive K areO (1). For our syntheticsequence, we geneatedthe final imagesby multiplying theimages
obtanedasabove by sucha K, with (fi, f2, s, z¢,y.) = (1.1,.9,0,.2,.15). Theerrarsrepotedin the
Tablerepresenttheanguhbr differencesbetwee theestimate andtrue direcionsof thislengh—-5vector.

Our minimizing Algorithm 4 improveson the resuts of our quasilnearAlgorithm 3 except in Ex-
perimer 4, wheretheresuls arealrealy accurae. Theimprovementis mostsignficant for Experimen
3, for which self—calibration is relatively difficult due to the smallness of the FOV and trandations.
Thereis alsosignificantimprovemert in Experiment 5

Experiment 4 featues spherical motion and thus one mustusethe rank 3 constaint on Q to get

an accuate,unambiguots calibration. The resuts of Algorithm 3 shavn in Table 2 wereobtaired by
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Expt  °  Thax Alg 3 Alg 4 1

1 0 4 1. ° 3.9° 14° 2. ° 1.°3.°
2 0 1 1. ° 44° 1.5° 3.3° 2.3° 40.4°
3 30 1 .9° 23, ° 4.2° 13.0° d° 4 4
4 30 55° 1. ° . 3% 2.1° . 0° 1.4°
5 0 10 3. ° 11.0° 2. ° .2° 3.°9.9°

Table 2: Errorsin self—alibration for five synthetic expelimentsof abou 100 seqenceseach “Alg
3" and“Alg 4” labd the quaslinear and minimization appoache. The s = 1 restts wereobtaned

by minimizing E., negleding the covariance,i.e., with x givenby theidertity matrix. r isthe FOV
measuedin degrees.Eachentry showsthe meanandmaximum(in parenthe®s)of the selt-calibration
errorcompuedover roughly 100 sequeces.

combiring the two lowestsingular veciors of A asdescibedin the previous Section They verify that
our quaslinear algorithm candealwith this type of motion

We claimedthat the scaks N? weretypically closeto 1. For 100 sequ@&cesasin Experiment3,

the largestvaluesof AY /A! andp?/u? werel.0 and1.12, resectively. For 100 seqencesasin
Experimert 4, therelatvely large motions caus@ somescaterin the 4, , with m (A%/AZ) = 1.64,

whilem (u?/p?) = 1.1 . Becaweof the A!, scatte, the STIF algoiithm gave worse projective
recorstrudions asinput for the self-calibration. Nevertheless, the Table shaws that self-calibration

workswell.

In Experiment, thelarge motions alsocau® scatte in the A, andy?. For 100similar but noisdess

sequencesm (A%/A%) rangedupto 1.37 andm  (u?/p? ) upto 2.05. Becausef thevariation in

theprojective depths,the STIFalgoiithm corvergesvery slowly in this experimert from its staring point
at Al = 1—evenat our cut-off of a thousanditerations, it often appersnot to have reaeda fixed
point. Thismayexplain in partwhy theself-calibrationresuls areworseherethanin Experimentl and
why the scatte in the y; is so large, even though onewould expect the larger trandations to produce
moreimageinformationandbetter self—alibration. (A compari®n of Experimerts 1 and2 suggestghat
largertrarslationsdo help.) Sincethe ;¢ have large scatte, onemight expect the minimizing Algorithm
4 starting from uf = 1 to sometimesencouwunter local minima. But this is not appaentin the errors
summariedin the Table,which seen to have no outliers.
We also ran our algarithm on a real image seqeence,seeFigure 1d. We took 12 1536 x 1024

imagesdiscading 4 thatappeareddarkor hadmotionblur. Weranthe point-corresponeencealgorithm
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of Z. Zhang[50] on succesive imagepairs of the remainirg 8 using defauit settirgsfor its parameters.
Of the corresporene@sreturnedby this algarithm, 41 points weretracked congstenty over the entire

—image sequence We ran our algoiithms on thee. The quaslinear and minimization Algorithms 3
and4 respetively compued (757,509) and (773,4 6) for theimagecenter, compaed to the ground
truth of (76 ,512). For the FOV, they gave 45.1 x 31.1 and46.9 x 32.3 , respetively, compare
to thetrue51 x 3 . For the skew, they gave values for 2s/(f; + f2) of .0010 and.0025 comparel
to agroundtruth of 0. For theoveral errormeasuraisedin our synthetic experiments,they gave 4.07
and 3.51 , sothe minimization-basedAlgorithm 4 does better overal. Both appoache give goad
accuagy, consdering thatwe usedonly 41 points andthatthere wasno manualinterventionapat from
our vetoing four images prior to thetracking. For this experiment,the STIF algarithm took 92 iterations
andour quaslinear apprachtook 13 to corvergeto atoleranceof 10~ .

We alsoranour quaslinear Algorithm 3 onthe PUMA sequace[38][39]. Sinceall rotationsin this
seqlencearearowndasingleaxis,we canestimatethe calibration only up to a one-paramegrambiguity
[42]. As expeded,theambiguty manifestsitselfin ourapprachin theoccurenceof two smallsingular
valuesfor thematrix A of Sectiond. Fromthetwo correpondng singuar vectas, we estimatel a 1D
subgpaceof 3 x 3 matricesthatapproimately contansthetruew* = KK™.

To measue the errorin estimatng this sutspacewe seletedfrom it thew,  thatis closestto the

ground truth value. Thecorresporling K , satidies

1.04 —-.003 —.133
KJ)Kw=| 0 106 -.003
0 0 1
Thus,our quaslinear Algorithm 3 accuraely estimates the 1D sulspacecontaining K ., exceptfor a
moderae errar in theimagecenter We alrealy notedthatthe PUMA seqencesufers severely from
thebas~+elief ambiguty [23]. Thisambiguty makesit hardto estmatetheimageceneraccuately, for
exactly the samerea®nsthatit causesdifficultiesin distinguishingrotations from trandations. It may

beintrinsically difficulty to estimae theimagecerter for this seqwence.
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5 Relation to Previous Work

HeydenandAstrom[18] andTriggs[47] derivedthe basc equdion (7)%
[13] presaateda linear self-calibration methodfor a stationary (purdy rotating) cameraand[3][4]
extended this to hande staionary cameraswith varying, unknown focal lengths. The method of

[13][3][4] exploit the invariane of the dual image of the absolte conic, = KK”, underthe in-

finite homagrapty H' = K; (R'R T) K~ for two imagesi and . For statimary camerasonecan

recorerthe H from theimagedataandthen recover w* from thelinear corstrains H' w*H' 7 = w*
[13]. Ourapprachdiffersfrom thatof [13][3][4] in thatwe focuson the absdute quadric Q, insteadof
onw*, andin thatour methodpermits self—alibration for atrandating camera

In self-calibrating acamerawith asmallfield of view (FOV), it is usdul to have thecamerararsiate.
Theaccuagy of theself-calibration dependsdirecty onthesizeof thecameraotations,andastaionary
camerawith smallFOV canrot rotate by muchandstill keepthe same3D pointsin view.

Pollefeys et al. [35][36] descibe methodsfor calibrating a camerawhensomeof its internal pa-
rametes are unknown andvarying. Their linear algorithm for estimaing unknown andvarying foca
lenghs, assumiig the otherinternal paramegrs are known, hassimilarties to our linear algarithm in
Section3.* [36][35] alsopresnta nonlinear algorithm, which, like our nonlinearapprachof Sectin
3.2andSection4.1, compuesthefixedinternal paramegrsby minimizing anerror function which de-
pend on Q. The authors give no justification for this error function in termsof its noise properties
andbiascorrection, andit is not clearthatit improveson the error function minimized by their linear
algarithm. [35][36] do not presemhalinear algoiithm for self—alibrating all theinternal paramegrs.

Triggs [47] usel the absolte quadic to derive a linear algarithm for self-calibration and alsoa

nonlineariteraive schene. For thelinear apprach,Triggs beginsby rewriting (7) as
[KK"],, [M'QM™] - [KK'] [M'QM™] , =0. (19)
Thisis bilinearin theunknownsandcanberewritten as

ZAi wgq =0,

“In [30], we wereunavareof the original derivation of [18] or thelinearalgorithmof [35][36].
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wherethe A* depen on theelementsof the M?, thew representsthe 6 independet unknownsin

w* = KKT,theq representthe 10 independer unknownsin Q, and rangesoverthe6 x 5/2 = 15
independat enties of thetensa on theleft side of (19). Assemblethe 60 productsw ¢ into avecta
v € R%° wherewe introducethe combinel index = (a) to labd theentries of v. We alsointroduce
thecombinedindex 4 = (i ) andtrea A asamatrix with entries 4*. Triggs’ linear methd first solves
the matrix equdion

v=0

for v e %, neglectingthe constraints onv coming from its definition in termsof the 16 unknownsw
andg . Then,it estimats the unknownsw andq by usingthe SVD to facbor the estimaed v, now
consderedasa matrix, into

vV =wgq.

This methal hasenharrednoisesersitivity sinceit neglects44 constrairtsin solving for v.

Triggs’ nonlinear iterative schane minimizes the norm of the left side of (19) with respet to the
unknowns  andg, in KKT and Q. As for the algorithm of [35], the error function minimizedis
givenno justification in termsof its noise propetiesandbiascorrection

As discusedin Section4.2, our Algorithm 3 with 1 = 1 is linear andexactwhenthe motionsare
sidevays andthe rotaions arearourd the optical axis. This corespoms to the caseof plana motion

discussedn [2][1][51][8].

6 Conclusion

We presetedlinear algaithmsfor self-calibration andfor compuing a Euclidean recanstrudion from
a projective onegiven a previously known calibration Our linear algoiithm for self-calibration gives
exad resuts for the sametype of motions for which the Sturm/Triggs appoachis exact. The goad
perfarmanceof the Sturm/Triggs algorithm whenthe projective deptts areiniti alizedto 1 suggeststhat
ourlinear self—-alibraion apprachshoud alsobe effective.

It hasbeenclaimedthatit is important to exploit the rank-3 congraint on the absolte conic or

guadic during self-calibration. We showedthatour linearapproachworkswell degite neglecing this
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congraintinitially. To our knowledge, our methodsarethefirst geneal-puposetechriquesto recover
partial information aboutthe calibration from critical motion seqencesfor which the full calibration
canrot be determired unambiguotsly.

We alsoderivedanerrorfunction whichwe agued givesabeter appraimationto theleag—sqlares
image-feprogectionerrorthanprevious errars usedfor self—calibration Minimizing this errar function
with respetto theabslute quadric anddualimageof theabsdute conic givesafast accuatealgorithm

for self—alibrating from a projedive recanstrudion.

7 Appendix: Approximation to the Covariance of

To appraimatethe covariarce of C, thefirst stepis to approcimatethe covarianceof the M, since (7)
shavs thatC depemisonthe M*. For simplicity, we assumehat the M’ werecompuedusingthe STIF
algorithm (Sectian 2) andaregivenby thefacbrizaton I ({A}) = MS. As discussedn Section2, the
projective depths A?, areambiglousunderthe scaligs AL, — Al = o', Al andwe assimethat
they have beenscakdto beascloseaspossibleto 1. Our motivationsfor this weregivenin Section2:
the STIFalgoiithm typically givesA!, = 1 for the small-mdion situaion thatwe focus onin this pape,
andit givesbetter resuts whenall the estimaed AY have appioximately the samevalue.

To detemine how M depemls on the noisein the imagemeaswementsn I, we usethe following

resut from matrix pertuurbation theay [40]:

Proposition 2. Let Ap € ® *V be a matrix of rank M,N,andlet A = A + A, whee

€ R! is small, be a perturbation of A. Write the “r educel” singular value decanpositon of 4,
as Ay = UODOV})T, whee as usual Uy, V; are orthogonal and D, is diagonal, and U, € & *,
Dy e R * ,andV, € RYX . Similary, write the singular valuedecompsition of A asA = UDV'.
Define

U = U+ (1 -UU]) AVD,Y, (20)
V. = Vo+ (In-WV) ATUND,.

Then,for suficienty small ,

UG,1:) = U +0(?,
Vi, ) = Vo +0(?Y,

whee and  areorthogond matrices.
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Proof sketch. Givenamatrixue % ~ )% , defineO (u) € ® * by

R R

0 (1 +MMT)_1/2

It is easyto verify thatO () is anorthogond matrix.
We first consder the left singular vectas of A. Definell; € ® *( —) suchthat UO,UO is an
orthagond matrix. Let € ®( — )X bethematrix of smalles normsud thatthefirst columrs of

Us, Uy O( ) lie within thesubsgcegeneatedby U (: , 1: ). Then,defining

A

U.,.U = Uy,ly O( ),

whereU e R * andUU e ® *( —) wehavethatU andU (:,1: ) gereratethesamesubpace.

Also, sinceboth Uy, U, andO ( ) areorthogond, U .U is orthogoral, and, thus the columrs

of U andU (:, + 1:M) gereratethe samesubspce. Becaug the perurbation is smallandO ( ),

we have o).
We analyze the right singular vectorssimilarly. DefineV; such that Vg, V; is an orthogona
matrix, anddefine € R(V—)* asthe matrix of smalle$ norm such that the first columns of
Vo, Vo O( ) lie within thesubsmcegeneatedby V (: ,1 ). With V. e RV* [V e RVx(N-)
givenby

A

V7V = ‘/07‘70 O( )a

we have thatV andV (:,1 ) geneatethe samesubsmce, V ,V is orthogonal andV and

V(:, +1 N)genertethesamesubsmce.Asfor ,wehave o).

SinceU andV arefactbrsin the singuar value decompsition of A, we have
UTAav =0=0T4V .

Substititing our expressionsfor U , U ,V ,V ,andA4, andexpandng to firstorderin , , ,we
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getlinear equatonsfor , . Solvingthese gives
= (aW) D5l +0( ?)

_ (VOATUO) Dyt +0( ),

whichimpliesU ~U +0( 2),V =V +0( ?)forU ,V definedasin (20). ll

To usethis resut, we write the matrix I ({A}) asI = I + 61, where is the true value of
I assumiiy zero noiseandthe true values of the A, andthe perturbaton 41 incorporates all noise
effects. We have Iy = MySy, where My, Sy arethe true motion and strucure, andthus Iy hasrank
< 4. Similarly, I =~ MS, where M andS arethe motion and strucure matricesestimatel by STIF

Both M andS haverank < 4. Write the“reduced SVD of L asly = UyDoVy , wherelU, € R3N1x4,
Dy € R4 andV, € ®RN»*4, Without loss of geneality, dueto the ambiguity in factaing § (see
Section2), we take My = UpDy = IpVp andSy = VL. Write the SVD of I asI = U;D;V{. From
Propodtion 2, thereexists anorthogond matrix ~ suchthatUy (: ,1:4) ~ Uy + (13w, — UoUY)

5IV0DO_1. Usingtheambiguty in factaing I, wetake
M=U; (Z ,124) Dy =~ My + (13NI - U()U(rjp) 0IVy = My + (13NI - U()Ug) JIS(F{ (22)

The covariarce of M is now relatively simple to appraximate. For condseness, define =

13n, — UpU{'. Notethat is a projection matrix, with 2 = . We representhe elemens of M

by M wherea € {1,2,3} repreentsthe z, y, andz coodinates andj € {1,...,4} representthe

4 homayeneass structure coardinates. For the M?, we have [M?]* = M? . Similarly, we represent

theelementf Sy by S

On>

wheren labek the points and s againrepregntsthe homogeneawsstrudure

coodinates. We have

((M=Moy* M=Mo) )= > 1 1% (0" Son) (01" Som) )L 1%+ (22)

i abmn

Fromthe definition of the noise matrix 417,
ST = AL, (2h;9hi 1) — Abn (%0ni Yoni 1) » (23)
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wherewe againusethe subscipt 0 to indicate the exact, noise-free values. We have 2, — ¥, =

n', andyl — v, = n',, wheren, = (n°,;n%,) is the noisefor the nth point and ith image. Let
SAL = (AL — A},) derotetheerror (AL — Aj) in the projedive defths. Our experimentsindicate
thatd A’ is typically small comparel to the noisein the imagemeasurenents. We expectthis for two
reasms. First, the A, are estimatel quartities, overconstraned by the data,so their errars shoud be

0 (77/ f) , WhereK is theratio of the numker of obsewations to the numberof unknowns. Second,

we have assunedthatthe A%, arescded to be near1, andthis scalihng compesseshe range of errar

variaion in the A%, . We appoximatethe noise matrix 47 to first order in the noise anderrorsas
SIS m Ay (0 5313 0) + 04, (3 ybai 1) - (24)

Assumeasbefare in Section3.2 thatthe noiseis i.i.d 2 with stardarddeviation o. Let A dendethe
standard deviation of the §AY . We malke the heuristic assumption thatwe canneglect the corrdations
betweenthe §A?, andthe n‘,. Also, we useour small-motion assumption to apgoximate &}, = 1

Then(24) implies
(0L, 01,0 ) %65 Gum (07 (Bas — P30 3) + A0 30 5) (25)

whereone can estimatethe ratio A /o from the imagedataand the projective recanstriction M, S.

Define

ab = 02 (8ab — 6430p3) + A%6430p3-

Pluggirg (25) into (22) yields

T a

((M=Moy* M=Mo) ") ~5 S0 1% anl 15, (26)
2 a b

7 a

wherewe usedthe orthogonalty of § = V.
Sincewe eventually wantto invert the covarianceof C, which involvesinverting the covariance of
M, weintroducea further heurigic to simplify the covariancein (26) to diagonal form: we replecethe

projection matrix by theidentity 135,. Thejustfication for this is that differsfrom 13, only
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through cancding 4 degrees of freedam out of a total of 3V, so thatthe differencebetweenthe two

matrices is relaively small. This yields, finally,

<(M — Mg)™ (M — My) ”> = [M' - M M - M, Sy 8 ab-

Our calcuation assimedthat we exploited the factaization ambiguity to defineMy = UyDy =
Iy, and, correspondngly, M asin (21). The covarianceof M remainsroughly the samefor nearly
values of M and M,. (Thisis the samerea®ning we usedin Section3.2 to argue that (13) remairs
appoximately valid for motions differing slightly from the true ones.) (21) implies that our definition
of M satifies M =~ M,. In pradice in our algorithm, we define M by IV (: ,1:4), and, since this
definition makes M closeto M,, we expectthe covarianceof this definition of M to approcimately
equd (26).

We now give our appioximation to the covarianceof C. Recallthat we defined C in termsof the
congraint matrices M'QM*T — ;2K KT. Sincethe congraint matrices vanish for zero noise, the

covarianceof two constrairt matricesequals

((mriQM™ - j2KKT): (M QM T - WKKT), ). 27)
We will make the (good approximation of neglectingtermsof higher than secom order in the noise.
Then(26) impliesthatthe covarianceapproimately equat

jaa — aa
Kpp =95 pp o

with
ho= (MQPMT), o+ (MQPMT), w (28)
+(MQTM™), ap+ (MQPMT), 44,
wherethe first termin (28) comesfrom the covariarce of the first andthird A2 in (27), the secomnl

comesfrom thefirst andfourth M?, thethird term comesfrom the secom andthird, andthe lastcomes

from the secand andfourth. We have exploitedthefactthat Q is a symmetricmatrix.
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Remarks. For simplicity, we usedseveralheuistic appioximationsin computng the covarianceof C.
Onecanomit mary of these attheexperseof complicding thealgelraandincreasirg thecompuationd
costof minimizing the resuting error function® Also, it is important to realize that the covariance
calcuation only affects the weighting of the congraints; no matterwhat we usefor x, the condraints
andthe appoximateerrar function Eeue (or E., ) will vanish exactly for zero noiseandthe corred
valueof the Q (andw*). Our hopein proposingthe simpleappraimation for the covariancein (28) is
thatit will compeasatefor the mainbiasesin the original congraints andthatary remainng biasin the
weighted constaintswill prodwce small estimationerrors Our experimentsconfirm that minimizing
Eyc or E,, doesimprove ontheresuts of our linear algorithms.

Our expressionfor k suggetsa heurstic straegy for improving the linear algoiithms. The covari-
ancex hasorde of magntude

kO (tr (Q*MTMY).

Thus,instead of the E,,,. minimizedby Algorithm 2, for example one canconsierthe simpler error

function

Emo = ! Y tr(MQM™ — i KK”) (M'QM™ — i7KK™)),
i

= & (Q2 (MTM))

where(MT M) istheaveragvalue,(MTM) = N;', MT M*. Onecanminimize E,, just using
linear algelra, in exactly the sameway asfor the linear Algorithm 1. The hope is that the resuting
linear algarithm, dueto thebiascorrection from the denaminatorin F,,, , haslessbiasthanAlgorithm
1. However, our prdiminary experimentsdo not indicate that the modifiedlinear algorithm improves

significantly onthe original one

SOnecancomptue in 1 evenif we keepthe projectionmatrix in (26). Theprojection  differsfrom the
identity matrix only over asubspacef dimensiord, andoneonly needso invertthecovarianceof and within thissmall
subspae.
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8 Appendix: Critical Motion Sequertesand Seli—Calibration Ambigui-
ties[25][41][42]

Spherical motion. In spheical motion, the cameramoves on a sphee while fixating the sphee’s
cente (seeSection4). This type of motion doesnot causean intrinsic ambiguity in estimatng the
intemal paramegrs, but ary algarithm that neglects the rank-3 constaint on Q suffers an artificial
ambiguty in estimatirg them. [41] shavedthis originally usingKruppa's equdions[12], andwe delive
it herein the context of our absdute-quadic—basdalgorithm.

Adopting a coardinate sysem that hasits origin at the spherés cente, we canrepresentthe ith
cameramatrix by?

M'=K [R',-T], (29)
whereT is condant. As requred, (29) implies thatthe camen alwaysremairs at a distance| T| from
the origin andthatthe origin mapsto the samehomognouspoint in ead image,namel —KT.

We show that omitting the rank-3 constaint on Q cawsesan ambiguity in solving the constrairt
equdions

MQMT = p2w*. (30)

Thecorrect soluion hasy, = 1 and

_ 13 03
where03 = [0; 0; 0]. Onecanverify this by substtuting (31) and(29) into M'QM T, which prodwces

M'Q M = KR13R"K" = KK"

and satisfiesthe condraint (30) with 4, = 1 andw* = KK7, asit shauld. Onegetsan additional,
spuiious solufon to the constaint equdion by taking Q,; = 044654, Which produces

M'QMT = KTTTKT.
This satisfies(30) with 4, = 1 andtheincomrectvaluew* = KTTT K™,

®For corvenience we have setthescales andthehomogaphy  to unity in (29). Onecaneasilyextendour discussion
to with noncorstant  andnontrivial
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Notethat the sputious solution givesw* andQ of rank 1, whereasoth shodd have rank 3. Most
self-calibration algarithms that minimize a function of Q only requre thatQ hasrank < 3 anddo not
enfarce the requrementthat Q musthave rank exactly equal to 3. In principle, suchalgorithms can
yield spuriaus solutionslik e the onefound above.

Any linear combiration of thetwo solutionsfor Q alsogivesa soluion to (30). For example taking
Q =1, produces

MQMT = KKT + KTTTKT,

which solves(30) with Q of rank4. Of all thelinear combiratiors, only (31) givesa valid rank-3 Q;
all othersgive spuious Q of eitherrark 4 or rank 1.

The existenceof the spuribussolution correspond to the matrix A in Section4 having two zero
singular values For noisy data,the spurioussoluion becomesppoximate andthematrix A typically
hastwo small, nonzeo singular values. As our experimentsshov, a modified versionof Algorithm 3
estimaesthe correct calibration for sphercal motion by taking thelinear combiration of thetwo small

singular vectorsthatcorrepondsto arank-3 Q.

Rotation around a singleaxis. If thecameraotatsarownd asingleaxis,we getanintrinsicambigu
ity in estimatng theintrinsic paraméers,aswasoriginally derivedin [41][42][51]. Adoptacoadinate
system in whichthesingle rotation axisis alignedwith the z axis. Thenonecanrepresenttheith camera

matrix by’ M* = KR' [13, —T?] , where

; —in ; 0
R = in i 0
0 0 1

In additon to the correct solution of the corstrairts (30), givenby 4 = 1 andQ = Q , we have the

sputioussoluton y; =1 andQ = Qg,,= 439p3, Which gives
M'QM'T = (K [0;0;1]) (K [0;0;1])"

andthussatisfieg(30) with w* = (K [0;0;1]) (K [0;0; 1])”. We call this a spurboussoluion sinceQg

and w* have rark 1. However, in contrastwith the spheical-motion case,we can get nonspurious
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solutions of rank 3 by taking linear combimationsof Qs andQ . Apart from two spegal case, thee
linear combirations all have rank 3 andsolve (30) and,thus they give areal one-parame¢r ambiguity
in estimatingthe intemal paraneters. Again, the existenceof theseextra soluions correspomisto the
matrix A in Section4 having two zerosinguar values Onecanuseour algarithmsto estimde theone

dimensonal subgpacewithin which the true values of the intemal parameteranustlie, seeSection4.

Puretranslation. If the cameradoesnot rotate at all, we geta five-parameteintrinsicambiguity in
estimaing theintrinsic paramegrs[25][41][42]. Adopting acoodinatesysemparalel to thecoardinate
systems of the cameraswe reprentthe ith cameramatrix by M’ = K [13, —T*] . Now anyQ of the
form
| W 03
a-|g T
whereW € R3*3 is anarbitrary symmetricmatrix, satidies (30), since subsituting yields

M'Q T =KWK"

andthis solves(30) with i, = 1 andw* = KWK’ Thesesolutionsarevalid aslong asW hasfull
rank The existenceof the extra soluions correpondsto the matrix A in Section4 having six zero
singular values andonecanuseour algarithmsto estimde the five dimensonal subgacewithin which

theinternal paranetersmustlie.
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