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Abstract

Building animationtoolsfor uid-lik e motionsis animportantand
challengingproblemwith mary applicationsn computemgraphics.
The useof physics-basedhodelsfor uid ow cangreatlyassist
in creatingsuchtools. Physicalmodels,unlike key frameor pro-
ceduralbasedechniquespermitananimatorto almosteffortlessly
createinteresting,swirling uid-lik e behaiors. Also, the interac-
tion of o ws with objectsandvirtual forcesis handledelegantly
Until recently it wasbelieved that physical uid modelsweretoo
expensveto allow real-timeinteraction.Thiswaslargely dueto the
factthatprevious modelsusedunstableschemeso solve the phys-
ical equationggoverninga uid. In this paper for the rst time,
we proposean unconditionallystablemodel which still produces
comple uid-lik e o ws. As well, our methodis very easyto im-
plement. The stability of our modelallows usto take larger time
stepsandthereforeachieve fastersimulations. We have usedour
modelin conjuctionwith adwecting solid texturesto createmary
uid-lik e animationsnteractvely in two- andthree-dimensions.

CR Categories: 1.3.7 [ComputerGraphics]: Three-Dimensional
GraphicsandRealism—Animation

Keywords: animationof uids, Navier-Stokes,stablesolvers,im-
plicit elliptic PDE solvers,interactive modeling,gaseouphenom-
ena,adwectedtextures

1 Introduction

One of the mostintriguing problemsin computergraphicsis the
simulationof uid-lik e behaior. A good uid soler is of great
importancein mary differentareas.In the specialeffectsindustry
thereis a high demando convincingly mimic the appearancand
behaior of uids suchassmole, waterand re. Paint programs
canalsobene tfrom uid solversto emulatetraditionaltechniques
suchaswatercolorandoil paint. Texture synthesids anothermos-
sible application.Indeed,mary texturesresultfrom uid-lik e pro-
cessessuchaserosion. The modelingandsimulationof uids is,
of course,alsoof prime importancein mostscienti ¢ disciplines
andin engineering Fluid mechanicss usedasthe standardnath-
ematicalframevork on which thesesimulationsare based. There
is a consensusmongscientiststhat the NavierStoles equations
are a very good model for uid ow. Thousandf booksand
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articleshave beenpublishedin variousareason hov to compute
theseequationsnumerically Which solver to usein practicede-
penddargely on the problemat handandon the computingpower
available. Most engineeringasksrequirethat the simulationpro-
vide accuratéboundson the physicalquantitiesnvolvedto answer
questionselatedto safety performanceetc. Thevisualappearance
(shapepfthe o wis of secondarymportancen theseapplications.
In computergraphics,on the otherhand,the shapeandthe beha-
ior of the uid areof primary interest,while physicalaccurag is
secondanpr in somecasesrrelevant. Fluid solvers,for computer
graphicsshouldideally provide a userwith atool thatenablesher
to achieve uid-lik e effectsin real-time.Thesefactorsaremoreim-
portantthanstrictphysicalaccurag, whichwouldrequiretoomuch
computationapower.

In fact, mostprevious modelsin computergraphicsweredriven
by visual appearanceand not by physicalaccurayg. Early ow
modelswerebuilt from simpleprimitives. Variouscombinationf
theseprimitivesallowedtheanimationof particlessystemg15, 17]
or simplegeometriesuchasleaves[23]. The compl«ity of the
0 ws was greatlyimproved with the introductionof randomtur-
bulences[16, 20]. Theseturbulencesare massconservingand,
therefore,automaticallyexhibit rotationalmotion. Also the tur-
bulenceis periodicin spaceandtime, which is ideal for motion
“texture mapping”[19]. Flows built up from a superpositiorof
o w primitivesall have the disadwantagethatthey do not respond
dynamicallyto userapplied external forces. Dynamicalmodels
of uids basedon the Navier-Stoles equationswere rst imple-
mentedin two-dimensions.Both Yaeger and Upsonand Gamito
etal. useda vortex methodcoupledwith a Poissonsolver to cre-
ate two-dimensionaknimationsof uids [24, 8]. Later, Chenet
al. animatedvatersurfacesfrom the pressurgéermgivenby atwo-
dimensionakimulationof the Navier-Stokes equationd2]. Their
methodunlike oursis both limited to two-dimensionsandis un-
stable. Kassand Miller linearizethe shallav water equationsto
simulateliquids [12]. The simpli cations do not, however, cap-
turetheinterestingotationalmotionscharacteristiof uids. More
recently Fosterand Metaxasclearly shav the advantagesof us-
ing the full three-dimensionalavier-Stokesequationdn creating
uid-lik eanimationg7]. Mary effectswhich arehardto key frame
manuallysuchas swirling motion and o ws pastobjectsare ob-
tainedautomatically Their algorithmis basedmainly on the work
of Harlov andWelchin computationaluid dynamicswhichdates
backto 1965[11]. Sincethenmary othertechniquesvhich Fos-
ter and Metaxascould have usedhave beendeveloped. However,
their model hasthe adwantageof beingsimpleto code,sinceit is
basedon a nite differencingof the Navier-Stokes equationsand
an explicit time solver. Similar solversandtheir sourcecodeare
alsoavailablefrom the book of Griebeletal. [9]. The mainprob-
lem with explicit solversis thatthe numericalschemecanbecome
unstablefor large time-steps. Instability leadsto numericalsim-
ulationsthat “blow-up” andthereforehave to be restartedwith a
smallertime-step. The instability of theseexplicit algorithmssets
seriouslimits on speedandinteractvity. Ideally, a usershouldbe
ableto interactin real-timewith a uid solver without having to
worry aboutpossibleé‘blow ups”.

In this paper for the rst time, we proposea stablealgorithm
thatsolvesthefull Navier-StolesequationsOur algorithmis very



easyto implementand allows a userto interactin real-timewith
three-dimensionaluids on a graphicsworkstation. We achieve
this by using time-stepsmuch larger than the onesusedby Fos-
ter and Metaxas. To obtaina stablesolver we departfrom Foster
andMetaxas'methodof solution.Insteadof their explicit Eulerian
schemeswe usebothLagrangiarandimplicit methodgo solvethe
Navier-Stokesequations Our methodcannotbe foundin the com-
putational uids literature,sinceit is custommadefor computer
graphicsapplications. The modelwould not be accurateenough
for mostengineeringpplicationsIindeed,t sufersfrom too much
“numericaldissipation”,i.e., the o w tendsto dampertoo rapidly
ascomparedo actualexperiments.In a computergraphicalappli-
cation,ontheotherhand thisis notsobad,especiallyin aninterac-
tive systemwherethe o w is “keptalive” by ananimatorapplying
externalforces.In fact,a o w which doesnotdamperat all might
be too chaoticanddif cult to control. As our resultsdemonstrate
we are ableto producenice swirling o ws despitethe numerical
dissipation.

In this paperwe apply our ows mainly to the simulation of
gaseous-lige phenomena.We emplg/ our solver to updateboth
the ow andthe motion of densitieswithin the ow. To further
increasethe compleity of our animationswe adwect texture co-
ordinatesalongwith the density[13]. In this mannerwe areable
to synthesizenighly detailed‘wispy” gaseouso ws evenwith low
resolutiongrids. We believe thatthe combinationof physics-based

uid solwers and solid texturesis the most promising methodof
achieving highly complex o wsin computemgraphics.

The next sectionpresentghe Navier-Stokes equationsand the
derivationwhichleadsto our methodof solution. Thatsectioncon-
tainsall the fundamentaldeasandtechniquesheededo obtaina
stable uids solver. Sinceit relieson sophisticatednathematical
techniquesijt is written in a mathematicaphysicsjargon which
shouldbe familiar to mostcomputergraphicsresearchera/orking
in physics-basednodeling. The applicationorientedreaderwho
wishesonly to implementur solver canskip Section2 entirelyand
go straightto Section3. Therewe describeour implementatiorof
the solver, providing sufcient informationto codeour technique.
Section4 is devoted to several applicationsthat demonstrateéhe
power of our new solver. Finally, in Section5 we concludeand
discusdutureresearchTo keepthis within the con nes of a short
paper we have decidednot to includea “tutorial-type” sectionon

uid dynamicssincetherearemary excellenttextbookswhich pro-
vide the necessaryackgroundandintuition. Readeravho do not
have abackgroundn uid dynamicsandwho wishto fully under
standthe methodin this papershouldthereforeconsultsucha text.
Mathematicallyinclined readeramay wish to startwith the excel-
lentbookby ChorinandMarsden{3]. Readersvith anengineering
bentontheotherhandcanconsultthedidacticbookby Abbott[1].
Also, FosterandMetaxas'paperdoesa goodjob of introducingthe
conceptgrom uid dynamicgo thecomputelgraphicsccommunity

2 Stable Navier-Stokes

2.1 Basic Equations

In this sectionwe presenthe Navier-Stokesequationsalongwith

themanipulationghatleadto our stablesolver. A uid whoseden-
sity andtemperaturere nearlyconstanis describedoy a velocity
eld andapressureeld . Theseqguantitiesgenerallyvary both
in spaceandin time anddependn theboundariesurroundinghe
uid. We will denotethe spatialcoordinateby , which for two-
dimensional uids is andthree-dimensionaluids is
equalto . We have decidednot to specializeour results
for a particulardimension.All resultsarethusvalid for both two-
dimensionalandthree-dimensionab ws unlessstatedotherwise.
Giventhatthe velocity andthe pressur@reknown for someinitial

time , thentheevolution of thesequantitiesovertime is given
by the Navier-Stokesequationg3]:

1)
— - )

where is the kinematicviscosityof the uid, is its densityand

is anexternalforce. Somereaderanight be unfamiliar with this
compactversionof the Navier-Stokes equations.Eq. 2 is a vec-
tor equationfor the three(two in two-dimensionsfomponent®f
the velocity eld. The“” denotesa dot productbetweenvec-
tors, while the symbol is the vector of spatial partial deriva-
tives. More precisely in two-dimensionand

in three-dimensiond/Ve have alsoused

the shorthanchotation . The Navier-Stolesequations
areobtainedby imposingthatthe uid conseresbothmasyEq. 1)
andmomentum(Eq. 2). We referthe readerto ary standardext
on uid mechanicdor the actualderivation. Theseequationsalso
have to be supplementeavith boundaryconditions. In this paper
we will considertwo typesof boundaryconditionswhich are use-
ful in practicalapplicationsperiodicboundaryconditionsand xed
boundaryconditions.In thecaseof periodicboundarieshe uid is
de ned onan -dimensionatorus ( ). In this casethere
arenowalls, justa uid which wrapsaround. Although such u-
ids arenotencounteredh practice they arevery usefulin creating
evolving texture maps. Also, theseboundaryconditionsleadto a
very eleggantimplementatiorthatusesthe fastFouriertransformas
shawvn below. Thesecondype of boundaryconditionthatwe con-
sideriswhenthe uid liesin someboundedlomain . Inthatcase,
theboundaryconditionsaregivenby afunction  de ned onthe
boundary  of thedomain. SeeFosterandMetaxas'work for a
gooddiscussiorof theseboundaryconditionsin the caseof a hot
uid [7]. In ary case the boundaryconditionsshouldbe suchthat
thenormalcomponenbf thevelocity eld is zeroattheboundary;
no mattershouldtraversewalls.

Thepressureandthevelocity elds which appeain the Navier-
Stolkesequationsarein factrelated. A singleequationfor the ve-
locity canbe obtainedby combiningEq. 1 andEq. 2. We brie y
outline the stepsthat leadto that equation,sinceit is fundamen-
tal to our algorithm. We follow Chorin and Marsdens treatment
of the subject(p. 36ff, [3]). A mathematicatesult,knowvn asthe
Helmholtz-Hodg Decompositionstateghatary vector eld  can
uniquelybedecomposeahto theform:

®)

where haszerodivergence: and isascalareld. Any
vector eld is the sumof a massconservingeld anda gradient
eld. Thisresultallows usto de ne anoperator which projects
ary vector eld onto its divergencefree part . The
operatoris in factde ned implicitly by multiplying both sidesof
Eq.3by* ™

“4)
Thisis a Poissorequationfor thescalareld  with the Neumann
boundarycondition — on . A solutionto this equationis
usedto computethe projection :

If weapplythis projectionoperatoonbothsidesof Eq. 2 we obtain
asingleequatiorfor thevelocity:

— ®)

wherewe have usedthe factthat and . Thisis
ourfundamentaéquationfrom whichwewill developastable uid
soler.



Figurel: Onesimulationstepof our solver is composedf steps.
The rst threestepamaytake the eld outof thespaceof divergent
free elds. Thelastprojectionstepensureshatthe eld isdivergent
freeafterthe entiresimulationstep.
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Figure2: To solwe for the adwection part, we traceeachpoint of
the eld backwvard in time. The new velocity at is therefore
the velocity thatthe particlehadatime  agoattheold location

2.2 Method of Solution

Eq. 5is solved from aninitial state by marching
throughtime with atimestep . Letusassumehatthe eld has
beenresohedatatime andthatwe wishto computethe eld ata
latertime . Weresole Eq. 5 overthetimespan  in four
steps.We startfrom the solution of the previous
time stepandthensequentiallyresolhe eachtermon theright hand
sideof Eq. 5, followedby aprojectionontothedivergentfree elds.

Thegenerabrocedurds illustratedin Figurel. Thestepsare:

Thesolutionattime is thengivenby thelastvelocity eld:

. A simulationis obtainedy iteratingthese

steps.We now explain how eachstepis computedn moredetail.
The easiestermto solwe is the additionof the externalforce .

If we assumehatthe force doesnot vary considerablyduring the

time step,then

is agoodapproximatiorof the effect of theforce onthe eld over
thetime step . In aninteractve systemthis is a good approxi-
mation,sinceforcesareonly appliedat the beginning of eachtime
step.

The next stepaccountdor the effect of adwection (or convec-
tion) of the uid onitself. A disturbancesomevherein the uid
propagatesaccordingto the expression This term
malkesthe Navier-Stokesequationson-linear FosterandMetaxas
resoled this componentusing nite differencing. Their method
is stableonly whenthe time stepis sufciently small suchthat

, Where is the spacingof their computational
grid. Therefore for small separationsnd/orlarge velocities,very
smalltime stepshave to betaken. On the otherhand,we useato-
tally differentapproachwhich resultsin anunconditionallystable
solver. No matterhow big the time stepis, our simulationswill
never “blow up”. Our methodis basedn a techniqueo solve par
tial differentialequationknovn asthe methodof characteristics
Sincethis methodis of crucialimportancein obtainingour stable
solver, we provide all the mathematicatletailsin AppendixA. The
method,however, canbe understoodntuitively. At eachtime step
all the uid particlesaremoved by the velocity of the uid itself.
Thereforeto obtainthevelocityatapoint atthenew time ,
we backtracghepoint throughthevelocity eld overatime

. Thisde nesapath correspondingo a partial stream-
line of the velocity eld. Thenew velocity at the point  is then
setto the velocity that the particle,now at , hadat its previous
locationatime  ago:

Figure2 illustratestheabore. This methodhasseveraladvantages.
Most importantly it is unconditionallystable. Indeed,from the
abore equationwe obsere that the maximumvalue of the new
eld is never larger than the largestvalue of the previous eld.
Secondly the methodis very easyto implement. All thatis re-
quiredin practiceis a particletraceranda linear interpolator(see
next Section). This methodis thereforeboth stableand simpleto
implementtwo highly desirablepropertiesof ary computemgraph-
ics uid solver. We employed a similar schemeo move densities
throughuserde ned velocity elds [19]. Versionsof themethodof
characteristicsrerealsousedby otherresearchersTheapplication
waseitheremplg/edin visualizing ow elds [13, 18] or improv-
ing the renderingof gassimulations[21, 5]. Our applicationof
thetechniqueis fundamentallydifferent,sincewe useit to update
the velocity eld, which previousresearcherdid not dynamically
animate.

Thethird stepsolvesfor the effect of viscosityandis equivalent
to adiffusionequation:

This is a standardequationfor which mary numericalprocedures
have beendeveloped.Themoststraightforvardway of solvingthis
equationis to discretizethe diffusion operator  andthento do
anexplicit time stepasFosterandMetaxasdid [7]. However, this
methods unstablevhentheviscosityis large. We prefer therefore,
to useanimplicit method:

where is the identity operator When the diffusion operatoris
discretized this leadsto a sparselinear systemfor the unknavn
eld . Solving sucha systemcanbe doneef ciently, hovever
(seebelow).

The fourth stepinvolves the projectionstep, which makes the
resulting eld divergencefree. As pointedoutin the previous sub-
sectionthis involvesthe resolutionof the Poissorproblemde ned
by Eq. 4:

The projection step, therefore, requiresa good Poissonsoler.

Fosterand Metaxassolved a similar equationusing a relaxation
scheme.Relaxationschemesthough,have poor corvergenceand
usuallyrequiremary iterations. Fosterand Metaxasreportedthat
they obtainedgood resultseven after a very small numberof re-
laxationsteps.However, sincewe areusinga differentmethodto

resolefor theadwectionstep we mustuseamoreaccuratenethod.



Indeed the methodof characteristicg& moreprecisenvhenthe eld
is closeto divergentfree. More importantlyfrom a visual point of
view, the projectionstepforcesthe elds to have vorticeswhichre-
sultin moreswirling-like motions.For thesereasonsve have used
amoreaccuratesolver for the projectionstep.

The Poissonequation,when spatially discretized,becomesa
sparsdinearsystem.Thereforepoththe projectionandtheviscos-
ity stepsinvolve thesolutionof alarge sparsesystenmof equations.
Multigrid methodsfor example,cansolve sparsdinearsystemsn
lineartime [10]. Sinceour adwectionsolver is alsolinearin time,
the compleity of our proposedalgorithmis of compleity
Fosterand Metaxas'solver hasthe samecompleity. This perfor
manceis theoreticallyoptimal sincefor a complicated uid, ary
algorithmhasto consultatleasteachcell of thecomputationagyrid.

2.3 Periodic Boundaries and the FFT

Whenwe consideradomainwith periodicboundaryconditionsour
algorithmtakesa particularlysimpleform. The periodicity allows
usto transformthe velocity into the Fourierdomain:

”

In the Fourier domainthe gradientoperator* " is equivalentto
themultiplicationby , where ~ . Consequentlyboththe
diffusion stepand the projectionstepare much simplerto sole.
Indeedthe diffusion operatorand the projectionoperatorsin the
Fourierdomainare

where . Theoperator projectsthe vector ontothe
planewnhichis normalto thewave number . TheFouriertransform
of the velocity of adivergentfree eld is thereforealwaysperpen-
dicularto its wavenumbers.The diffusion canbe interpretedasa

low pass Iter whosedecayis proportionalto both the time step
andthe viscosity Thesesimpleresultsdemonstratéhe powver of

theFouriertransform.Indeedwe areableto completelytranscribe
oursolverin only a coupleof lines. All thatis requiredis a particle
traceranda fastFouriertransform(FFT).

FourierStep( , , ):
addforce:

adwect:
transform:
diffuse:

project:
transform:

Since the Fourier transformis of compleity , this
methodis theoreticallyslightly more expensve thana methodof
solution relying on multi-grid solvers. However, this methodis
very easyto implement. We have usedthis algorithmto generate
the“liquid textures”of Sectiord.

2.4 Moving Substances through the Fluid

A non-reactie substanc&vhichis injectedinto the uid will bead-
vectedby it while diffusingatthe sametime. Commonexample<of
thisphenomenoimcludethepatternsreatedy milk stirredin cof-
feeorthesmolerisingfromacigaretteLet beary scalarquantity
whichis movedthroughthe uid. Examplef thisquantityinclude
the densityof dust,smole or cloud droplets,the temperaturef a

Figure3: Thevaluesof thediscretizedelds arede ned atthecen-
ter of thegrid cells.

uid andatexture coordinate.The evolution of this scalar eld is
corvenientlydescribedy anadwectiondiffusiontype equation:

where is adiffusionconstant, isadissipatiorrateand s
a sourceterm. This equationis very similar in form to the Navier-
Stolesequation.Indeed,it includesanadectionterm,a diffusion
termanda“forceterm” . All theseermscanberesohedexactly
in the sameway asthe velocity of the uid. The dissipationterm
not presenin the Navier-Stokesequationis solved asfollows over
atime-step:

Similar equationswere usedby Stamand Fiumeto simulate re
andothergaseouphenomeng21]. However, their velocity elds
werenot computeddynamically

We hopethatthematerialin this sectionhascorvincedthereader
that our stablesolver is indeedbasedon the full Navier-Stokes
equations. Also, we have pointedto the numericaltechniques
which shouldbe usedat eachstepof our solver. We now proceed
to describeheimplementatiorof our modelin moredetail.

3  Our Solver

3.1 Setup

Ourimplementatiorhandlesoththemotionof uids andtheprop-
agationby the uid of ary numberof substancebk e mass-density
temperaturer texture coordinatesEachquantityis de ned on ei-
theratwo-dimensiona(NDIM=2) or three-dimensiongNDIM=3)
grid, dependingn the application.Thegrid is de ned by its phys-
ical dimensions:origin O[NDIM] andlengthL[NDIM] of each
side,andby its numberof cellsN[NDIM] in eachcoordinate This
in turndetermineshe sizeof eachvoxel D[i]=L[i]/N[i] . The
de nition of the grid is an input to our programwhich is speci-
ed by the animator Thevelocity eld is de ned at the centerof
eachcell asshavn in Figure3. Notice that previous researchers,
e.g.,[7], de ned the velocity at the boundarief the cells. We
preferthe cell-centeredyrid sinceit is morestraightforvardto im-
plement.We allocatetwo gridsfor eachcomponenof thevelocity:
UO[NDIM] andU1[NDIM] . At eachtime stepof our simulation
onegrid correspondso the solutionobtainedin the previous step.
We storethe naew solutionin the secondgrid. After eachstep,the
gridsareswapped.We alsoallocatetwo gridsto hold ascalar eld
correspondingo a substancéransportedby the o w. Althoughour
implementatiorcanhandleary numberof substancedpr the sale
of clarity we presenbnly thealgorithmfor one eld in thissection.
This scalarquantityis storedin the grids SO andS1. Thespeedf
interactvity is controlledby a singletime stepdt , whichcanbeas
largeastheanimatowishes sinceour algorithmis stable.



Thephysicalpropertieof the uid areafunctionof its viscosity
visc alone.By varyingthe viscosity ananimatorcansimulatea
wide rangeof substancesangingfrom glue-like matterto highly
turbulent o ws. The propertiesof the substancaremodeledby a
diffusion constankS anda dissipationrateaS. Along with these
parametergheanimatoralsomustspecifythevaluesof theseelds
on the boundaryof the grid. Therearebasicallytwo types: peri-
odic or x ed. The boundaryconditionscanbe of a differenttype
for eachcoordinate.Whenperiodicboundaryconditionsare cho-
sen.the uid wrapsaround.This meanghata pieceof uid which
leavesthe grid on onesidereenterghe grid on the oppositeside.
In thecaseof x edboundariesthe valueof eachphysicalquantity
mustbe speci edatthe boundaryof thegrid. Thesimplestmethod
is to setthe eld to zeroatthe boundary We refer the readerto
FosterandMetaxas'paperfor an excellentdescriptionof different
boundaryconditionsandtheir resultingeffects[7]. In the results
sectionwe describethe boundaryconditionschosenfor eachan-
imation. For the specialcasewhenthe boundaryconditionsare
periodicin eachcoordinatea very elegantsolver basedon thefast
Fouriertransformcanbe emplo/ed. This algorithmis describedn
Section2.3. We do notrepeait heresincethesolverin this section
is moregenerabndcanhandlebothtypesof boundaryconditions.

The uid is setinto motion by applying external forcesto it.
We have written an animationsystemin which an animatorwith
a mousecanapply directionalforcesto the uid. Theforcescan
alsobe a function of othersubstance@ the uid. For example,
atemperatureeld moving throughthe uid canproducebuoyant
and turbulent forces. In our systemwe allow the userto create
all sortsof dependencielsetweerthevarious elds, someof which
aredescribedn theresultssectionof thispaper We do notdescribe
our animationsystemin greatdetail sinceits functionality should
be evidentfrom the examplesof the next section.Insteadwe focus
on our simulator which takesthe forcesandparametersetby the
animatorasaninput.

3.2 The Simulator

Oncewe workedoutthemathematicsinderlyingthe Navier-Stokes
equationsin Section2, our implementationbecamestraightfor

ward. We wish to emphasizahatthe theoreticaldevelopmentsof
Section2 arein noway gratuitousut areimmenselyusefulin cod-
ing compacsolers.In particular castingthe probleminto amath-
ematicalsettinghasallowedusto take advantageof the large body
of work donein the numericalanalysisof partial differentialequa-
tions. We have written the solver asa separatdibrary of routines
that are called by the interactive animationsystem. The entireli-

brary consistf only roughly 500 lines of C code. Thetwo main
routinesof this library updateeitherthe velocity eld Vstep or
ascalareld Sstep over agiventime step. We assumehatthe
externalforce is given by an array of vectorsF[NDIM] andthat
the sourceis givenby anarraySsource for thescalareld. The
generaktructureof our simulatorlookslike

while ( simulating )

/* handledisplayanduserinteraction*/

[* getforcesF andsourcesSsource fromtheUl */
Swap(U1,U0); Swap(S1,S0);

Vstep ( U1, UO, visc, F, dt );

Sstep ( S1, SO, kS, aS, Ul, Ssource, dt );

Thevelocity solveris composeaf four stepstheforcesareadded
to the eld, the eld is adwectedby itself, the eld diffusesdueto
viscousfriction within the uid, andin the nal stepthevelocityis
forcedto consere mass.Thegeneraktructureof thisroutineis:

Vstep ( U1, UO, visc, F, dt )

for(i=0;i<NDIM;i++)
addForce ( UQJi],
for(i=0;i<NDIM;i++)

Flil, dt ),

Transport  ( UL][i], uUoJi], uo, dt );
for(i=0;i<NDIM;i++)

Diffuse  ( UO[i], U1Ji], visc, dt );
Project ( u1, uo, dt )

Thegenerabtructureof thescalareld solveris very similarto the
above. It involvesfour steps:addthe source transporthe eld by
thevelocity, diffuseand nally dissipatethe eld. Thescalar eld
solver sharesomeof theroutinescalledby thevelocity solver:

Sstep ( S1, SO, k, a, U, source, dt )
addForce ( SO, source, dt );
Transport ( S1, SO, U, dt );

Diffuse ( SO, S1, k, dt );

Dissipate ( S1, SO, a, dt );

TheaddForce routineaddstheforce eld multiplied by thetime
stepto eachvalueof the eld. ThedissipatiorroutineDissipate
divides eachelementof the rst arrayby 1+dt*a and storesit
in the new array The Transport  routineis a key stepin our
simulation. It accountdor the movementof the substancelueto
thevelocity eld. More importantlyit is usedto resolhe the non-
linearity of the Navier-Stolkes equations.The generalstructureof
thisroutine(in three-dimensiond}

Transport ( S1, SO, U, dt )
for eachcell (i,j,k) do
X = O+(i+0.5,j+0.5,k+0.5)*D;

TraceParticle ( X, U, -dt, X0 );
S1[i,j,k] = Lininterp ( X0, SO );
end

Theroutine TraceParticle tracesa pathstartingat X through
the eld Uoveratime-dt . Theendpointof this pathis the new
point X0. We useboth a simplesecondorderRunge-kuitta (RK2)
methodfor the particletrace[14] and an adaptve particletracer
whichsubsamplethetime steponly in regionsof highvelocitygra-
dients,suchasnearobjectboundaries.The routine Lininterp
linearly interpolateghe value of the scalar eld S at the location
X0. We notethatwe did not usea higherorderinterpolation since
thismightleadto instabilitiesdueto theoscillationsandovershoots
inherentn suchinterpolantsOntheotherhand higherorderspline
approximantsnay be used thoughthesetendto smoothoutthere-
sulting o ws.

To solwe for thediffusion(Diffuse ) andto performtheprojec-
tion (Project ) we needa sparsdinearsolver SolveLin . The
besttheoreticalchoiceis the multi-grid algorithm[10]. However,
weusedasolverfromtheFISHRAK library sinceit wasvery easyto
incorporatento our codeandgave goodresults[22]*. In practice,
it turnedout to be fasterthanour implementatiorof the multi-grid
algorithm.In AppendixB, we shav exactly how theseroutinesare
usedto performboththe Diffuse  stepandthe Project  step.
Theseroutinesareideal for domainswith no internalboundaries.
Whencomplex boundarie®r objectsarewithin the o w, onecan
eitheruseasophisticatednulti-grid solver or agoodrelaxationrou-
tine [9]. In ary case,our simulatorcan easily accomodataew
solers.

IFISHRAK is availablefrom http://www.netlib.org



4 Results

Our Navier-Stokessolver canbe usedin mary applicationgequir
ing uid-lik e motions.We have implementeoththetwo- andthe
three-dimensionasolversin an interactve modelerthat allows a
userto interactwith the uids in real-time.Themotionis modeled
by eitheraddingdensityinto the uid or by applyingforces. The
evolution of thevelocity andthedensityis thencomputedisingour
solver. To furtherincreasehe visual compleity of the o ws, we
addtexturaldetailto thedensity By moving thetexturecoordinates
usingthescalarsolveraswell, we achie/e highly detailed o ws. To
compensatéor the high distortionsthatthe texture mapsundego,
we usethreesetsof texturecoordinatesvhich areperiodicallyreset
to theirinitial (unperturbedyalues.At every momenttheresulting
texture mapis the superpositiorof thesethreetexture maps. This
ideawas rst suggestethy Max etal. [13].

Figure 4.(a) shavs a sequenceof framesfrom an animation
wherethe userinteractswith oneof ourliquid textures.The gure
onthe backcwer of the SIGGRAPHproceedingss anotherframe
of asimilar sequencevith alargergrid size( ).

Figures4.(b)through4.(g) shav framesfrom variousanimations
thatwe generatedisingour three-dimensionalolver. In eachcase
theanimationsverecreateddy allowing theanimatorto placeden-
sity andapply forcesin real-time. The gasesarevolumerendered
usingthethree-dimensiondiardvaretexture mappingcapabilities
of our SGI Octaneworkstation. We alsoaddeda single passthat
computesself-shadwing effectsfrom a directionallight sourcein
a x edposition. It shouldbe evidentthatthe quality of therender
ings could befurtherimproved usingmoresophisticatedendering
hardwareor software. Our grid sizesrangedfrom to with
frameratesfastenoughto monitorthe animationsvhile beingable
to controltheir behaior. In mostof theseanimationswve addeda
“noise” term which is proportionalto the amountof density(the
factorof proportionalitybeinga userde ned parameter)This pro-
ducednice billowing motionsin someof our animations.In Fig-
ures4.(d)-(e)we useda fractal texture map,while in Figure4.(g)
we useda texturemapconsistingof evenly spacedines.

All of our animationswerecreatedon an SGI Octaneworksta-
tion with a R10K processoand192 Mbytesof memory

5 Conclusions

The motivation of this paperwasto createa generalsoftware sys-
temthatallowsananimatoito designuid-lik e motionsin realtime.
Ourinitial intentionwasto baseour systemon FosterandMetaxas'
work. However, the instabilitiesinherentin their methodforcedus
to develop a new algorithm. Our solver hasthe propertyof being
unconditionallystableandit canhandlea wide variety of uids in
both two- andthree-dimensionsThe resultsthat accompay this
paperclearlydemonstratéhatour solver is powerful enoughto al-
low an animatorto achiere mary uid-lik e effects. We therefore
believe thatour solver is a substantialmprovementover previous
work in this area.Thework presentedheredoesnot, howvever, dis-
credit previous, more visually orientedmodels. In particular we
believe thatthecombinatiorof our uid solverswith solidtextures,
for example,may be a promisingareaof future researctj4]. Our
uid solverscanbe usedto generatehe overall motion, while the
solidtexturecanaddadditionaldetailfor higherquality animations.

Alsowehave notaddressetheproblemof simulating uids with
free boundariessuchaswater[6]. This problemis considerably
moredif cult, sincethegeometryof the boundaryevolvesdynam-
ically over time. We hope, however, that our stablesolvers may
be appliedto this problemaswell. Also, we wish to extend our
solver to nite elementboundary- ttedmeshes.We are currently
investigatingsuchextensions.
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A Method of Characteristics

Themethodof characteristicsanbeusedto solve adwectionequa-
tionsof thetype

where isascalareld, isasteadyectoreld and isthe eld
attime . Let denotethe characteristicsof the vector
eld which ow throughthepoint at :

Now let bethevalueof the eld alongthe
characteristipassinghroughthepoint  at . Thevariation
of this quantityover time canbe computedusingthe chainrule of
differentiation:

This shaws that the value of the scalardoesnot vary along the
streamlineslin particular we have .
Thereforetheinitial eld andthecharacteristicentirelyde ne the
solutionto theadwectionproblem.The eld for agiventime and
location is computecby rst tracingthelocation backin time
alongthe characteristi¢o getthepoint , andthenevaluatingthe
initial eld atthatpoint:

We usethis methodto solve the adwection equationover a time
intenal for the uid. Inthiscase, and is
ary of thecomponentsf the uid' svelocity attime .

B FISHPAK Routines

The linear solver POIS3D from FISHFAK is designedo solwe a
generabystenof nite differenceequation®of thetype:

K1*(S[i-1,j,K]-2*S[ij, K]+ S[i+1,j,k]) +
K2*(S[i,j-1,k]-2*S[i.j,k]+Si.j+1,k]) +
ALK]*S[i,j,k-1]+B[K]*S[i,j, K]+ .

For thediffusionsoler, thevaluesof the constant®ntheleft hand
sideare:

K1 = -dt*k/(D[0]*D[0]) ,

K2 = -dt*k/(D[1]*D[1]) ,

Al = CK] = -dt*k/(D[2]*D[2]) and
Blk] = 1+2*dt*k/(D[2]*D[2]) ,

while theright handsideis equalto thegrid containingheprevious
solution: F=S0. In the projectionsteptheseconstantareequalto

K1 = 1/(D[O]D[0])  ,K2 = VUMD .
Akl = Clkl = U(D[2D[2)  and
BIK] -2/(D[2]*D[2]) ,



while theright handsideis equalto the divergenceof the velocity

eld:
F[i.j,K]

= 0.5%((U[i+1,j,K]-U[i-1,j,k])/D[0]+
(U[i,j+1,K]-U[i,j-1,k])/D[1]+
(U[i,j,k+1]-U[i,j.k-1])/D[2])

The gradientof the solutionis then subtractedrom the previous
solution:

U1[0][i,j.K] = UO0[O][i,j,K]
0.5*(S[i+1,j,K]-S[i-1,j,k])/D[0] ,

UL[][i,j.K] = UO[1][i,j.K] -
0.5*(S[i,j+1,K]-S[i,j-1,k])/D[1] ,

U1[2][i,j.K] = UO[2][i,j.K] -
0.5%(S[i,j,k+1]-S[i,j,k-1])/D[2]

The FISHRAK routine is also able to handle different types of
boundaryconditions bothperiodicand x ed.

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

9]

[10]

[11]

M. B. Abbott. ComputationaFluid Dynamics:An Introduc-
tion for Enginees. Wiley, New York, 1989.

J. X. Chen,N. da Vittoria Lobo, C. E. Hughes,and J. M.
Moshell. Real-TimeFluid Simulationin a Dynamic Virtual
Environment. IEEE ComputerGraphicsand Applications
pagesH2—-61,May-Junel997.

A. J. Chorinand J. E. Marsden. A Mathematicallntroduc-
tion to Fluid Mechanics SpringerVerlag. Texts in Applied
Mathematicst. SeconcEdition., New York, 1990.

D. Ebert,K. Musgrare, D. PeachyK. Perlin,andS. Worley.
TexturingandModeling: A Procedual Approac. AP Profes-
sional,1994.

D. S. Ebert,W. E. Carlson,andR. E. Parent. Solid Spaces
andinverseParticleSystemdor Controllingthe Animationof
GasesandFluids. TheMisual Computey 10:471-4831994.

N. Foster and D. Metaxas. Realistic Animation of Lig-
uids. Graphical Modelsand Image Processing58(5):471—
483,1996.

N. Fosterand D. Metaxas. Modeling the Motion of a Hot,
TurbulentGas. In ComputerGraphicsProceedingsAnnual
ConfeenceSeries 1997 pagesl81-188 August1997.

M. N. Gamito, P F. Lopes, and M. R. Gomes. Two-
dimensionalSimulationof Gaseous?henomenaJsing Vor-
tex Particles. In Proceeding®f the 6th Eurographics\Work-
shopon ComputerAnimationand Simulation pages3-15.
Springe#Verlag,1995.

M. Griebel, T. Dornseifer and T. Neunhoefer. Numeri-
cal Simulationin Fluid Dynamics:A Practical Introduction
SIAM, Philadelphia1998.

W. Hackhusch.  Multi-grid Methods and Applications
SpringeVerlag,Berlin, 1985.

F. H. Harlov and J. E. Welch. Numerical Calculationof
Time-DependenViscousincompressiblé-low of Fluid with
FreeSurface.ThePhysicof Fluids, 8:2182—-2189December
1965.

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

(23]

[24]

M. Kassand G. Miller. Rapid, StableFluid Dynamicsfor
ComputerGraphics. ACM ComputerGraphics(SIGGRAPH
'90), 24(4):49-57 August1990.

N. Max, R. Craw s, andD. Williams. VisualizingWind Ve-
locities by Advecting Cloud Textures. In Proceedingof -

sualization'92, pagesl79-183,Los Alamitos CA, October
1992.IEEE CSPress.

W. H. PressB. P. FlanneryS.A. Teulolsky, andW. T. Vetter
ling. NumericalRecipesn C. TheArt of Scienti cComputing
CambridgdJniversity PressCambridge 1988.

W. T. Reeves. Particle SystemsA Techniquefor Modeling
a Classof Fuzzy Objects. ACM ComputerGraphics(SIG-
GRAPH'83), 17(3):359-376July 1983.

M. ShiryaandA. Fournier Stochastidviotion - Motion Under
the In uence of Wind. In Proceedingf Eurographics 92,
pagesl19-128 Septembel992.

K. Sims.ParticleAnimationandRenderindJsingDataParal-
lel ComputationACM ComputeiGraphics(SIGGRAPH90),
24(4):405-413August1990.

K. Sims.ChoreographetinageFlow. TheJournal Of Visual-
izationAnd ComputerAnimation 3:31-43,1992.

J. Stam. A GeneralAnimation Frameavork for Gaseou$’he-
nomena. ERCIM Reseath Report R047, January1997.
http://wwwercim.og/publications/technicaleports/047-abstract.html

J. Stamand E. Fiume. Turbulent Wind Fields for Gaseous
Phenomenaln Proceedingof SIGGRAPH93, pages369—
376.Addison-Wesley PublishingCompany, August1993.

J. Stamand E. Fiume. Depicting Fire and Other Gaseous
PhenomendJsing Diffusion Processes.In Proceedingsof
SIGGRAPH95, pagesl29-136 Addison-Wesle/ Publishing
Compary, August1995.

P.N. SwarztraubeandR. A. Sweet.Ef cient FortranSubpro-
gramsfor the Solutionof Separablélliptic Partial Differen-
tial Equations ACM Transaction®n MathematicaSoftwae,
5(3):352—-364Septembel979.

J. Wejchertand D. Haumann. Animation Aerodynamics.
ACM ComputerGraphics (SIGGRAPH'91), 25(4):19-22,
July1991.

L. YaggerandC. Upson.CombiningPhysicabndVisualSim-
ulation.Creationof thePlanetlupiterfor theFilm 2010.ACM
ComputerGraphics(SIGGRAPH86), 20(4):85-93 August
1986.



@

(b) ©

(d) C}

(b)
® )

Figure4: Snapshotfrom ourinteractve uid solver.



