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Abstract

Building animationtoolsfor �uid-lik e motionsis animportantand
challengingproblemwith many applicationsin computergraphics.
The useof physics-basedmodelsfor �uid �o w cangreatlyassist
in creatingsuchtools. Physicalmodels,unlike key frameor pro-
ceduralbasedtechniques,permitananimatorto almosteffortlessly
createinteresting,swirling �uid-lik e behaviors. Also, the interac-
tion of �o ws with objectsandvirtual forcesis handledelegantly.
Until recently, it wasbelieved thatphysical�uid modelsweretoo
expensiveto allow real-timeinteraction.Thiswaslargelydueto the
factthatpreviousmodelsusedunstableschemesto solve thephys-
ical equationsgoverninga �uid. In this paper, for the �rst time,
we proposean unconditionallystablemodelwhich still produces
complex �uid-lik e �o ws. As well, our methodis very easyto im-
plement. The stability of our modelallows us to take larger time
stepsandthereforeachieve fastersimulations.We have usedour
model in conjuctionwith advectingsolid texturesto createmany
�uid-lik eanimationsinteractively in two- andthree-dimensions.

CR Categories: I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealism—Animation

Keywords: animationof �uids, Navier-Stokes,stablesolvers,im-
plicit elliptic PDEsolvers,interactive modeling,gaseousphenom-
ena,advectedtextures

1 Intr oduction

Oneof the most intriguing problemsin computergraphicsis the
simulationof �uid-lik e behavior. A good �uid solver is of great
importancein many differentareas.In thespecialeffectsindustry
thereis a high demandto convincingly mimic theappearanceand
behavior of �uids suchassmoke, waterand�re. Paint programs
canalsobene�t from �uid solversto emulatetraditionaltechniques
suchaswatercolorandoil paint. Texturesynthesisis anotherpos-
sibleapplication.Indeed,many texturesresultfrom �uid-lik e pro-
cesses,suchaserosion.Themodelingandsimulationof �uids is,
of course,alsoof prime importancein mostscienti�c disciplines
andin engineering.Fluid mechanicsis usedasthestandardmath-
ematicalframework on which thesesimulationsarebased.There
is a consensusamongscientiststhat the Navier-Stokes equations
are a very good model for �uid �o w. Thousandsof booksand
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articleshave beenpublishedin variousareason how to compute
theseequationsnumerically. Which solver to usein practicede-
pendslargelyon theproblemat handandon thecomputingpower
available. Most engineeringtasksrequirethat the simulationpro-
videaccurateboundson thephysicalquantitiesinvolvedto answer
questionsrelatedto safety, performance,etc.Thevisualappearance
(shape)of the�o w is of secondaryimportancein theseapplications.
In computergraphics,on theotherhand,theshapeandthebehav-
ior of the �uid areof primary interest,while physicalaccuracy is
secondaryor in somecasesirrelevant. Fluid solvers,for computer
graphics,shouldideally provide a userwith a tool thatenablesher
to achieve �uid-lik eeffectsin real-time.Thesefactorsaremoreim-
portantthanstrictphysicalaccuracy, whichwouldrequiretoomuch
computationalpower.

In fact,mostpreviousmodelsin computergraphicsweredriven
by visual appearanceand not by physicalaccuracy. Early �o w
modelswerebuilt from simpleprimitives.Variouscombinationsof
theseprimitivesallowedtheanimationof particlessystems[15, 17]
or simplegeometriessuchas leaves [23]. The complexity of the
�o ws was greatly improved with the introductionof randomtur-
bulences[16, 20]. Theseturbulencesare massconservingand,
therefore,automaticallyexhibit rotationalmotion. Also the tur-
bulenceis periodic in spaceand time, which is ideal for motion
“texture mapping” [19]. Flows built up from a superpositionof
�o w primitivesall have thedisadvantagethat they do not respond
dynamically to user-appliedexternal forces. Dynamicalmodels
of �uids basedon the Navier-Stokes equationswere �rst imple-
mentedin two-dimensions.Both Yaeger andUpsonandGamito
et al. useda vortex methodcoupledwith a Poissonsolver to cre-
ate two-dimensionalanimationsof �uids [24, 8]. Later, Chenet
al. animatedwatersurfacesfrom thepressuretermgivenby a two-
dimensionalsimulationof the Navier-Stokesequations[2]. Their
methodunlike ours is both limited to two-dimensionsand is un-
stable. Kassand Miller linearizethe shallow water equationsto
simulateliquids [12]. The simpli�cations do not, however, cap-
turetheinterestingrotationalmotionscharacteristicof �uids. More
recently, Fosterand Metaxasclearly show the advantagesof us-
ing the full three-dimensionalNavier-Stokesequationsin creating
�uid-lik eanimations[7]. Many effectswhicharehardto key frame
manuallysuchas swirling motion and �o ws pastobjectsareob-
tainedautomatically. Their algorithmis basedmainly on thework
of Harlow andWelchin computational�uid dynamics,whichdates
backto 1965[11]. Sincethenmany othertechniqueswhich Fos-
ter andMetaxascould have usedhave beendeveloped. However,
their modelhasthe advantageof beingsimpleto code,sinceit is
basedon a �nite differencingof the Navier-Stokesequationsand
an explicit time solver. Similar solversandtheir sourcecodeare
alsoavailablefrom thebookof Griebelet al. [9]. Themainprob-
lem with explicit solversis that thenumericalschemecanbecome
unstablefor large time-steps. Instability leadsto numericalsim-
ulationsthat “blow-up” and thereforehave to be restartedwith a
smallertime-step.The instability of theseexplicit algorithmssets
seriouslimits on speedandinteractivity. Ideally, a usershouldbe
able to interactin real-timewith a �uid solver without having to
worry aboutpossible“blow ups”.

In this paper, for the �rst time, we proposea stablealgorithm
thatsolvesthefull Navier-Stokesequations.Our algorithmis very



easyto implementandallows a userto interactin real-timewith
three-dimensional�uids on a graphicsworkstation. We achieve
this by using time-stepsmuch larger than the onesusedby Fos-
ter andMetaxas.To obtaina stablesolver we departfrom Foster
andMetaxas'methodof solution.Insteadof theirexplicit Eulerian
schemes,weusebothLagrangianandimplicit methodsto solvethe
Navier-Stokesequations.Our methodcannotbefoundin thecom-
putational�uids literature,sinceit is custommadefor computer
graphicsapplications. The model would not be accurateenough
for mostengineeringapplications.Indeed,it suffersfrom toomuch
“numericaldissipation”,i.e., the �o w tendsto dampentoo rapidly
ascomparedto actualexperiments.In a computergraphicalappli-
cation,ontheotherhand,this is notsobad,especiallyin aninterac-
tive systemwherethe�o w is “keptalive” by ananimatorapplying
externalforces.In fact,a �o w which doesnot dampenat all might
be too chaoticanddif�cult to control. As our resultsdemonstrate
we areable to producenice swirling �o ws despitethe numerical
dissipation.

In this paperwe apply our �o ws mainly to the simulationof
gaseous-like phenomena.We employ our solver to updateboth
the �o w and the motion of densitieswithin the �o w. To further
increasethe complexity of our animationswe advect texture co-
ordinatesalongwith the density[13]. In this mannerwe areable
to synthesizehighly detailed“wispy” gaseous�o ws evenwith low
resolutiongrids.We believe thatthecombinationof physics-based
�uid solvers and solid texturesis the most promisingmethodof
achieving highly complex �o ws in computergraphics.

The next sectionpresentsthe Navier-Stokesequationsand the
derivationwhichleadsto ourmethodof solution.Thatsectioncon-
tainsall the fundamentalideasandtechniquesneededto obtaina
stable�uids solver. Sinceit relieson sophisticatedmathematical
techniques,it is written in a mathematicalphysicsjargon which
shouldbefamiliar to mostcomputergraphicsresearchersworking
in physics-basedmodeling. The applicationorientedreaderwho
wishesonly to implementoursolvercanskipSection2 entirelyand
go straightto Section3. Therewe describeour implementationof
thesolver, providing suf�cient informationto codeour technique.
Section4 is devoted to several applicationsthat demonstratethe
power of our new solver. Finally, in Section5 we concludeand
discussfutureresearch.To keepthis within thecon�nesof a short
paper, we have decidednot to includea “tutorial-type” sectionon
�uid dynamics,sincetherearemany excellenttextbookswhichpro-
vide the necessarybackgroundandintuition. Readerswho do not
have a backgroundin �uid dynamicsandwho wish to fully under-
standthemethodin thispapershouldthereforeconsultsucha text.
Mathematicallyinclinedreadersmay wish to startwith the excel-
lentbookby ChorinandMarsden[3]. Readerswith anengineering
benton theotherhandcanconsultthedidacticbookby Abbott [1].
Also,FosterandMetaxas'paperdoesagoodjob of introducingthe
conceptsfrom �uid dynamicsto thecomputergraphicscommunity.

2 Stable Navier -Stokes

2.1 Basic Equations

In this sectionwe presentthe Navier-Stokesequationsalongwith
themanipulationsthatleadto ourstablesolver. A �uid whoseden-
sity andtemperaturearenearlyconstantis describedby a velocity
�eld � anda pressure�eld � . Thesequantitiesgenerallyvary both
in spaceandin timeanddependon theboundariessurroundingthe
�uid. We will denotethe spatialcoordinateby � , which for two-
dimensional�uids is �������
	���
 and three-dimensional�uids is
equalto ���
	���	���
 . We have decidednot to specializeour results
for a particulardimension.All resultsarethusvalid for both two-
dimensionalandthree-dimensional�o ws unlessstatedotherwise.
Giventhatthevelocity andthepressureareknown for someinitial

time ����� , thentheevolutionof thesequantitiesover time is given
by theNavier-Stokesequations[3]:
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where # is thekinematicviscosityof the �uid,  is its densityand
' is anexternalforce. Somereadersmight beunfamiliar with this
compactversionof the Navier-Stokesequations.Eq. 2 is a vec-
tor equationfor the three(two in two-dimensions)componentsof
the velocity �eld. The “

�

” denotesa dot productbetweenvec-
tors, while the symbol
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is the vector of spatialpartial deriva-
tives. More precisely,
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theshorthandnotation

�

%

�

�-�.�

. TheNavier-Stokesequations
areobtainedby imposingthatthe�uid conservesbothmass(Eq. 1)
andmomentum(Eq. 2). We refer the readerto any standardtext
on �uid mechanicsfor theactualderivation. Theseequationsalso
have to be supplementedwith boundaryconditions. In this paper
we will considertwo typesof boundaryconditionswhich areuse-
ful in practicalapplications:periodicboundaryconditionsand�xed
boundaryconditions.In thecaseof periodicboundariesthe�uid is
de�ned on an / -dimensionaltorus( /��10�	32 ). In this casethere
areno walls, just a �uid which wrapsaround.Althoughsuch�u-
idsarenot encounteredin practice,they arevery usefulin creating
evolving texture maps. Also, theseboundaryconditionsleadto a
very elegantimplementationthatusesthefastFouriertransformas
shown below. Thesecondtypeof boundaryconditionthatwecon-
sideris whenthe�uid liesin someboundeddomain4 . In thatcase,
theboundaryconditionsaregivenby a function �65 de�ned on the
boundary
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4 of thedomain. SeeFosterandMetaxas'work for a
gooddiscussionof theseboundaryconditionsin the caseof a hot
�uid [7]. In any case,theboundaryconditionsshouldbesuchthat
thenormalcomponentof thevelocity �eld is zeroat theboundary;
nomattershouldtraversewalls.

Thepressureandthevelocity �elds whichappearin theNavier-
Stokesequationsarein fact related.A singleequationfor the ve-
locity canbeobtainedby combiningEq. 1 andEq. 2. We brie�y
outline the stepsthat lead to that equation,sinceit is fundamen-
tal to our algorithm. We follow Chorin andMarsden's treatment
of the subject(p. 36ff, [3]). A mathematicalresult,known asthe
Helmholtz-HodgeDecomposition, statesthatany vector�eld 7 can
uniquelybedecomposedinto theform:
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where� haszerodivergence:
�:�
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is ascalar�eld. Any
vector �eld is the sumof a massconserving�eld anda gradient
�eld. This resultallows usto de�ne anoperator< which projects
any vector �eld 7 onto its divergencefree part �

�=<>7 . The
operatoris in fact de�ned implicitly by multiplying both sidesof
Eq. 3 by “

�
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This is a Poissonequationfor thescalar�eld
9

with theNeumann
boundarycondition A�B
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4 . A solutionto this equationis
usedto computetheprojection� :
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If weapplythisprojectionoperatoronbothsidesof Eq. 2 weobtain
asingleequationfor thevelocity:
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wherewe have usedthefact that <

�
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� and <
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�M�E� . This is
ourfundamentalequationfrom whichwewill developastable�uid
solver.
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Figure1: Onesimulationstepof our solver is composedof steps.
The�rst threestepsmaytake the�eld outof thespaceof divergent
free�elds. Thelastprojectionstepensuresthatthe�eld isdivergent
freeaftertheentiresimulationstep.

x
p(x,s)

p(x,- Dt)

s0 - Dt

Figure2: To solve for the advectionpart, we traceeachpoint of
the �eld backward in time. The new velocity at � is therefore
thevelocity that theparticlehada time ��� agoat theold location
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2.2 Method of Solution

Eq. 5 is solved from an initial state ���

�
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���6	I�)
 by marching
throughtime with a time step ��� . Let usassumethat the �eld has
beenresolvedata time � andthatwewish to computethe�eld ata
latertime � !���� . We resolve Eq. 5 over thetime span��� in four
steps.We startfrom thesolution 7

�

��� 
L�

�

���6	 �I
 of theprevious
timestepandthensequentiallyresolveeachtermon theright hand
sideof Eq. 5, followedby aprojectionontothedivergentfree�elds.
Thegeneralprocedureis illustratedin Figure1. Thestepsare:
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Thesolutionat time �
!���� is thengivenby thelastvelocity �eld:
�
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 . A simulationis obtainedby iteratingthese
steps.Wenow explainhow eachstepis computedin moredetail.

Theeasiesttermto solve is theadditionof theexternalforce ' .
If we assumethat the forcedoesnot vary considerablyduring the
timestep,then
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is a goodapproximationof theeffect of theforceon the�eld over
the time step ��� . In an interactive systemthis is a goodapproxi-
mation,sinceforcesareonly appliedat thebeginningof eachtime
step.

The next stepaccountsfor the effect of advection (or convec-
tion) of the �uid on itself. A disturbancesomewherein the �uid
propagatesaccordingto the expression ���
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� . This term
makestheNavier-Stokesequationsnon-linear. FosterandMetaxas
resolved this componentusing �nite differencing. Their method
is stableonly when the time step is suf�ciently small such that
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, where �54 is the spacingof their computational
grid. Therefore,for smallseparationsand/orlargevelocities,very
small time stepshave to betaken. On theotherhand,we usea to-
tally differentapproachwhich resultsin an unconditionallystable
solver. No matterhow big the time stepis, our simulationswill
never “blow up”. Ourmethodis basedon a techniqueto solve par-
tial differentialequationsknown asthe methodof characteristics.
Sincethis methodis of crucial importancein obtainingour stable
solver, weprovideall themathematicaldetailsin AppendixA. The
method,however, canbeunderstoodintuitively. At eachtime step
all the �uid particlesaremoved by the velocity of the �uid itself.
Therefore,to obtainthevelocityatapoint � atthenew time �.!���� ,
we backtracethepoint � throughthevelocity �eld 78� over a time

��� . This de�nesa path �

���6	!9�
 correspondingto a partialstream-
line of the velocity �eld. The new velocity at the point � is then
set to the velocity that the particle,now at � , hadat its previous
locationa time ��� ago:
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Figure2 illustratestheabove. Thismethodhasseveraladvantages.
Most importantly it is unconditionallystable. Indeed,from the
above equationwe observe that the maximumvalue of the new
�eld is never larger than the largestvalue of the previous �eld.
Secondly, the methodis very easyto implement. All that is re-
quiredin practiceis a particletraceranda linear interpolator(see
next Section). This methodis thereforeboth stableandsimpleto
implement,two highly desirablepropertiesof any computergraph-
ics �uid solver. We employed a similar schemeto move densities
throughuser-de�nedvelocity�elds [19]. Versionsof themethodof
characteristicswerealsousedby otherresearchers.Theapplication
waseitheremployed in visualizing�o w �elds [13, 18] or improv-
ing the renderingof gassimulations[21, 5]. Our applicationof
thetechniqueis fundamentallydifferent,sincewe useit to update
thevelocity �eld, which previous researchersdid not dynamically
animate.

Thethird stepsolvesfor theeffect of viscosityandis equivalent
to adiffusionequation:
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This is a standardequationfor which many numericalprocedures
havebeendeveloped.Themoststraightforwardwayof solvingthis
equationis to discretizethe diffusion operator

�

%

andthento do
anexplicit time stepasFosterandMetaxasdid [7]. However, this
methodis unstablewhentheviscosityis large.Weprefer, therefore,
to useanimplicit method:
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where
:

is the identity operator. When the diffusion operatoris
discretized,this leadsto a sparselinear systemfor the unknown
�eld 7+* . Solvingsucha systemcanbe doneef�ciently , however
(seebelow).

The fourth stepinvolves the projectionstep,which makes the
resulting�eld divergencefree. As pointedout in theprevioussub-
sectionthis involvestheresolutionof thePoissonproblemde�ned
by Eq. 4:
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The projection step, therefore, requiresa good Poissonsolver.
Fosterand Metaxassolved a similar equationusing a relaxation
scheme.Relaxationschemes,though,have poor convergenceand
usuallyrequiremany iterations.FosterandMetaxasreportedthat
they obtainedgood resultseven after a very small numberof re-
laxationsteps.However, sincewe areusinga differentmethodto
resolvefor theadvectionstep,wemustuseamoreaccuratemethod.



Indeed,themethodof characteristicsis moreprecisewhenthe�eld
is closeto divergentfree. More importantlyfrom a visualpoint of
view, theprojectionstepforcesthe�elds to havevorticeswhichre-
sult in moreswirling-likemotions.For thesereasonswe haveused
amoreaccuratesolver for theprojectionstep.

The Poissonequation,when spatially discretized,becomesa
sparselinearsystem.Therefore,boththeprojectionandtheviscos-
ity stepsinvolve thesolutionof a largesparsesystemof equations.
Multigrid methods,for example,cansolvesparselinearsystemsin
linear time [10]. Sinceour advectionsolver is alsolinear in time,
thecomplexity of our proposedalgorithmis of complexity �&��� 
 .
FosterandMetaxas'solver hasthesamecomplexity. This perfor-
manceis theoreticallyoptimal sincefor a complicated�uid, any
algorithmhasto consultat leasteachcell of thecomputationalgrid.

2.3 Periodic Boundaries and the FFT

Whenweconsideradomainwith periodicboundaryconditions,our
algorithmtakesa particularlysimpleform. Theperiodicityallows
usto transformthevelocity into theFourierdomain:
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In the Fourier domainthe gradientoperator“
�

” is equivalent to
themultiplicationby ��� , where �L�	� �

�

. Consequently, boththe
diffusion stepand the projectionsteparemuch simpler to solve.
Indeedthe diffusion operatorand the projectionoperatorsin the
Fourierdomainare

:
� #����

�
%

�$�

�

!$#�����


%
�����

<>7*�$�

�

<�� 7 ���

 ��� 7 ���


�

�




%

���

�

�7 ���

�
�� 	

where 
 �

6

�

6

. Theoperator �

< projectsthevector �7 ���

 ontothe
planewhichis normalto thewavenumber� . TheFouriertransform
of thevelocity of a divergentfree�eld is thereforealwaysperpen-
dicular to its wavenumbers.The diffusion canbe interpretedasa
low pass�lter whosedecayis proportionalto both the time step
andthe viscosity. Thesesimpleresultsdemonstratethe power of
theFouriertransform.Indeed,weareableto completelytranscribe
oursolver in only acoupleof lines.All thatis requiredis aparticle
traceranda fastFouriertransform(FFT).

FourierStep(7
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Since the Fourier transformis of complexity �&���! "$#%� 
 , this
methodis theoreticallyslightly moreexpensive thana methodof
solution relying on multi-grid solvers. However, this methodis
very easyto implement. We have usedthis algorithmto generate
the“liquid textures”of Section4.

2.4 Moving Substances through the Fluid

A non-reactivesubstancewhichis injectedinto the�uid will bead-
vectedby it while diffusingatthesametime.Commonexamplesof
thisphenomenonincludethepatternscreatedby milk stirredin cof-
feeor thesmokerisingfromacigarette.Let & beany scalarquantity
whichis movedthroughthe�uid. Examplesof thisquantityinclude
the densityof dust,smoke or cloud droplets,the temperatureof a

Figure3: Thevaluesof thediscretized�elds arede�ned at thecen-
terof thegrid cells.

�uid anda texturecoordinate.Theevolution of this scalar�eld is
convenientlydescribedby anadvectiondiffusiontypeequation:
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where '*) is a diffusionconstant,+�) is a dissipationrateand .1) is
a sourceterm. This equationis very similar in form to theNavier-
Stokesequation.Indeed,it includesanadvectionterm,a diffusion
termanda“force term” .0) . All thesetermscanberesolvedexactly
in the sameway asthe velocity of the �uid. The dissipationterm
not presentin theNavier-Stokesequationis solvedasfollows over
a time-step:
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Similar equationswereusedby StamandFiumeto simulate�re
andothergaseousphenomena[21]. However, their velocity �elds
werenot computeddynamically.

Wehopethatthematerialin thissectionhasconvincedthereader
that our stablesolver is indeedbasedon the full Navier-Stokes
equations. Also, we have pointed to the numerical techniques
which shouldbeusedat eachstepof our solver. We now proceed
to describetheimplementationof ourmodelin moredetail.

3 Our Solver

3.1 Setup

Ourimplementationhandlesboththemotionof �uids andtheprop-
agationby the�uid of any numberof substanceslikemass-density,
temperatureor texturecoordinates.Eachquantityis de�ned on ei-
thera two-dimensional(NDIM=2) or three-dimensional(NDIM=3)
grid, dependingon theapplication.Thegrid is de�ned by its phys-
ical dimensions:origin O[NDIM] and lengthL[NDIM] of each
side,andby its numberof cellsN[NDIM] in eachcoordinate.This
in turndeterminesthesizeof eachvoxel D[i]=L[i]/N[i] . The
de�nition of the grid is an input to our programwhich is speci-
�ed by the animator. Thevelocity �eld is de�ned at the centerof
eachcell asshown in Figure3. Notice that previous researchers,
e.g., [7], de�ned the velocity at the boundariesof the cells. We
preferthecell-centeredgrid sinceit is morestraightforwardto im-
plement.Weallocatetwo gridsfor eachcomponentof thevelocity:
U0[NDIM] andU1[NDIM] . At eachtime stepof our simulation
onegrid correspondsto thesolutionobtainedin thepreviousstep.
We storethenew solutionin thesecondgrid. After eachstep,the
gridsareswapped.We alsoallocatetwo gridsto holda scalar�eld
correspondingto asubstancetransportedby the�o w. Althoughour
implementationcanhandleany numberof substances,for thesake
of clarity wepresentonly thealgorithmfor one�eld in thissection.
Thisscalarquantityis storedin thegridsS0 andS1. Thespeedof
interactivity is controlledby asingletimestepdt , whichcanbeas
largeastheanimatorwishes,sinceouralgorithmis stable.



Thephysicalpropertiesof the�uid area functionof its viscosity
visc alone.By varying theviscosity, ananimatorcansimulatea
wide rangeof substancesrangingfrom glue-like matterto highly
turbulent �o ws. Thepropertiesof thesubstancearemodeledby a
diffusionconstantkS anda dissipationrateaS. Along with these
parameters,theanimatoralsomustspecifythevaluesof these�elds
on the boundaryof the grid. Therearebasicallytwo types: peri-
odic or �x ed. The boundaryconditionscanbe of a differenttype
for eachcoordinate.Whenperiodicboundaryconditionsarecho-
sen,the�uid wrapsaround.This meansthatapieceof �uid which
leavesthe grid on onesidereentersthe grid on the oppositeside.
In thecaseof �x edboundaries,thevalueof eachphysicalquantity
mustbespeci�edat theboundaryof thegrid. Thesimplestmethod
is to set the �eld to zeroat the boundary. We refer the readerto
FosterandMetaxas'paperfor anexcellentdescriptionof different
boundaryconditionsandtheir resultingeffects [7]. In the results
sectionwe describethe boundaryconditionschosenfor eachan-
imation. For the specialcasewhen the boundaryconditionsare
periodicin eachcoordinate,a very elegantsolver basedon thefast
Fouriertransformcanbeemployed. This algorithmis describedin
Section2.3.Wedonot repeatit heresincethesolver in thissection
is moregeneralandcanhandlebothtypesof boundaryconditions.

The �uid is set into motion by applying external forcesto it.
We have written an animationsystemin which an animatorwith
a mousecanapply directionalforcesto the �uid. The forcescan
alsobe a function of othersubstancesin the �uid. For example,
a temperature�eld moving throughthe �uid canproducebuoyant
and turbulent forces. In our systemwe allow the userto create
all sortsof dependenciesbetweenthevarious�elds, someof which
aredescribedin theresultssectionof thispaper. Wedonotdescribe
our animationsystemin greatdetail sinceits functionalityshould
beevidentfrom theexamplesof thenext section.Insteadwe focus
on our simulator, which takestheforcesandparameterssetby the
animatorasaninput.

3.2 The Simulator

OnceweworkedoutthemathematicsunderlyingtheNavier-Stokes
equationsin Section2, our implementationbecamestraightfor-
ward. We wish to emphasizethat the theoreticaldevelopmentsof
Section2 arein nowaygratuitousbut areimmenselyusefulin cod-
ing compactsolvers.In particular, castingtheprobleminto amath-
ematicalsettinghasallowedusto take advantageof thelargebody
of work donein thenumericalanalysisof partialdifferentialequa-
tions. We have written the solver asa separatelibrary of routines
that arecalledby the interactive animationsystem.The entireli-
braryconsistsof only roughly500 linesof C code.The two main
routinesof this library updateeither the velocity �eld Vstep or
a scalar�eld Sstep over a given time step. We assumethat the
external force is given by an arrayof vectorsF[NDIM] andthat
thesourceis givenby anarraySsource for thescalar�eld. The
generalstructureof oursimulatorlookslike

while ( simulating ) �

/* handledisplayanduserinteraction*/
/* getforcesF andsourcesSsource from theUI */
Swap(U1,U0); Swap(S1,S0);
Vstep ( U1, U0, visc, F, dt );
Sstep ( S1, S0, kS, aS, U1, Ssource, dt );

�

Thevelocitysolver is composedof four steps:theforcesareadded
to the �eld, the �eld is advectedby itself, the �eld diffusesdueto
viscousfriction within the�uid, andin the�nal stepthevelocity is
forcedto conserve mass.Thegeneralstructureof this routineis:

Vstep ( U1, U0, visc, F, dt )

for(i=0;i<NDIM;i++)
addForce ( U0[i], F[i], dt );

for(i=0;i<NDIM;i++)
Transport ( U1[i], U0[i], U0, dt );

for(i=0;i<NDIM;i++)
Diffuse ( U0[i], U1[i], visc, dt );

Project ( U1, U0, dt );

Thegeneralstructureof thescalar�eld solver is verysimilar to the
above. It involvesfour steps:addthesource,transportthe�eld by
thevelocity, diffuseand�nally dissipatethe �eld. Thescalar�eld
solver sharessomeof theroutinescalledby thevelocitysolver:

Sstep ( S1, S0, k, a, U, source, dt )
addForce ( S0, source, dt );
Transport ( S1, S0, U, dt );
Diffuse ( S0, S1, k, dt );
Dissipate ( S1, S0, a, dt );

TheaddForce routineaddstheforce�eld multipliedby thetime
stepto eachvalueof the�eld. ThedissipationroutineDissipate
divides eachelementof the �rst array by 1+dt*a and storesit
in the new array. The Transport routine is a key stepin our
simulation. It accountsfor the movementof the substancedueto
the velocity �eld. More importantlyit is usedto resolve the non-
linearity of the Navier-Stokesequations.The generalstructureof
this routine(in three-dimensions)is

Transport ( S1, S0, U, dt )
for eachcell (i,j,k) do

X = O+(i+0.5,j+0.5,k+0.5)*D;
TraceParticle ( X, U, -dt, X0 );
S1[i,j,k] = LinInterp ( X0, S0 );

end

TheroutineTraceParticle tracesa pathstartingat X through
the �eld U over a time -dt . The endpointof this pathis thenew
point X0. We usebotha simplesecondorderRunge-Kutta (RK2)
methodfor the particle trace[14] andan adaptive particle tracer,
whichsubsamplesthetimesteponly in regionsof highvelocitygra-
dients,suchasnearobjectboundaries.The routineLinInterp
linearly interpolatesthe valueof the scalar�eld S at the location
X0. Wenotethatwe did not usea higherorderinterpolation,since
thismight leadto instabilitiesdueto theoscillationsandovershoots
inherentin suchinterpolants.Ontheotherhand,higherorderspline
approximantsmaybeused,thoughthesetendto smoothout there-
sulting�o ws.

To solvefor thediffusion(Diffuse ) andto performtheprojec-
tion (Project ) we needa sparselinear solver SolveLin . The
besttheoreticalchoiceis the multi-grid algorithm[10]. However,
weusedasolverfromtheFISHPAK librarysinceit wasveryeasyto
incorporateinto our codeandgave goodresults[22]1. In practice,
it turnedout to befasterthanour implementationof themulti-grid
algorithm.In AppendixB, weshow exactlyhow theseroutinesare
usedto performboth the Diffuse stepandthe Project step.
Theseroutinesareideal for domainswith no internalboundaries.
Whencomplex boundariesor objectsarewithin the �o w, onecan
eitheruseasophisticatedmulti-gridsolveror agoodrelaxationrou-
tine [9]. In any case,our simulatorcan easily accomodatenew
solvers.

1FISHPAK is availablefrom http://www.netlib.org .



4 Results

Our Navier-Stokessolver canbeusedin many applicationsrequir-
ing �uid-lik emotions.Wehave implementedboththetwo- andthe
three-dimensionalsolvers in an interactive modelerthat allows a
userto interactwith the�uids in real-time.Themotionis modeled
by eitheraddingdensityinto the �uid or by applyingforces. The
evolutionof thevelocityandthedensityis thencomputedusingour
solver. To further increasethe visual complexity of the �o ws, we
addtexturaldetailto thedensity. By moving thetexturecoordinates
usingthescalarsolveraswell, weachievehighly detailed�o ws. To
compensatefor thehigh distortionsthat thetexturemapsundergo,
weusethreesetsof texturecoordinateswhichareperiodicallyreset
to their initial (unperturbed)values.At every momenttheresulting
texturemapis thesuperpositionof thesethreetexturemaps.This
ideawas�rst suggestedby Max etal. [13].

Figure 4.(a) shows a sequenceof framesfrom an animation
wheretheuserinteractswith oneof our liquid textures.The�gure
on thebackcover of theSIGGRAPHproceedingsis anotherframe
of asimilarsequencewith a largergrid size(

�

�.�

%

).
Figures4.(b)through4.(g)show framesfrom variousanimations

thatwe generatedusingour three-dimensionalsolver. In eachcase
theanimationswerecreatedby allowing theanimatorto placeden-
sity andapply forcesin real-time.Thegasesarevolumerendered
usingthethree-dimensionalhardwaretexturemappingcapabilities
of our SGI Octaneworkstation. We alsoaddeda singlepassthat
computesself-shadowing effectsfrom a directionallight sourcein
a �x edposition.It shouldbeevidentthatthequality of therender-
ingscouldbefurtherimprovedusingmoresophisticatedrendering
hardwareor software. Our grid sizesrangedfrom

���

* to 2.�

* with
frameratesfastenoughto monitortheanimationswhile beingable
to control their behavior. In mostof theseanimationswe addeda
“noise” term which is proportionalto the amountof density(the
factorof proportionalitybeingauserde�ned parameter).Thispro-
ducednice billowing motionsin someof our animations.In Fig-
ures4.(d)-(e)we useda fractal texturemap,while in Figure4.(g)
weuseda texturemapconsistingof evenlyspacedlines.

All of our animationswerecreatedon an SGI Octaneworksta-
tion with aR10Kprocessorand192Mbytesof memory.

5 Conc lusions

Themotivationof this paperwasto createa generalsoftwaresys-
temthatallowsananimatortodesign�uid-lik emotionsin realtime.
Our initial intentionwasto baseoursystemonFosterandMetaxas'
work. However, theinstabilitiesinherentin their methodforcedus
to develop a new algorithm. Our solver hasthe propertyof being
unconditionallystableandit canhandlea wide varietyof �uids in
both two- andthree-dimensions.The resultsthat accompany this
paperclearlydemonstratethatour solver is powerful enoughto al-
low an animatorto achieve many �uid-lik e effects. We therefore
believe thatour solver is a substantialimprovementover previous
work in this area.Thework presentedheredoesnot,however, dis-
credit previous, morevisually orientedmodels. In particular, we
believe thatthecombinationof our �uid solverswith solidtextures,
for example,maybea promisingareaof future research[4]. Our
�uid solverscanbeusedto generatetheoverall motion,while the
solidtexturecanaddadditionaldetailfor higherqualityanimations.

Alsowehavenotaddressedtheproblemof simulating�uids with
free boundaries,suchaswater [6]. This problemis considerably
moredif�cult, sincethegeometryof theboundaryevolvesdynam-
ically over time. We hope,however, that our stablesolvers may
be appliedto this problemaswell. Also, we wish to extendour
solver to �nite elementboundary-�ttedmeshes.We arecurrently
investigatingsuchextensions.
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A Method of Characteristics

Themethodof characteristicscanbeusedto solve advectionequa-
tionsof thetype
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 bethevalueof the�eld alongthe
characteristicpassingthroughthepoint �

� at � ��� . Thevariation
of this quantityover time canbecomputedusingthechainrule of
differentiation:
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This shows that the value of the scalardoesnot vary along the
streamlines.In particular, we have �& ���
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Therefore,theinitial �eld andthecharacteristicsentirelyde�ne the
solutionto theadvectionproblem.The�eld for a giventime � and
location � is computedby �rst tracingthe location � backin time
alongthecharacteristicto getthepoint �

� , andthenevaluatingthe
initial �eld at thatpoint:
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We usethis methodto solve the advection equationover a time
interval 	 � 	�� ! ����
 for the�uid. In thiscase,�M�

�

���6	 �I
 and &

� is
any of thecomponentsof the�uid' svelocityat time � .

B FISHPAK Routines

The linear solver POIS3D from FISHPAK is designedto solve a
generalsystemof �nite differenceequationsof thetype:

K1*(S[i-1,j,k]-2*S[i,j,k]+S[i+1,j,k]) +
K2*(S[i,j-1,k]-2*S[i,j,k]+S[i,j+1,k]) +
A[k]*S[i,j,k-1]+B[k]*S[i,j,k]+ .

For thediffusionsolver, thevaluesof theconstantsontheleft hand
sideare:

K1 = -dt*k/(D[0]*D[0]) ,
K2 = -dt*k/(D[1]*D[1]) ,
A[k] = C[k] = -dt*k/(D[2]*D[2]) and
B[k] = 1+2*dt*k/(D[2]*D[2]) ,

while theright handsideis equalto thegrid containingtheprevious
solution:F=S0. In theprojectionsteptheseconstantsareequalto

K1 = 1/(D[0]*D[0]) , K2 = 1/(D[1]*D[1]) ,
A[k] = C[k] = 1/(D[2]*D[2]) and
B[k] = -2/(D[2]*D[2]) ,



while theright handsideis equalto thedivergenceof thevelocity
�eld:

F[i,j,k] = 0.5*((U[i+1,j,k]-U[i-1,j,k])/D[0]+
(U[i,j+1,k]-U[i,j-1,k])/D[1]+
(U[i,j,k+1]-U[i,j,k-1])/D[2]) .

The gradientof the solution is thensubtractedfrom the previous
solution:

U1[0][i,j,k] = U0[0][i,j,k] -
0.5*(S[i+1,j,k]-S[i-1,j,k])/D[0] ,

U1[1][i,j,k] = U0[1][i,j,k] -
0.5*(S[i,j+1,k]-S[i,j-1,k])/D[1] ,

U1[2][i,j,k] = U0[2][i,j,k] -
0.5*(S[i,j,k+1]-S[i,j,k-1])/D[2] .

The FISHPAK routine is also able to handledifferent types of
boundaryconditions,bothperiodicand�x ed.
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Figure4: Snapshotsfrom our interactive �uid solver.


