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1 Introduction

Our goal is to find strategies to reduce the running time of lattice basis reduction
algorithms. We therefore investigate the impact of applying simple transforma-
tions to the lattice basis before reducing it by means of the Schnorr-Euchner
LLL algorithm [3].

2 Lattice Bases

In our experiments presented in this paper, we have focused on unimodular lat-
tice bases of dimension n for a number reasons. First, they are easy to generate.
Second, they all reduce to a permutation of the unit vectors +e; for 1 <i < n.
Transformations to the lattice basis like sorting in ascending or descending order
not only impact the running time of the reduction algorithm but also the quality
of a reduced lattice basis. By using unimodular lattice bases we can focus our
attention on the reduction time rather than the quality of the reduction. Thus,
we are able to conclude that the improvements in reduction time are a direct
result of our strategy instead of a decrease in the quality of the reduced basis [4].

In addition, previous experiments [1,2] have shown that unimodular lattice
bases are hard to reduce in terms of the time needed for the reduction, if com-
pared to other types of bases with similar dimension and length of the basis
entries. Recent experiments also revealed problems with the reduction of uni-
modular lattice bases for NTL [7] and fpLLL [5]. In some cases, the NTL variant
of the LLL either gets stuck in an endless loop or simply returns an incorrect
result. While the proved variant of fpLLL was able to reduce all tested bases,
the fast and heuristic variant failed for rather small unimodular lattice bases
already.

In contrast to earlier experiments [1,2], we have used three different meth-
ods to generate the bases and analyze the effect of a simple transformation, like
sorting in ascending or descending order, on the running time of the LLL re-
duction algorithm. We have reduced the bases with two experimental variants
of the Schnorr-Euchner LLL to see how the construction type and the sorting
method affect the tested variants. We have used a modified version of LiDIA [6]
for our tests.



The first construction method M, uses lower and upper triangular matrices
with diagonal elements set to 1 and all other entries chosen at random. Using
lower triangular matrices Uj, upper triangular matrices U; with 1 < j < 2 and
permutation matrices P; for 1 < ¢ < 4, we have used the following 6 variants to
create a unimodular lattice basis B:

M11 . B ( )

M12 . B ( )

Mz : B=(Up-W1)-(Va-Us)

M14 . B (U1P1 V1P2)

Mys: B= (WP -UiP)

Mlg : B= (U1P1 V1P2) (‘/2P3 . U2P4)

The second construction method Moz starts with an identity matrix and
applies swap and translation operations to the basis until the entries of the basis
have reached the desired bit length. To increase the amount of variants, we have
allowed the method to limit the vector operations to subsets of the lattice basis
vectors. This method has been tested with 9 different parameter sets.

The third construction method M3, is the combination of a lattice basis
C generated by method Mg and D generated by Mss. We used 5 different
parameter sets for the bases C and D.

Mgll B=C-D
Mggl B=D-C

3 Experiments

The main goal of our experiments is to evaluate the impact of simple transforma-
tions on the running time of the LLL reduction algorithms and develop reduction
heuristics or strategies based on our findings. In this paper we concentrate on
the impact of sorting the lattice basis in ascending or descending order. To an-
alyze the impact on the reduction time we have performed a large amount of
experiments with different types of unimodular lattice bases. We have derived 25
different types of unimodular lattice bases using the three construction methods
with different variants and parameter sets. For each type we have generated 1000
bases of dimension 50. In our experiments, we have fixed the maximal bit length
to 500 in order to allow the use of the double data type for the approximation
within our variants of the Schnorr-Euchner LLL. Furthermore, using a fixed di-
mension and a fixed maximum bit length allows us to test a larger number of
lattice basis types as well as an increased of test instances per type.

Figure 1 demonstrates the impact of sorting on the running time of the LLL
algorithm for unimodular lattice bases of types Mg and M3; with parameter
set P,. All running times have been sorted in ascending order. For our tests,
we have used two experimental variants Vi and V5 of the Schnorr-Euchner LLL
algorithm. Our experiments show that the effectiveness of the LLL variants and
the sorting approach are strongly dependent on the type of the lattice basis.



For Mg (and for My, in general), LLL V5 is faster than LLL V;. Sorting in
ascending order decreased the running time of LLL V5 significantly. On the other
hand, sorting in ascending order led to a major increase in the reduction time.
Our experiments for M1 also show that sorting the lattice basis in ascending
or descending order impacts the two LLL variants differently. For the hybrid
basis type Ms; (here with parameter set P), the sorting of the lattice basis in
ascending or descending order has no impact on the reduction time. Yet, for this
type of lattice bases, LLL V; performs better than LLL V5.
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Figure 1. Effect of sorting for Mi¢, M31 in combination with LLL algorithm Vi and V>

One cannot derive a general rule as to when to use LLL V; instead of LLL V5 or
when to use sorting in ascending instead of descending order. For a majority of
cases, we have seen a decrease in the running time after sorting the basis. On the
other hand, we have found types of unimodular lattice bases where the sorting
approach increases the running time significantly. Based on these observations,
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Figure 2. LLL reduction times using different strategies

a more fine-grained strategy is needed which takes the type of the lattice basis
into account. In particular, one could reduce the running time of the reduction



algorithm if one was able to find a method that can efficiently decide which
combination of variant of the reduction algorithm and sorting should be used.
Figure 2 shows the running times for all tested types of unimodular lattice bases
and every combination of sorting and LLL variants. All running times have been
sorted in ascending order. Obviously, a decision algorithm that can efficiently
find the right combination of sorting and LLL variant with a probability of at
least 90% will reduce the overall running time considerably.

4 Future Work

We are currently developing a decision algorithm which finds the optimal com-
bination of LLL variant and sorting in ascending or descending order. Early
experiments indicate that for our setting with unimodular lattice basis it is fea-
sible to find the optimal combination with a probability of at least 90%.

Furthermore, we are expanding our experiments to different lattice dimen-
sions and maximum bit lengths of the lattice basis entries which will in turn
enable us to also adapt our strategies and decision algorithms to these new
parameters.
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